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Abstract 

We introduce mixed twistor D-module, which is a twistor version of mixed Hodge module, and a mixed 
version of pure twitstor _D-module. We show the basic functoriality for the standard functors. 
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1 Introduction 

In this paper, we will study mixed twistor D-module, which might be regarded as a twistor version of mixed 
Hodge module due to M. Saito ([IS] and [SD]), and a mixed version of pure twistor D-module due to C. Sabbah 
([IS] and [H]). See also [3S] and [55] • We shall study their basic property and functoriality. A theory of mixed 
twistor Z)-module is one of the ultimate goal in the study suggested by Simpson's Meta Theorem, and it might 
play a role in the Hodge theory for holonomic D-modules possibly with irregular singularity. 

We closely follow the fundamental strategy due to Saito for mixed Hodge module, although there are several 
issues to overcome partially because of the difference of the ingredients in Hodge modules and twistor _D-modules. 
We hope that this study would be a part of the foundation for the further study on twistor D-modules and 
Hodge modules. 

Pure twistor _D-module Let us recall very briefly what is pure twistor Z?-niodule, which was introduced by 
Sabbah, and studied by himself and the author. For a complex manifold, we consider the product X = Ca x X. 
We have the sheaf of relative differential operators 'Dx/Cj ^^"^ relative tangent sheaf Qx/c^- Then, TZx is 
the sheaf of subalgebras generated by Ox and A • Qx/Cx- 

We have two basic conditions on 7?.x -modules. One is strictness, i.e., flat over Oc^ ■ The other is holonomicity. 
Namely, the characteristic variety of T^-x-module A4 is defined as in the case of _D-modules, denoted by Ch{M). 
It is a subvariety in Ca x T*X. If Ch{A4) is contained in the product of Ca and a Lagrangian subvariety in 
T*X, the 7?.x -module A4 is called holonomic. 

An T^x-triple is a tuple of 7?.x-modules Mi (i — 1, 2) with a Hcrmitian sesqui-linear pairing C. To explain 
what is Hermitian sesqui-linear paring, we need a preparation. Let 5' denote the circle {A G Ca | |A| = 1}. Let 

a : S — > S be given by ct(A) = —A = —A . The induced involution S x X — > S x X is also denoted by a. 

Let Sbsxx/s denote the sheaf of distributions on S x X which are continuous in the S-direction in an 
appropriate sense. This sheaf is naturally a module over TZxiSxx ® '^*T^x\sxx ■ Then, a hermitian sesqui-linear 
pairing of 7?. -modules Mi (i = 1, 2) is an 7lx\sxx ^ cr*7^x|sxx-homomorphism Mi\sxx ^ cr*A^2|Sxx — > 
Tibsxx/s- An 7?.x-triple is called strict (resp. holonomic), if the underlying 7?,-modules are strict (resp. 
holonomic). The category of pure twistor _D- module is constructed as a full subcategory of strict holonomic 
7?.-triples. 

Let us recall how to impose some conditions on strict holonomic 7?.-triples. In the case of variation of Hodge 
structures, which is a local system with Hodge filtrations, it is defined to be pure, if its restriction to the fiber 
over each point is pure. But, for 7?,-triples or even for _D-modules, the restriction to a point is not so well 
behaved. Instead, for holonomic I?-modules, there is a nice theory for restriction to hypersurfaces. Namely, 
we have the nearby and vanishing cycle functors, which describes the behaviour of the holonomic Z?-modules 
around the hypersurface in some degree. To define some condition for holonomic -D-modules, it seems natural to 
consider the conditions on nearby and vanishing cycle sheaves inductively, instead of the restriction to a point. 
Similarly, to define some concition for 7?.-triples, we would like to consider the condition on the appropriately 
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defined nearby and vanishing cycle functor for 7?,-triples. This is a basic strategy due to Saito, and it may 
lead us to an inductive definition of pure and mixed twistor D-niodules, as a variant of pure and mixed Hodge 
modules. 

A strict holonomic 7?,-triple T is called pure of weight w, if the following holds. First, we have the decom- 
position T = ^Tz by strict support, where Z runs through closed irreducible subsets of X. (More precisely, 
we impose that T is strictly S'-decomposable.) We impose the conditions on each 7z- If ^ is a point, 7z is the 
push- forward of pure twistor structure of weight w by the inclusion of Z into X. In the positive dimensional 
case, for any open subset of X, any function on U, if we take Gr of the weight filtration of the naturally induced 
nilpotent morphism on the nearby cycle functors, the m-th graded piece is pure of weight w + m. Then, in- 
ductively, the notion of pure twistor Z?- module is defined. Precisely, we should consider the polarizable object. 
A polarization of T is defined as a Hermitian sesqui-linear duality of weight w satisfying some condition on 
positivity, which is also given in an inductive way using the nearby cycle functor. 

Remark 1.1 We consider only polarizable objects. Hence, we omit the adjective "polarizable" . We also omit 
"wild". I 

Let MT{X, w) denote the category of polarizable wild pure twistor D-module of weight w. Let us recall some 
of their fundamental properties, (i) The category MT{X, w) is abelian and semisimple. (ii) Let % E MT{X, Wi). 
Let / : 7i — > 72 be a morphism as 7?.-triples. If wi > W2, then f — 0. (iii) Let / : X — > F be a projective 
morphism. Let T G MT{X,w). Then, /|r S MT{Y,w + i). Moreover, f^T ~ ® f\T[-i\ in the derived 
category of 72.-triples. (iv) Any semisimple algebraic holonomic _D-module naturally has a structure of pure 
twistor _D-module. 

Mixed tvifistor _D-module To define mixed twistor _D-module, we first consider a filtered 7?,-triple (T, L) such 
that Gr^(r) are pure of weight w. Such a naive object is called pre-mixed twistor _D-module. They have nice 
functoriality for projective push-forward. However, we need to impose additional conditions for more standard 
functoriality such as push-forward for open embeddings and pull back. Very briefiy, to define mixed twistor 
D-module, we impose (i) the strict compatibility of L and the T^-filtrations, and (ii) the existence of relative 
monodromy filtration on the nearby and vanishing cycle sheaves, and we obtain mixed twistor D-modules with 
smaller supports. (It will be explained in Section [T]) 

It is easy to show that mixed twistor D-modules have nice functorial property for nearby and vanishing 
cycle functors and projective push-forward. However, it is not so easy to show the functorial property, for 
example, for the open embedding X\H — X, where H is a hypersurface. To show more detailed property, we 
need a concrete description of a mixed twistor Z?-module as the gluing of admissible variation of mixed twistor 
structures. 

Gluing procedure For perverse sheaves and holonomic /^-modules, there are well established theories to 
glue an object on {/ = 0} and an object on {/ ^ 0} ([5], [33], [iH])- We need such gluing procedure for 
7?.-triples. Because of the difference of ingredients, it is not clear if the method for gluing prepared in [50] for 
Hodge modules could be applied for 7?,-triples. Instead, we adopt the method of Beilinson in ^2^, which reduces 
the issue to the construction of canonical prolongations T[*t] (★ = *, !). (See Sections [5}]31) 

Admissible variation of mixed twistor structure We prepare a general theory for admissible variation 
of mixed twistor structure (Section [2]), which is a natural generalization of admissible variation of mixed Hodge 
structure, introduced by Steenbrink-Zucker 55 in the one dimensional case and generalized by Kashiwara |22| 
in the arbitrary dimensional case. Very briefly, it is a filtered 7?.-triple (V, L) on a complex manifold X with 
poles along a normal crossing hypersurface D. We impose the conditions (i) each Gr^(V) comes from a good 
wild harmonic bundle, (ii) V has good-KMS structure along D compatible with L, (iii) the residues along the 
divisors have relative monodromy filtrations. It is important to understand the specialization of admissible 
variation of mixed twistor structure along the divisors. For that purpose, it is essential to study the relative 
monodromy filtrations and their compatibility. So, as in [22], we study the infinitesimal version of admissible 
variation of mixed twistor structure, called infinitesimal mixed twistor module in Section [U We can show that 
it has nice property as in the Hodge case. 
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Then, we study the canonical prolongation of admissible mixed twistor structure (V,i) on {X,D) to prc- 
mixed twistor D-modules on X. Let D = D^^^ U D^^^ be a decomposition. Recall that a good meromoiphic flat 
bundle V on {X,D) is extended to a D-module V[*D^'^^\D'^'^'^] on X. We prepare similar procedure to make a 
pre-mixed twistor _D-module (V, from (V,L). First, we construct the 72.-triple V[*D^'^^\D^'^^] in 
Section[S] One of the main tasks is to construct a correct weight filtration L on V[*I?*^^^!£''-^-']. By applying the 
procedure in Section[5]to each LjV, we obtain a naively induced filtration L on V[*D'^-'!£'^^-']. But, this is not 
the correct filtration. Indeed, Gr^(V[*D(i)!L'(2)]) are not pure of weight w, in general. We need much more 
considerations for the construction of the correct weight filtration. It is essentially contained in and [50] . 
but we shall give rather details, which is one of the main themes in Sections [6] and ISHTOl 

Once we obtain canonical prolongations of admissible variations of mixed twistor structures across normal 
crossing hypersurfaces, we can glue them to obtain pre-mixed twistor Z?-modules, which are called good pre- 
mixed twistor Z?-modules. It is one of the main theorems to show that a good pre-mixed twistor Z?-module is 
a mixed twistor Z?- module (Theorem 110. 15| ) . Then, by a rather formal argument, we can show that any mixed 
twistor _D-module can be expressed as gluing of admissible variation of mixed twistor _D-modules as in Section 
111.11 We can deduce some basic fucntoriality by using this description. See Sections 1 1 1 . 2H1 1 .31 

Remark 1.2 In this paper, we will often omit "variation of" just Jar simplification. For example, an admissible 
variation of mixed twistor structure is often called admissible mixed twistor structure. I 

Dual In Section [121 we study the dual of mixed twistor I?- module, which should be compatible with the dual 
for the underlying D-modules. Briefly, there are two issues we should address. The dual of a holonomic D-module 
in the derived functor is also a holonomic Z?-module. We cannot expect such a property for a general holonomic 
7?,-module. This issue already appeared in the Hodge case, and solved by Saito. Even in the twistor case, we 
can apply Saito's method in a rather straightforward way. The other issue is the construction of Hermitian 
sesqui-linear pairing for the dual, which did not appear in the Hodge case. It is non-trivial even for hermitian 
pairings of holonomic ZJ-modules. Let Mi (i = 1,2) be holonomic D-modules. Let C : Mi ® M2 — > Dbx be 
a Dx i?;x^homomorphism. We need to study the induced pairing for DMi (X) DAI2 — > 35 bx- We obviously 
have such a pairing, if Mi are smooth, i.e., fiat bundles. It is not difficult to construct it in the case of regular 
holonomic i'-modules, thanks to the Riemann-Hilbert correspondence. But, at this moment, an additional 
argument is required in the non-regular case. (It will be given in Section [T4l ) Once we have such a pairing in 
the case of /^-modules, it is rather formal to construct it in the case of mixed twistor _D-modules. By using the 
dual, we can introduce the notion of real structure for mixed twistor Z)-modules with nice functorial property. 
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Part I 

Gluing and specialization of 7?.-triples 

2 Preliminary 
2.1 7^-triple 

We review 7?.-triple [45] and its variants. 
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2.1.1 7^-module 



Let X be a complex manifold. Let I? be a hypersurface of X. We set X := C\ x X and V :— C\ x D. The 
projections X — > X and V — > D are denoted hj p\. We set TZx{*d) ■= T^x®Ox^x{*T^)- The sheaf of algebras 
TZx(*D) ctnd its Rees ring are Noetherian. The notions of left and right 7?.x(*£))-modules are naturally defined. 
They are exchanged by a standard formalism for D-modules or 7?.-modules. Namely, let ujx ■— A^" • p^wjf as 
the subsheaf oip*^ujx 'E)Ox{*{{0} x X)), where n — dimX. Then, for any left 7?.x(*D)-module M, we have the 
natural right 7?.x(*£))-module structure on 7W := ux M. We consider left 72.x(*D)-modules in this paper, 
unless otherwise specified. A left T^j^ (^£))-module A4 is naturally regarded as a family of flat A-connections. 
Namely, M is equipped with a differential operator D : M — > M ® 1^^, where Vlx '■= A~^p^ri^, such that (i) 
D(/s) = Xd{f)s + fBif) for / e Oxi^V) and s G M, (ii) D o D = 0. 

An 7?.jf (*£))-module is called strict, if it is Ocj^-Q-at. If an 7?.x(*D)-module M is (i) pseudo-coherent as an 
C'Ar(*-D)-niodule, (ii) locally finitely generated as an 72.x(*D)-module, then it is a coherent TZx{*D)~''^odu\e. The 
sheaf of algebras TZx{*d) is naturally filtered by the order of differential operators, and we have the notion of 
coherent filtration for 7?,x(*D)-modules as in the case of D-modules. Let A4 be an 7?.x(*D)-module on U C X. 
We say that M is good, if, for any Aq G Ca, and for any compact subset K oi X such that {Aq} x K C U, 
there exist a neighbourhood U' of {Aq} x K inU, and a finite filtration F oi M^jji such that Gi^ (M^iji) has a 
coherent filtration. 

The push forward and the pull back of 7?,x(*D)-niodules are defined by the formula of those for T^x-niodules 
in [45]. Let / : X' — > X be a morphism of complex manifolds. Let D be a hypersurface of X, and we put 
D' ■= f^'^[D). Let TZx'^x := Ox' ®f-^Ox f~^T^x, which is a naturally (7^x' , /~^7^x)-module. We set 
Tlx^x' ■■= i^X' <E) Tlx'^x <E) /"^(^x- For an 7^x'(*_D')-module M', we have f-\{M') := Rf^.{TZx^x' (E)^^, M') 
in D^(JZx{*D))- Note that TZx^-X' ®n^, - Ti-x^X'i^D') (^^.^,^,0') ^^'^ /"^7?.x(*D)-injective 
resolution of TZx^x' ®Kx' naturally an /^^7?.x-injective resolution. Similarly, for an 7?.x(*D)-module J\f, 

we have /W := TZx'^x ®^-i-]Zx f^^-^ D''{TZx'(*d'))- If A^' is good, f^M is cohomologically good, which 
can be shown by the argument in the case of Z3-modules. 

Lemma 2.1 Assume that f is projective and birational, and it induces an isomorphism X'\D' ~ Al \D. Then, 
we have natural isomorphisms f^Ai' ~ f*M.' and f^A4 ~ f*M := Ox' 'E)Ox ./^^-^- They give equivalences of 
the categories of good TZx(*D)-^odules and good TZx'(*D')-i^odules. 

Proof Because TZx'^x{*D') ~ 'R-x'{*D'), we obtain the first claim. For an 7?.x(*D)-niodulc M of the form 
T^x{*D) ®Ox ^1 where M is O^'-coherent, we have f^M ~ Tix'{*D') ^o^' f*M. For an 7?.x'(*D')-module M' 
of the form TZx'(*d') ^o^' ' where M' is OA^'-coherent, we have f^M' ~ 'R-x(*d) f*{M'). Then, the 
second claim is clear. I 

2.1.2 Strict specializability for 7?.-modules 

The notion of strict specializability for 7?.^(*£i)-nrodule is defined as in the case of 7?.x -modules. Let Ct be a 
complex line with a coordinate t. Let Xq be a complex manifold. We put X Xq x Ct- We identify Xq and 
A^o X {0}. Let D be a hypersurface of X. 

The case Xq (;t D We set Do := Xq D D. We put VoTlxi^o) ■= VoTZx «> Oxi^T)). For any point Aq S Ca, 
let X^^°'^ denote a small neighbourhood of {Aq} x X. We use the symbol X^^"'' in a similar meaning. Let Ai 
be a coherent 7?.A:(*£))-modulc on X. It is called strictly specializable along i = at Aq, if -Mixi^-o) is equipped 
with a filtration V^-^°^ by coherent Vb7?.x(*D)-niodules indexed by R satisfying Conditions 22.3.1 and 22.3.2 
in [38]. Such a filtration is unique, if it exists. We say that A4 is called strictly specializable along t, if it is 
strictly specializable along t at any Aq. In this case, we obtain an TZxo{*Do)~^odu\e ipt.uiAd) as in the case 
of 72.-modules. Its push-forward by Xq — > X is also denoted by tpt.u{-M). If A4i are strictly specializable 
along t with a morphism F : Mi — > M.2, then F is compatible with the y-filtrations, and we have the 
induced morphism ipt,u{F) ■ V't,«(-^i) — ^ V't,ii(A^2)- If the cokernel of 4't.u{F) is strict, F is called strictly 
specializable. In that case, F is strictly compatible with the TZ-filtrations. We have the naturally defined 
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morphisms St : i{jt,u{M) — > ■ipt,u+s{M), and t : ipt.uiM) — > i}t,u-s{M), where 5 = (1,0) G R x C. We set 
^tA-M) \ir^A,u-Ns{M) for ue{RxC)\ (Z>o x {0}). 

The case <Z D If C D, we decompose D = XqUD', where Xq (t D' . We put D'q := D'nXo- Let M be 
a coherent TZx(*d) ~ 'R'X(*D'){*t)-T^odu\e. It is cahed strictly specializable along t at Ao if M^xtxg) is equipped 
with a filtration by coherent Vo7?,x(*D')-niodules indexed by R, satisfying the conditions in Definition 22.4.1 
in [3H]- Similarly, we obtain TZxo(*D'g)-''^^odules ijjt,u{-M). The induced morphisms t : i^t,u{M.) — > tpt,u-s{-M) 
are isomorphisms. 

2.1.3 Some sheaves 

We recall some sheaves, following Sabbah in [U and 06], to which we refer for more details and precision. 
Let X be an n-dimensional complex manifold. Let T be a real C°°-manifold. Let V be an open subset 
of X X T. Let S^^l^^j, ^{V) denote the space of C°°-sections of 17^" j,^^ on V with compact supports. Let 
DiffxxT/T{^) denote the space of C°°-differential operators on V relative to T, i.e., we consider only differentials 
in the X-direction on V. For any compact subset K C V and P E DiSxxT/T{V), we have the semi-norm 
= sup^ \Pip\- For any closed subset Z C X, let £^^'^^'^^^{y) denote the subspace of ^xxt/t d^)^ 
which consists of the sections (p such that (P(y£>)|^^^;^^ — for any P G Diff jj^^xt/tI^)- We have the induced 

semi-norms || • \\p,k on the space ^xxt/Tc(^)- semi-norms, the spaces s'^^l^^j, ^(V) and S^^'^^'^^^iV) 

are locally convex topological spaces. Let C^{T) denote the space of continuous functions on T with compact 
supports. It is a normed vector space with the sup norms. 

Let 'ZibxxT/riV) denote the space of continuous C-linear maps from £^\^^rp ^{V) to C^{T). Let D be a 

hypersurface of X. Let 2)b^°1p^y(V^) denote the space of continuous C-linear maps from £xxtJtc(^) (^)- 
Any elements of 'DV]^°^jyrp{V) are called distributions with moderate growth along D. Let 'i)bxxT/T,D{V) be 
the space of continuous C-linear maps $ : ^xxt/t d^") — ^ ^c(^) whose supports are contained in Z? x T, 
i.e., $(1^9) = if 1^ = on some neighbourhood of £> x T. They give the sheaves 2)bxxT/T: '^^x°xt/t ^^'^ 
'^bxxT/T,D on X X T. We have the following lemma as in [50] . 

Lemma 2.2 The natural sequence — > "DbxxT/TMiy) — > ®&xxt/t(V^) — > ^I'xx't/tC^) — ^ exact. I 
Corollary 2.3 Db'^^°frp^rp{V) is also isomorphic to the image of DbxxT/riV) — > DbxxT/riV \ D). I 

The following lemma can be shown by using a standard argument. Let V be an open subset of X with a 
real coordinate (xi, . . . ,X2n). For a given J — (ji, . . . ,j2n) G Z>o: we set d'^ :— YlfZi '^ti ^^^'^ \ J\ — J^Ji- 

Lemma 2.4 Let $ be an element of1)b'^°^jyrp{V) . Let K be any compact region in V . We have some m G Z>o 
and C > such that supg^j | < C sup| 7|<„ \d'-'ip\K for any ip G ^xxt/t'c(^) Supp((^) C I 

Corollary 2.5 Let g be a holomorphic function such that g^^(O) C D. Let $ G 1)b'^°^jJJj,{V). For any 
compact subset K in V , there exists Ck > such that we have the well defined pairing ^{\g\^ ■ ip) G C^{T) for 
ip G ^^xxT/T ci^) with Supp(iy9) C K and for Re(s) > Ck- It depends on s in a holomorphic way. I 

Let C^^rp be the sheaf of C°°-functions on X x T. Let Z? be a hypersurface of X. Let U C X x T be an open 
subset. Let (p he a, C°°-function on an open subset U \ {D x T). We say that / is a C°°-function of moderate 
growth along D, if the following holds for any (Qi, Q2) £ U Ci {D x T). 

• For any P G DiffxxT/T(C^), we have \Pp>\ = around {Qi, Q2) for some N . 

Let Cxx't°'^^ denote the sheaf of C°°-functions on X x T with moderate growth along D. It is standard to 
show that the sheaf is c-soft. 

Let / : X' — > X be a morphism of complex manifolds. Let D be a hypersurface of X. We put D' := f~^{D). 
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Lemma 2.6 Assume that f is projective and birational. We have natural isomorphisms ai : f\'^i>x°xT/T ^ 
£lb™°'^/^j, and as : /^^Cf^T'^^ — > Cf,'^^'^^'. We also have m'^°'^!^'/j, ~ /-iSb™"'^^^, and Cf^T"^^ 

/ /^oo mo 



mod D' 



Proof The morphism 02 is clearly injective. The natural morphism C°° m°dD(^ ^ — ^ ^^oo mod d' ^ 
is bijective. Because Cx'^t'^^ is c-soft, we obtain that as is an isomorphism. It is also easy to show Cx^^t''^^ — 

£ poo mod D' 
J*'^X'xT 

Let V be an open subset in X x T, and V' := f^^{V). The natural continuous morphism ^xxT/T^d^) — ^ 
£J^/"^^^^(y) is bijective. It is a homcomorphism, which follows from Lemma 12.71 below . Then, we obtain the 
second claim for 2)b™?^|'/j, and Sb^"'^^^,. I 

Lemma 2.7 Let Y be a complex manifold with a hypersurface Di. Let g he a holomorphic function on Y such 
that (7~^(0) C Di. Let K <zY be a compact subset. Let P G DifFyxT/T O'l^'d N G Z>o. Then, there exist C > 
and Pi G DiSyxT/T {i — ■ ■ ^ M) such that supj^ \g^^ Pif\ < C sup^ \Pi'^\ for any ip G ^yxt/t^c ^ -^)- 

Proof We give only a sketch of the proof. We have only to consider the case P = 1. We need estimates only 
around any point of K x T. First, let us consider the case dg is nowhere vanishing on X. We may assume 
that X is equipped with a holomorphic coordinate (zi, . . . , z„) and zi = g. Let Zi = Xi + \/—lyi — ri e^^^^\ 
By using the relation rfdf:'^ = J2q=o((^' t)) ^iVi '^ '^x^^y^'^ , where {{L,q)) are binomial coefficients, we can 
easily deduce the desired estimate for |(7~^(^|. If g = Y[i=i^ij set gj = ni=i-^i; ^^'^ '^^ '^^^ deduce 
\g~^f\ ^ C J2\9j-!^iQj,i'P\ by an easy induction. Let us consider the general case. We take a projective 
birational morphism F : Xi — > X such that F^^{D) is normal crossing. By the above consideration, we 
have an estimate \F^^{g'^(p)\ < C J2\-Pi -^^'^i'^)] ^1 ^ ^1 where Pi G Diff x^xt/t- It is easy to find 
Pij G DiSxxT/T {j — ^,---,Mi) such that |Pii^^^((p)| < J^l^'^iP-iJ^)] V- Thus, we obtain the 

estimate on X x T. I 

Remark 2.8 St'x'xT/T '^^^'^ denoted by 1)hx(*D)xT/T or 'ShxxT/ri^D) in the following. I 
2.1.4 7^-triple 

Let X be a complex manifold, and let Z) be a hypersurface of X. Let a : — > given by cr(A) = —A ^. 
If |A| = 1, we have cr(A) = —A. The induced morphisms x X — > x X and S x X — > S x X are also 
denoted by a. 

We have the natural action of Tix{*D)\sxx on S&sxAys- ^^^'^ have the action of 'J*TZx(*d)\sxx on 
^^S°x'^x% by cr*(/) • F = ■ F and a*{d^) •F = -X-^d,F. We set 5, := -\-^di. 

Let Aii {i = 1, 2) be 7?.x(*D)-niodules. A hermitian sesqui-linear pairing of A^i and AI2 is an TZx(*d)\sxx® 
o'*^x(*D)|SxX-morphism C : Miisxx cr*M2\sxx — > ^''sxx/s- ^^^^^^ a tuple {Mi,M2,C) is called an 
7?,x(*_D)-triple. It is called good (coherent, strict, etc.), if the underlying 7?.x(*_D)-modules are good (coherent, 
strict, etc.). A morphism {Mi,M2,C) — > {M'i,M'2,C') is a pair of morphisms ^pi : M'l — > Mi and 
if2 ■ — > M'2 such that C {•pi{m'i) , a* {■012)) = C {m'l, a* ip2{m2)) . The category of 7^x(*i5 ) -triples is 
abelian, and denoted by TZ-Tt\{X,D). 

The push-forward for 7?.x(*D)-triples is defined as in the case of 72.-triples [IS]. The following lemma follows 
from Lemma 12.11 and Lemma 12.61 



Lemma 2.9 Let f : X' — > X be a projective birational morphism. Let D <Z X be a hypersurface, and we put 
D' := f~^[D). Assume that f gives an isomorphism X' \ D' :^ X \ D . Then, /j induces an equivalence of the 
categories of goodTZx'{*D')-'ti'iple'S and good TZx{*d) -triples. I 

Let us consider the case X — Xq x C*. For simplicity, we assume that D = Do x Ct for a hypersurface Dq 
of Xq. Let T = {M',M",C) be a coherent 7?.x(*D)(*i)-triple, which is strictly specializable along t. We have 
the induced 7?.Xo(*Do)-triple ipt.uiT) for u G M x C as in the case of 7?.-triples. We have the induced morphism 
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tdt : Tpt.u{^')>^ — > V't,«(-^') and tdt : — > il't,u(M") X''^ . The nilpotent part is denoted by N' 
and TV"'. Then, we obtain {N',N") : iptAT) — > V't,«(T) «) T(-l), where T(-l) = {Ox X, OxX'^, Co) and 
Co{si,a*S2) = si ■ a*S2- 

Let T be a coherent 7?.x(*D)-triple, which is strictly specializable along t. We naturally obtain a coherent 
7^x(*_D)(*i)-ti'iple T{*t), which is strictly specializable along t. We define ipt,u{T) := ipt,u{'T{*t)), as in the case 
of 7^-triples. _ 

For a holomorphic function we define ipt^u and "01,11 by considering igfT, where : X — > X x Ct is the 
graph, as usual. 

Let j : Ca — > C\ be given by j(A) = —A. The induced morphism X — > X is also denoted by j. Let 
T = {Mi,M2tC) e 7?.-Tri(X, D). We have the naturally defined pairing fC : j*Mi\sxx x o'*J*A^2|Sxx — > 
'^^sx'x/s by which we have j*T := {j*Muj*M2,j*C) G 7^-Tri(X,i:)). We have a natural identifications 

j*(r*) = (i*r)*. 



2.1.5 Integrable 7?.-triple 

Let us recall the concept of integrable 7?.-modules and integrable 72.-triples, introduced in Section 7 of 45 . Let 
Dx denote the sheaf of holomorphic differential operators on X, and we set Dx^^v) ■— Dx <E) Oxi^'D). Let 
T^x{*D){X^d\) C Dx be the sheaf of subalgebras generated by TZx and X^d\. A module over TZx{*D){X'^dx) 
is called an integrable 72.j(:(*£))-module. For integrable A4i (i = 1,2), an 7?.x-homomorphism A4i — !• is 
called integrable, if it gives an 7?.j!f (A^9A)-bomomorphism. 

Let Aii {i = 1,2) be integrable 7?.x(*D)-modules. A hermitian pairing C oi A4i is called integrable, if the 
following holds: 

d0C(mi,a*m2) = C[demi,a*m2) + C[mi,a*{dem2)) 

Reie, derrii :— iXdxm^ — {iXd\—iXd-^mi. If C is extended to a pairing A^i|Cjxx xo'*A^2|C*xx — ^SE'c"xx/c*' 
where Dh'^t'^x'fc* denote the sheaf of A-holomorphic distributions on x AT with moderate growth along Z), 



then we have A9aC(toi, cr*(TO2)) = C(A9aWi, cr* (7712)) + C{mi,a*{Xdxm2))- A tuple of integrable 'fix(*D)- 
modules and an integrable hermitian sesqui-linear pairing is called an integrable 7?.x(*z))-triple. If T is an 
integrable 7?.x(*D)-ti'ipk, T* and j*T are also naturally integrable. For integrable Ti (i — 1,2), a morphism 
7i — > T2 in 7^-Tri(A, _D) is called integrable, if the underlying morphisms of 7?.x(*D)-inodules are integrable. 

Let f : X' — > A be a morphism of complex manifolds. Let D be a hypersurface of A, and we put 
D' f^^{D). Let T' be a good integrable 7?.x'(*D')"n^odule. We have the push-forward /|T' as 7?.x(*D)-triple. 
As observed in [45], /^T' is naturally an integrable 7?.jf (*£))-triple. Similarly, for an integrable 7?.jf (*£))-triple T 
on A, the pull back /^T is naturally integrable. We have the integrable variant of Lemma [ 



Lemma 2.10 Assume that f is projective and induces an isomorphism X' \ D' ~ A \ £). Then, /j induces an 
equivalence of the categories of good integrable TZx'{*D'}-ii~wlGS and good integrable TZx(*d)-^'''W^^s. I 

We recall the following in [45^. 

Lemma 2.11 Let X and D be as in Suhsection \2.1.'2\ Let M he a coherent TZx{*d) -''module, which is strictly 
specializable along t. If M is integrable, the V -filtrations are preserved by X^d\. In particular, the nearby cycle 
sheaves ipt.u{-M) and ipt^u{-M) are naturally integrable. I 



2.1.6 Smooth 7?.-triple and some functoriality 

Let A be a complex manifold with a normal crossing hypersurface D. An 7?.x(*d) -module M is called a smooth 
7?.x(*D) -module, if it is a locally free 0;i'(*I')-module. A smooth hermitian sesqui-linear pairing of smooth 
7^x-modules Mi {i = 1,2) is a 'R.x{*d)\sxx <^ (T*7^x(*D)|SxX-homomorphism C : Mi\sxx <^ cr*M2\sxx — > 
^s'x'x"^ ^ such that its restriction to S'x {X\D) is extended to the pairing oi Mi\cix(x\D) and cr* Mi\cix{x\D} 
to the sheaf of C°°-functions on x (A \ D) which are A-holomorphic. Let TZ-TiismiX , D) denote the full 
subcategory of smooth 7^x(*_D)-ti'iples in 7?.-Tri(A, D). 
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Twist Let r = {Mi,M2,C) G n-Tn,^{X , D) . Let V = {M[,M'2,C') e 7^-Tri(X, D). We set M'^ := 
■Mi (E)Ox M'i- We have the naturahy defined pairing C" of M." {i — 1, 2), given as follows: 

C"(toi ® m'l, a*{ni2 (8) Ti'a)) — C(mi, cr*m2) • C(m']^, (7*m2) 

The pairing C" is also denoted by C C". The 7^x(*D) -triple (TW'/, 7W2', C") is denoted by T «) T'. If T' is 
smooth, T (81 T' is also smooth. If T and T' are integrable, T <S)T' is also integrable. 



Pull back Let / : Xi — > X2 be a morphism of complex manifolds. Let Di be hypersurfaces of Xi such that 
Di = f-\D2). Let r = (Mi,7W2,C) e 7^-Tri,„,(X2, i^z). We set := Ox, ®f-^Ox, ^^M^, which are 

naturally 7?.Xi(*_Di)-modules. We have a pairing f~^C of f~^A4i and /^^Al2 obtained as the composition of 
the following: 

f^^f \/l \ V ^* f^l/' A/( ^ i r-lpoo modn2 , poo mod Di 

It induces a hermitian sesqui-linear pairing f*C of f* M.i and f* M.2- Thus, we obtain a smooth 7?.Xi(*_Di)-triple 
f*r := if*MiJ*M2, f*C). If r is integrable, f*T is also integrable. 

Lemma 2.12 Assume that f is birational projective morphism, and it gives an isomorphism Xi\Di ~ X2\D2. 
Then, f * gives an equivalence of the categories TZ-Tri^i^{Xi^Di). I 

A projection formula Let T' be a good 7?.Xi(*_Di)-triple. Assume that the support of T' is proper over A2. 
Letre7^-Tri,„(A2,i?2). 

Lemma 2.13 We have a natural isomorphism f^{f*{T) (8) T') ~ T® /fT'. 

Proof Let us construct an isomorphism in the level of 7?.-modules. We have only to consider the case A4' = 
M' ®TZxi ®'-^x]_^ where M' is a coherent 0;ti-niodule. We will freely use an isomorphism in Lemma [2.141 below . 
Let be a smooth 7?.X2 (*^^2)-inodule. Then, we have the following isomorphism 

f'^i fM^M') ~/-l(7^y®cJ^^)(8),^(A^8)Forget(/*A^)) ~ {TlY®ujy^)®o^ (/,(M) (8 Forget(Al)) 

^M®Oy {f.{M)®'RY®UJy^) ~M®f^{M') (1) 

If M has a frame v such that Qxv = 0, i.e., Af ~ O®^, then the isomorphism is equal to the natural one 
/•fA^'® ~ /^(A^')® We can find such a frame locally around any point of x {X2 \ i?2)- Then, we can easily 
compare the pairings f^{f*{C) ® C) and C (g) /fC". I 

Appendix Let X be a complex manifold. Let N be an O^'-module. Let A4 be an T^x-module. Let Forget(Af) 
be the underlying O^'-module. We obtain an 7?.x -module on (^(^N i^Ox T^x) ® ^x^^ ® where we use 
the left multiplication of Ox on TZx for the tensor product of N and Tlx- We also have an 7?,x -module 
{N i^Ox Forget(AJ)) i^Ox '^x ®i^x^ ^ where we use the left multiplication of Ox on TZx for the tensor product. 
Let us recall the following isomorphism from 45 and |48J. 

Lemma 2.14 We have a natural TZx -isomorphism 

{N ®TZx® i^x^) (g) AJ ~ (iV «) Forget(A{)) (^TZx® 

Proof We have a natural 0;f-homomorphism iV (g Forget (AJ) ®ijo^^ — > {^N ®TZx ®oj'^^) ®M.. It is naturally 
extended to an 7?.jc-homomorphism N ® Forget(A{) ® {TZx ® ^x^) — ^ ® T^x g" ^x^) ^ M, which is an 
isomorphism. I 
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2.1.7 Variation of twistor structure 

Let T = {Mi,M2,C) e TZ-TiigmiX , D) . It is called a variation of twistor structure on {X,D), (or simply a 
twistor structure on {X, D)), if the following holds: 

• If X is a point and D = $, the extended pairing A^j^. ® (J*M."^, — > Oc*^ is perfect, i.e., the induced 
morphism 

is an isomorphism. 

• In the general case, i*pC is a twistor structure for any point lp : {P} — > X\D. 

Let TS(X, D) denote the full subcategory of twistor structures on {X, D) in 7^-Trism(^, D). For % G TS{X, D), 
we have TiOT^ e TS{X, D). For / : (Xi, — > (X2, D2), we naturally have the pull back /* : TS(X2, D2) — > 
TS(Xi,Di). 

Dual Let T = {Mi,M2,C) e TS{X,D). We set := Uomo^(^,v){MuOx{*V)). We shall observe 

that we have a naturally induced pairing : M\^g^^ x cr*A^2|Sxx — ^ ^Sxx°'*^' s-'^d '^^ s\\d\\ set := 
(7W^,7W^,C"^), which is called the dual of T. For a neighbourhood C/(Ao) of Aq in Ca, let /(Aq) := SCMJ{\q). 

First, let us consider the case D = %. We set M'^^ '■— ® ^s'xx ^'^'^ •= ® ^s'xx 

S X X. Then, M'^^ g^x ^^'^^ A^coo g^x ^'^^ naturally Diffs^x/s-modules. For a section P e DiSgxx/s on 

J(Ao) X X and m" e A^coo on -f(-Ao) x X, we set P ■ a*m" := a*{a*{P) ■ m"). Thus, (t*{M'1;^ s^x) is 
a Diffgxx/s-Hiodule. 

We have the induced pairing of j^-modules 

C : Mc<^^sxx X (^*-M.cco^sxx ^sxx- (2) 
We have induced morpliisms of C^^x "Modules 

*C : M'coo^SxX > cr*-^C~,SxX. *C : <^*Mcoo^SxX ^ -^C^.SxX 

given as follows: 

{^c{m'),a*{m")) := C{m',a*m"), ($cKm"), m') := C(m',a*m") (3) 

Note that we use the pairing a*M'^oa ^^x ^ cr*Alc=o sxx — ^ '-sxx given by {a*n" ,a*m") = a*{n',m"). By 
direct computations, we can check that and <I>c are Diff^xx/s-homomorphisms. Because T € TS(X, D), 
'^c and $c are isomorphisms. Hence, we have the induced Diff^xx/s-morphism: 

: M'^oo^sxx ® f^*A^c-,Sxx ^ C^xx, C^(n',a*n") := C(*^i(a*n"), $c'(«')) 

The composition AtJ^xx ^ ^*-^|sxx — ^ •^'c<=^,Sxx ^ ''■*-^c^,sxx — ^ ^Sxx is also denoted by C^, which 
is the desired smooth hermitian pairing. 

Let us consider the case that D is not necessarily empty. By the previous consideration, we have the smooth 
pairmg : A^jsx(x\£)) ^ ^*-^fsx(x\r>) ^ ^Sx(x\r>)- 

Lemma 2.15 is extended to a pairing : Alj^xx ^ ^*-^'\Sxx — ^ <^sxx°''^- 

Proof Let us consider the case rankA^' = rankA^" = 1. Let P G D. We will shrink X around P. We may 
assume that the monodromy of Ai' and At" are trivial. Let Aq € S. Let U{\o) be a small neighbourhood of 
Ao in C, and let U{~Xo) :— a{U{\o j)- We can find a frame m' of A4' on U{Xo) x X, and a frame m" of At" 
on U{—Xo) X X. We have meromorphic functions a' and 0" such that (i) the poles are contained in V, (ii) 
Dm' = m' da' and Dm" = m"da". 
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Lemma 2.16 We have a' = a* a" modulo holomorphic functions. 

Proof We set F = C(m',cr*m"). We obtain F = G(A) exp(2y^lm{X-^a') + X{a' -a*a")y Because F is 
of moderate growth, we obtain the claim of Lemma 12.161 I 

In particular a' and a" are independent of A. By considering the tensor product with the rank one object, 
we may assume that o' — a" — 0. Then, Cq is clearly extended. Moreover, we have a bound of C{m' ,a*m") 
from below. Then, we can deduce the claim of Lemma 12.151 bv using the exterior product. I 

The following lemma is easy to see. 

Lemma 2.17 Let T G TS{X,D). IfT is integrable, is naturally integrable. I 

Real structure If C is non-degenerate, we have natural identifications (T*)^ ~ (T^)* and i*{T^) — {i*TY ■ 
We formally set ^*^T ■= j* (T^) ■ We naturally have 7*^^ o 7*,„(T) ~ T. A real structure of T is defined to be 
an isomorphism k : JsmT — ^ T such that k o j^^k = id. 

Remark 2.18 is the counterpart of the pull back of vector bundles on by j : ¥^ — > ¥^ , where 7([zo ■ 
zi]) = [zi -.zo]. I 

Let / : Xi — > X2 be a morphism of complex manifolds. Let Di {i — 1,2) be hypersurfaces of Xi such that 
Di = f-^{D2). Let r e TS(X2,L'2). We have natural isomorphisms f*{T*) = {f*T)\ f*{T^) ^ f*{Ty , 
f *j*{T) — j* f*{T). A real structure is functorial with respect to the pull back. 

Remark 2.19 Let T G TS(X, _D). Let A4i be the underlying TZx{*d) -''modules. If T £ TS{X,D) is equipped 
with a real structure, each M^p for (A, P) E S x {X \ D) has an induced real structure. If moreover T is 
equipped with an integrable structure, the flat bundle A^i|c* x(x\_D) has an induced real structure. I 

2.1.8 Tate object 

We have integrable 7?.-triples T{w) := (Oca^ ™7 ^^C^^^ , C'o) for w G Z, where Co is the natural pairing: 

Co{f,a*g)^f-^. 

We naturally have T(w)* = (Oca^""; C'ca^"'"> C'o)- We shaU use the twisted identification : T(w)* ~ T(-w) 
given by ((-1)-, (-1)-) . 

We shall also use the natural identifications ■ T{wY ~ T{—w) and j*T[w) ~ T{w). Then, as the 
composition of the above morphisms, we obtain an induced real structure k : 7*jjjT(w) ~ T[w) given by 

((-i)«',(-ir). 

Remark 2.20 The real part of the fiber OcaIi '-s given by (\/^)"'M. I 

Let ¥"^(10) be the smooth 7?,-triple given by (Oca, Ccaj (a/— 1A)^^™) . Note that we have an isomorphism 
'^w ■ T{w) ~ T'^(t(;) given by the pair of the following morphisms: 

Oc,X-^ (^^"^'^ Oca, OcaA'" ''^^''"> Oca 
Then, the following diagram is commutative: 

T{w)* ) T{-w) 

Hence, we may replace the family (T'^(w), c,^ I w G Z) with {T[w), c^, I w G Z) . 
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Remark 2.21 Let X be a complex manifold. For the canonical morphism ax of X to a point, the pull back 
a*xT{w) is denoted byT{w)x, or just byT(w), when there is no risk of confusion. I 

Remark 2.22 Let f be a holomorphic function on X, and let T = (M',M",C) be an TZx-triple which is 
strictly specializable along f with ramified exponential twist. For u g M x C and a G t~^C[t~^], we have 
V'/.M,a(7~) with a morphism J\f : ■0/,ji.a(7~) — > ^/.u,n(7~) <E} T"^(— 1). By using the isomorphisms, we can replace 
J\f with J\f : '!/'/,«. o(T) — > V'/,«,a(T) (8) T(— 1). // / is a coordinate function t, Af = (A/"', TV") are induced by the 
nilpotent parts of dtt = {^/^X)''^ {^/^^tt) = {-^r^X)~'^{-y/^'dtt). I 

2.1.9 Variant 

For {p, q) G 7?, let U {p, q) denote the integrable smooth 7?.-triple (^Ox XP, Ox Xfl, C^) ■ We have an isomorphism 
* : T'5((g - p)/2) — > U{p, q) given by ((T^TA)-?, Then, the fohowing dia gram is commutative: 

T^((<Z-p)/2) > TS{{q-p)/2y ®TS{{q~p)) 

U{p,q) "''^"-'-'^"^ U{p,qy®T{-{p^q)) 

Hence, we use the polarization of U{p, q) given by ((— 1)^*, (— 1)^'). 

2.1.10 Other basic examples of smooth 7?,-triples with integrable and real structure of rank one 

Let a be a mcromorphic function on X whose pole is contained in D. Let L{a) — Ox(*d) e with /i(e, e) = 1 
and 9 = da. We have i9e = 0, 9e = and 6^ ~ dd. The associated family of A-flat bundles £{a) has a frame 
V = e exp(— Aa). We have the pairing C{v, a*v) — h{v, a*v) = exp(— Aa + A^^a) on S' x X, which takes values in 
^s'xx"^^- We obtain a smooth 7?,x(*D)-triple Ta = (£(a), £(a), C) . We have the natural isomorphism 7^* = 7^ 
given by (id, id). We also have natural isomorphisms j*Ta — T-a and ~ T-a- Hence, we have a natural 
isomorphism Jsin^a — Ta , which is a real structure of Ta • 

Let a e M. Let L{a) = Oc; e with h{e, e) = |z|"2q ^nd 6* = 0. We have de = 0, de = e (-a) dz/z and 9^ = 0. 
We have {d + \9'')e — 0, De — e{~\a)dz/z and X^dx e = 0. We have the pairing C(e, a*e) = |z|~^°. We obtain 
an 72.-triple Ta — (C{a) , £{a) , C) . 

We have a natural isomorphism Ta — Ta given by (id, id) with which 7^ is a polarized pure twistor Z3(*z)- 
module of weight 0. We have a natural isomorphism j*Ta — Ta- We have a natural isomorphism Ta — T-a- 
Hence, for 0<a<l/2, we have a real structure of 7^ ® 71-a, given as follows: 

Is-mTa ffl IsmT—a — T—a (B Ta — Ta ® T—a, 

where the second isomorphism is the exchange of the components. If a = 1/2, we have a real structure of 71/2 
given by 7sm7'i/2 - 71i/2 ^ Ti/2. 

Let a G C Let L{a) = Oc* e with h{e,e) = 1 and 9e = eadz/z. We put v = e exp(— Aa log |2;p), 
which gives a frame of C{a) on Ca x C*. We have zdzV — v (A^^a + Aa). We have the pairing C{v,a*v) = 
|^|2(-Aa+A a) ^ obtain an 7?.-triple Ta — (£(a), £(a), C^) . We have natural isomorphisms T* — Ta and 
Ta — T-a and j*Ta — T-a- Hence, we have a real structure 'Jsj^Ta — Ta- But, it is easy to observe that Ta 
cannot be integrable, i.e., C{a) cannot underlie an integrable 7?.-module. Indeed, assume that it is integrable. 
We have a meromorphic function A whose poles is contained in x {0} such that d\v = v A on. C*^ x X. We 
obtain the relation zdzA = —a — A^a, which contradicts with the condition on A. 

2.2 Deformation associated to nilpotent morphisms 

An 7?,-triple with a tuple of nilpotent morphisms has a natural deformation. Such a deformation was used in 
the contexts of variation of twistor structures in [3S] and [32] , which originated from the procedure to construct 
nilpotent orbit in the Hodge theory. 
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2.2.1 Twistor nilpotent orbit in 7?.-triple 

Let X be a complex manifold, and let D he a hypersurface. Let A be a finite set. Let A-7?,-Tri(X, D) be the 
category of 7?.x(*D)"triple T with a tuple Af — (A/i | « G A) of mutually commuting morphisms Afi : T — > 
T®T{-1). A morphism F : {Ti,Af) — > (T2,A/') in A-TZ-Tii^X , D) is a morphism F in 7^-Tri(X,^)) such that 

F o Mi = Mi o F for i e A. 

For / C A, we put X{I} := X x and D{I} := (D x C^) U U^e/i^^ = 0}- We shall construct a functor 

TNIL/ : A-7^-Tri(X, D) — > A-7^-Tri(A:{/}, £>{/}) (4) 
Let {r,Af) e A-7^-Tri(A:,^)). Let T = {M\M",C). Recall that morphisms M^ = {M'l,Ml') are given as 

X' M' ■ A, 7W" M" ■ \-\ 

The underlying 7?.x{/}(*u{/})-niodules of TNIL/(T, N) are given as follows, with the natural actions of TZx'- 
M' ®Ox{i}{*V{I}), zAm' = \M^m', M" ^ Ox{i}i*V{I}), zAm" = XM'/m" 

We would like to define the pairing C of TNIL/(T, N) by the following formula: 

C(m',a*m") = c(exp(^ A/^' log l^.pjm', a*m") (5) 
iei 

Because C (Mlm' , a* m") = C {rii' , a* {M-' m")) , the right hand side of (O is equal to the following: 

C(m', a*(exp(^A/^"log|^.p)™")) 

Let us show that C is an 7?.x{/}(*_d{/}) x cr*7?.x{/}(*_D{/})-homomorphism. For that purpose, we have only 
to show the following equalities: 

z.AC{m' ,a*m") = C {z.Am' , a* m" ) , z^ckfi{m' ,a*m") = C{m\a* {z,d,m")) (6) 

We have the following: 

zAC{m',a*m") = z,a,c(exp(^ A/} log jz^f^ m', ct* to") 

= c(exp(^A/;'log|zjf ) A/;'m', (7*to") = C{zAm' m") (7) 

We also have the following: 

C (m' , CT* to" ) = 2, c^, C (to' , a* (exp at;' log I p ) to") ) 

= c(TO',t7*(exp(^AA;iog|zjf) A/;",n")) =C(TO',a*(z,a,TO")) (8) 

Hence, we obtain (l6|), and C gives a hermitian sesqui-linear pairing of Ml' and Ml" . 

By using the commutativity of Mj and A/i (i G /), we obtain C(Mjm' ,a*m"^ = C (m' , a* M" m"y Hence, 
we have morphisms TNIL/(7Vj) : TNIL/ (T, A/") — > TNIL/(r, A/") (8)T(-1) for j e A. In particular, an 7^-triple 
TNIL/(r,A/') with TNIL/(A/') (TNIL/(7V;) | « e A) is an object of A-7^-Tri(A:{/}, £>{/}). Thus, we obtain 
the functor 

It is easy to see that TNIL/ (T, A/*) is strictly specializable along z^ (i € /), and we have 

V'..,_5TNIL/(r,Ar) = TNIL/\,(r,Ar). 

The following lemma is easy to see. 

Lemma 2.23 //(T, A/*) is integrable, TNIL/(T, A/") is naturally integrable. I 
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Hermitian adjoint For (T, A/") G A-7?.-Tri(X, D), we set {T,J\f)* := (T*, —A/"*), which gives a contravariant 
functor on A-7^-Tri(X, D). 

Lemma 2.24 We have a natural identification (TNIL/(T, A/"))* = TNIL/((T', A/")*) . 

Proof Let T = (X',X",C) and = {Nl,Nl')- Because the identification c_i : r(-l)* ~ T(l) is given by 
(—1,-1), we have —N* — (A/"/', A/"/). Hence, the underlying 7^-modules are naturally identified. 
Let us compare the pairings. Let C* be the pairing for (TNIL/(r,A/')) . We have 



C*{m\a*m!) = a*C{m' ,a*m") = cr*c(exp(^ A^' log jm', a 



iei 

= C* (m", a* {exp(j2K log l^.l')^') ) (9) 

This is exactly the pairing for TNIL / ( (T , AT) * ) . I 

Dual ET eTS{X,D), we set {T^AfY := {T'^ ,-J\f"'). 

Lemma 2.25 We have a natural identification (TNlL/(r, A/*))^ = TNlL7((r,A/')^). 

Proof The underlying 7?.x-niodules are naturally identified. Let us compare the pairings. We have only to 
consider the case that A consists of one element. For T = (A4', A^",C), let "^c and be defined as in ([3]). 
Similarly, we obtain vj/- and $g from the pairing C. We have '^c o A"' = (7*{N"Y o vj/^. Indeed, 

{^c{^f' m'),a*m") = C{J\f' m' ,a*m") = C{m' ,a* iJ^" m")) = {^c{m'), a*{J\f"m")) 

^{a*{N"y'i^ciin'),a*m") (10) 

Similarly, we have $c ° o'*A'" = (A"')^ o ^q. We have 

~ = *c o exp(log Izl^A/-') = exp(log |z|V*(A'")'') o *c 
Indeed, we have the equalities: 

{■f^{m'),(j*m") = C{m',a*m") = c(exp(log |zpA-') m', cr*m") = (^'c(exp(log IzpA"') m'), cr*m") 
Similarly, we have = ° exp(log \z\'^a*J\f") = exp(log |zp(A'')^) o cf)^. Then, we obtain the following: 

{Crin', a*n") = c(exp(log \z\'N')^~\a*n"),<^-^\n')) = c(^^c\^*r,"), <I'c'(exp(- log \z\'{Mr) n')) 

= C^(exp(-log|2|2(AA')^), ^ {C^){n' ,a*n") (11) 

Thus, we are done. I 

Real structure We also have a natural isomorphism j* TNIL/ (T, A/") ~ TNIL/ j*(T, A/*). Hence, we have a 
natural isomorphism 7*^ TNIL/ (T, AT) ~ TNIL/ 7*„, (T , A/") . 

A real structure of an object (T, A/") in A-7?.-Tri(X, D) is an isomorphism n : ^l„i{T ,M) ~ (T, A/") such that 
K o 7*jjjK = id. A real structure of (T, A/*) naturally induces a real structure of TNIL/ (T, A/"). 
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2.2.2 Variant 

Let (T, A/") G A-Tl-Tri{X , D) . Let y — {(pi\i G A) be a tuple of meromorphic functions whose poles are 
contained in D. We shall construct an 7?.x(*i3) -triple Def^(T,A/'). We define a new 7^-action on M' by 
f • m' — f m! for / G Ox and v • m' = vm' + J^i-^li^') '^i'Pi) " ^ A8x- We define a new 7?.-action 
on M" in the same way. The 7?.x(*D)-inodules are denoted by A^((^jv') -^'(ip M)- define a hermitian 
sesqui-linear pairing C(^^^j^) of j^-^ and A^('^jv') follows: 

C(^,Ar) C(exp(<^ • M') m', a* (exp((^ • M") m")) 

Here, if ■ M' := T^^^^K^iK and • AT" :== EieA'/'^-^"- The triple is denoted by Dei^{T,M). The following 
lemma can be checked by an argument in Subsection 12.2.11 

Lemma 2.26 We have natural isomorphisms 

Def^((r,Ar))* ~ Def<^((r,Ar)*), Def^((r, AT))'' ~ Bei^{[T,MY), fBei^iT,J\f) ~ Def^(j*(r, AT)) 
In particular, we have 7*^^ Def ^ (T, A/*) ~ Dei^(j*^^^{T,Af)) . I 

A real structure of {T,Af) naturally induces a real structure of Deicp{T,Af). If {T,Af) is integrable, 
Def,p(T,A/') is also integrable. 

The following lemma can be checked directly. 

Lemma 2.27 We have a natural identification Def^/ (Def^(T, A/*)) = Def^'-)_^(T, A/"). I 

Let F be a complex manifold with a hypersurface Dy- Let lj : {Y,Dy) C {X{I}, D{I}) [j = 1,2) be 
open embeddings such that (i) the compositions Y — ^ X{I} — > X are equal, where the latter is the natural 
projection, (ii) L\{zi) = e'^'ijl^i) for i Cz I, where ipi are holomorphic on Y. The following lemma can be 
checked directly. 

Lemma 2.28 We have a natural isomorphism lI TNIL/(T,A/') ~ Defj^^tj TNIL/(T, A/*)^ . 
2.3 Beilinson triples 

We introduce a special type of smooth 7?.-triples, which we call Beilinson triples. It will be used in the construc- 
tion of Beilinson functor in Section |4l 

2.3.1 Triples on a point 

We put A := Oc;, [As, (As)-i]. We set A" (As)° ©[As] c A, and we put 

ja.fc _ ^0 0^^. (^Xs)-\ := AyA" ^ Oc, • (As)'. 

Let Cg*^ be the pairing of • (As)~* and Oca ' {^^Y given by CQ\f s~\ a* g s^) ~ f ■ a*g. They induce a 
hermitian sesqui-linear pairing Cj of I^''' and l'^'''. The integrable 7?,-triple is denoted by P^''. We have a natural 
identification V^'' = (Ba<i<b^^'^^^ ■ We also use the identification 1'^*+^ ~ T{i) given by s-' < — > 1 {j — i, —i). 
The multiplication of s induces a morphism TVi = (A/'i[,i'M,2) : I"'^ — > I"'*' (8)T(-1): 

Ij' < l{ <S)OcxA, I2' > I2' (^OcaA ■ 

Hermitian adjoint We shall use the identification S"-'' : (P-^)* ~ f-b+h-a+i gj^gj^ ^y 0a<^<6(-l)*Ci, 
where Ci : (l^«+i)* ~ j-j.-i+i a,re induced by Ci : T{i)* ~ T{—i) given in Subsection 12.1.81 Then, it gives an 
isomorphism 
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Dual We shall use the identification {V''')'^ ~ j-f.+i,~a+i ^^^^^ ®a<^<bi-^yd^, where d, : (f'*+i)^ ~ 
g^j.g natural isomorphisms. Then, we have 

{r'^N'jy ~ (i-^+i'-"+\M). 

Real structure We naturally have j*{P''',J\fi) ~ (I"''', A/i). By composition of the above isomorphisms 
we obtain a real structure ki : ,Afi) ~ {P'^,J\fi). The real structure is the same as the direct sum 

©a<i<h^(*)' under the natural isomorphism F-'' ~ ®a<i<b'^i^)- 

2.3.2 The associated twistor nilpotent orbit 

We obtain integrable 7^Ct (*t)-triples F-'' TNIL(F^^M) = l2'\ Ci) . The underlying 7^-modules are as 
follows: _ _ 

11'"= OciJ*t)-{Xs)-\ if= OciJ*t)-{Xs)\ mt{x-sy^{Xsy+' 

a<.i<b a<.i<b 

The pairing Cj is given as follows: 

Cj{{Xs)\a*{Xsy) = a"gN');''^ (,i),^.-j-. (12) 

Here, Xi+j<Q is 1 if i + j < 0, and if i + j > 0. Indeed, we have the following equalities: 
Q((Asr, <J*{{Xsy)) =Ci(exp(A/i4log|in(Asr, <J*{{Xsy)) 

^g(logip^^^^(^^),^,^ -*((A.)0)=f:^^^^A^(-ArW.o (13) 

k=0 ' fe=0 

Here, 5m,o is if to 7^ and 1 if to = 0. Then, we obtain (|12l) . 

We have the induced isomorphisms (F^^)* ^ f-fc+i.-a+i^ j*iaM ^ jaM ^^^^ (fa.by ^ j-fc+i.-a+i^ ^ jg 
equipped with the induced real structure k : j*^!"'"'' ~ F-''. 

Pull back Let X be a complex manifold. Let / be a holomorphic function on X. We obtain the smooth 
7?.(*/)-triple I^''' := /*F'''. The following lemma is clear by construction. 

Lemma 2.29 Let g — e"^ ■ f , where tp is holomorphic. We have a natural isomorphism Ig'^ ~ Dciip(iy^ ,Af). I 

2.3.3 Appendix 

Let M be an 7?.x-niodule with a nilpotent morphism Af : Ai — > Ai such that J\f^ — 0. We put A/"" :— XAfi.2- 
For integers Mi < A/a, we consider the morphism TV ® id + id ^A/"" : M ^^^'^'^^ — > M <Si 12^^''^'^. The 
inclusion j^-'^i'^^i+i — ^ I*^^^*^^ induces the following morphism: 

M ® Cok{M ® 4''^''' If ■^''^) (14) 

The projection |f — ^ |M2-i,Af2 jj^j^ycgg |;j^g following morphism: 

Ker(X ® If '^^^ ^ X ® if ■'''^) -^M® jM.-i.m, ^^^^ 
The following lemma can be checked by direct computations. 

Lemma 2.30 // M2 — Mi > 2L, then the morphisms (|14p and psp are isomorphisms. I 



15 



Let a < b. Let M » max{|a|, We have the following natural commutative diagrams: 

Keri !• M<^5l2 > M'E)^ > Coki 

I I V2\ (16) 

Ker2 > Al (g) I2 > Al (X) I2 !> Cok2 

Kera s- yw (g) I2 >■ yW g) I2 > Coka 



V3 



'1 



Ker4 > Al (X) I2 > (g) I2 ^ Cok4 

We obtain the following lemma from Lemma [2.301 

Lemma 2.31 The morphisms ipi are isomorphisms. I 

We mention variants of Lemma [2.301 Let M » max{|a|, |5|}. Let ipi be the composite of the following 
morphism: 

A^^Tr-Af,() projection ,.^^-M,a AAigiid + id (8)A/;" .^^^rf-M,a 
Ai g) I2 ^ Al Xl I2 > Al (8) I2 

Let ■02 be the composite of the following morphisms: 

^ Ttb.M AA^id + id «iA^," j,,^ inclusion , , ^ ,a.M 

The natural inclusion Ai (g I^*^'"*^^"'^ — Al g) Ij^*^'" induces (g j^^-'^-^^'^+i — y Coki/)!. The natural 
projection Ai (8) I2 — > A4 (g l2^ induces Kei'ip2 — > A4 <g) I^^ The following lemma can be checked 

easily. 

Lemma 2.32 The morphisms Ai (S^^ — y Cok^i and Ker7/>2 — ^ M ® l2^~^''^^ are isomorphisms. I 

3 Canonical prolongations 

Let M be a holonomic D-module on a complex manifold X. Let D be a hypersurface of X. We have the canon- 
ically defined D-modules M[*D] := M ® Ox{*D) and M]}.D] := Dx{{DxM){*D)), where Dx denotes the 
dual of Z)x-iiiodules. We would like to define such prolongations for an 7?,x-triple which is strictly specializable 
when D = {t = 0} for a coordinate function. 

3.1 Canonical prolongations of 7?.(*t)-modules 

First, we study the canonical prolongations of 7?.(*f)-modules, for a coordinate function i.e., t is a holomorphic 
function whose derivative dt is nowhere vanishing. Then, the canonical prolongations of 7?.- modules Ai are given 
as the canonical prolongation of M.{*t), as in Subsection l3.1.6l 

3.1.1 Strictly specializable 7?^(*t)-module 

Let X :— X Cf. Let _ff be a hypersurface of X such that {i = 0} ^ H. Let be a coherent 'R-x(*H){*t)- 

module which is strictly specializable along t. Let V^^"^ — {Va^°^ | a e M) be the V^-filtration of Ai at Aq on 

a neighbourhood X'-^"^ of {Aq} x X, i.e., (i) each Va^°\Ai) is Vo7?.x(*ff)-coherent, (ii) each Gr^' °\Ai) is 

strict, (iii) tV^^°\A4) = V^^\\M), dM^°\M) C v}l\\ (iv) for each P e Xo, there exists a discrete subset 
1CMS{M,P) c M X C such that 

W {-U + t{\,u)) 

ueKMS{M,P) 
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is nilpotent on Gr^' '''(-^) around P. We may assume that u + 5 ^ ]CMS{M,P) ■^=> u e ]CMS{M,P), 
where 5 = (1,0) e M x C. We have the decomposition 

p(Ao,w)=a 

such that — 9it + t{\,u) is locaUy nilpotent on i]:[^^\m.). For a section / e A^, we have infja e M|/ e 

vi'^"^(A^)} in RU {—(X)}, which is denoted by deg^' "'(/)■ It is also denoted by deg(/), if there is no risk of 
confusion. 

3.1.2 The 7^-module A^[*t] 

Let denote the 7?.x(*_ff)-submodule of M\^x^''o'> generated by V^^"'' M. 

Lemma 3.1 

• A^(^")[*t] is strict, TZx(*h) -coherent, and strictly specializable. The V -filtration is given by 

V^^°'>{M^-^°^[*t]) = M^-^°^[*t] n V^^^^M). (18) 

• Va^""^ are described as follows: 

^ ^ \ dtV^^\\M(^on^t])+v!t:\M^^»^[^t]) (a>0) 
In particular, we have 

gi:^(^»'(-^^^"'M)^V4+"](-^''''^N]). p(Ao,^)>-l (19) 

t:V'i^«)(X(^«)M])^^j,^_:'](X(^«)[*t]), p(Ao,w)<0 (20) 

Proof It is clear that M''^°^[*t] is 7^x(*^^)-coherent. Let V''^"\M'-^°'^[*t]) be the filtration given by (|18p . By 
construction, we have (i) tV^^°\M^^°^ [*t]) c T/j^i' (M*^") [*<]), (ii) dtV^^°\M^^'>^[*t]) c V;'+';^(7W(^«)[*t]), (iii) 
Gr^* °' {M''^"^[*t]) C Gr^* (M) is strict. We have the decomposition 

Grr°'(X(^«)M])= ^^)(X(^«)M) 

m6RxC 
p(Ao,«)=a 

such that -Btt + e(A,it) are nilpotent on V'1^''^(A^(^«) 

Let a < 0. Because vi^"^(7W) C M^^'>'>[^t], we have vi^°^(Al(^'')[*t]) = vi^°^(A^). In particular, they are 
Vb7?.x(*ff)-coherent, and we have t ■ vl^''\M'^^«^*t]) = v}^\\M^^'>\*t]) for a < 0. 

Take u G ICMS{M) such that e(Ao,M) 7^ 0. The induced action of -dtt on ■0i^"^(7W(^«)[*t]) is invertible, 
and hence t : V'i^"^ (7W(^«) [*t]) — > V'ii°](A^^^"' [**]) is injective, and Bt : ipi^^l{M'^^°^*t]) — ^ ^/^i^"^ (X(-^«' [*t]) 
is surjective. 

Ifp(Ao,'u) > —1, the function e(A, u + 5) of A is not constantly 0. The action of —i3t + e(A, u + 5) on ■)p'i^°\M) 
is locally nilpotent. Hence, the action of — <3t on '>Jj^°\A4) is injective. Therefore, St : ■ipu^°\M.) — > '0^^j(A^) 
is injective. It implies that 9f : Gr^* {A4) — !■ Gr^* °' {A4) is injective for any a > —1. Hence, if [g] 7^ in 
Gr^*'"' (M) for some -1< a < 0, then [8^5] 7^ in Gr^+j^' (M). 

For any / € A4^'^°''[*t], we have an expression / = J2jLo ^tfj-^ where fj € V^^"^ Jv[^^°\*t]. We can assume 
— 1 < deg(/j) < for j > 1. If / is not contained in Vq'^°\ we have j + deg(/j) < + deg(/jv) for any j < N. 
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Let us show V^^°^M^^''^[*t] = V^i"^ M^^"'' [*t] + dtV^^i^M^^'''>[*t] for a > 0. Take / e V^^''^M'^^°^[*t] such 
that the induced section [/] of Gr^ " {M (^"^ [*t] ) is non-zero. Then, we have N+deg{fN) = a, and [/] = [S^/at] 
in Gr^''"'' M^^"^[*t]. It follows that vl^°'> M^^"^ [*t] = V^^"'' M[*t]+dtV}^'\' M'^^''^[*t]. In particular, yi^°^7W[*i] 
(a > 0) are Vo'7^x(*//)-coherent. Hence the filtration gives a V^-filtration. I 



Lemma 3.2 Around {Aq} x X, we have a natural isomorphism TZx 'StVoUx ° — M.^^"^[*t]. 

Proof We put Mi := Tlx ^VoTZx ^o^"^"^-^- We have a naturally defined surjection Mi — )■ M'<^°'^[*t]. The 

composite of the morphisms V^^°'^ M — s- TZx ®Vanx — ^ is injective, where the first morphism is given by 

mi — >l(^m. Hence, 1 ® V^^"^ M — > Tlx '^VoUx is injective. For a < 0, we set vi^"-* {Mi) := 1 V^^"^M. 

For a > 0, we define V^^°\Mi) := Y.b+n<a,b<o^t'^b^°\^i) ■ For a > 0, we have -1 < oq < such that 
n := a — oo e Z. Then, the following diagram is commutative: 

Grl'^^'Mi > GvI'^^'mM 

Hence, we obtain Gr^^^^' °' Mi — )■ Gr]^^ °' Mi is injective. It is also surjective by construction. Hence, 
Gr^J °^ Ml — > Gr^' °^ Mi is an isomorphism. Hence, Gr^' °^ Mi — > Gr^^ °' jVl[*t] is an isomorphism. 
Then, we obtain that Mi — > M[*t] is an isomorphism. I 

The following obvious lemma will be used implicitly. 

Lemma 3.3 If Xq is generic, M'^^°\*t] =M^x^'^o)- I 

We obtain a globally defined module. 

Lemma 3.4 Let Ai be sufficiently close to Aq, and let X^^^^ C X^-^°^ be a neighbourhood of {Xi} x X. Then, 
we have M^^^^[*t] = M^^°^[*t\^;^(\i) . Therefore, we have a globally defined TZx {*h) -module M[*t]. 

Proof Wc take a sufhciently small e > 0. Then, A^('^°)[*i;] is generated by Ve^"\M) over TZx(*h)- Because 
Ve^^''\M)\xi>-i) = V^^^\m), we are done. I 
The module has the following universal property. 

Lemma 3.5 Let Mi be a coherent TZx{*H)-module such that (i) Mi{*t) = M, (ii) Mi is strictly specializable 
along t. Then, the natural morphism Mi — > Mi{*t) = M factors through M[*t]. 



Vq^°^M. Note that VqMi is the inverse image of V-iMi hy t : Mi — > Mi. Because A^i is generated by 



Proof We have only to argue around {Aq} x X for any Aq. The image of Vq''^°^Mi in M is contained in 

■' 

over TZx{*H)i the image of Mi in M is contained in 
The following lemma is clear by construction. 
Lemma 3.6 If M is integrable, M[*t] is also naturally integrable. 
Lemma 3.7 If M is strict, then M[*t] is also strict. 
Proof Because C M{*t), the claim is clear. 
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3.1.3 The 7e-module M[\t\ 

Let be the 7ex(*H)-module on Af^^") defined as follows: 

Because the composite oil® M. — > M^^'^^\^.t] — > M. is injective, we can naturally regard V^'' M. as a 
Vb7?.x(*i/)-submodule oi M^^'^^\^.t\, which will be used implicitly. 

Lemma 3.8 

• is strict, TZx{*h)- coherent and strictly specializable along t. 

• We have a natural isomorphism Va^°\A4^'^°^\\t]) ~ Va^°\A4) for any a <0. 

• The natural morphism S( : ■ip^:^g\M.'^^°^ [It]) — > ■>pQ^°\M.''^°^lt]) is an isomorphism. 

• We have a globally defined TZx(*H)-'<^odule Ai\}.t]. 

Proof We have only to consider the issues locally on X, which we will implicitly use in the following argument. 
We consider the following Vb7?.x(*if)-submodules: 



V^^^'^M [a < 0) 

?5tV^^]>M[lt]+vil''^M[\t] (a>0) 



By the construction, we have (i) tV^"' C V^_\\ (ii) dtVr°' C V}^l\ (iii) Gr^ ° M\^.t] ~ Grf ° M for a < 0, 
(iv) the natural morphism 3t : Gr^* °' M[lt] — Gr^_^j°' M.[\t] is onto for a > —1. Let us show the claims (Al) 
Gr^* is strict, (A2) the induced action of 

H {-dt + t{X,u)) 

ueK.MS{M) 
p(Ao,u)=a 

is nilpotent on Gr^ * °'(A^[!i]). If a < 0, they are clear by the construction. 

Let us consider the case a = 0. If / G V^^''^M[\t], we have / = /o + StO/i, where /o G vj-^"^ and /i G v!:\''\ 
For A ^ 0, we put := Ad^xyxx, which can naturally be regarded as a £>-module. We have the following 
commutative diagram for any generic A: 

Vo^^^^MiH] Vo{M^[\t]) 

|A 

If St(/i|A) e V<oM^[lt], we obtain /i|a G V<-iM^. Hence, if St O /i G V^o°^M\^.t], then we have /i|a G 
V^-iA^"^ for any generic A 7^ 0. We obtain /i G V^^_^Im, because Gr!^i^°' M is strict. Thus, we obtain the 
injectivity of 3t : GrY.[ °' M.[\t] — > GrJ'' °' and hence it is an isomorphism. It implies (Al) and (A2) for 

Let us consider the case a > 0. For < a < 1, we obtain the injectivity oft : Gr^* M[lt] — > Gr^lj^^' M[\t] 

from the injectivity of tdt on Gr^lj^^' Then, we obtain (i), (ii) for Gr^* °' A^[!t]. By an easy inductive 

argument, we obtain (i) and (ii) if a ^ Z. We also obtain that St : Gr]^' — > Gr^!^i\M.) is an 
isomorphism for a > —1. 
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Because V^^'M is Vb7?-x(*H)-coherent, we obtain that M[H] is 7?.x(*H)-coherent. Note that both VoTZx{*h) 
and TZx{*H) are Noetherian. Because Va(A^[!i]) are Cx(*^f)-pseudo-coherent and locally yo'^x(*H)-finitely 
generated, it is Vb7?.jc(,H)-coherent. Thus, we obtain that A4[\t] is strictly specializable along t, and the V- 

filtration is given by V^^°K We also obtain ij;!^"^ M.[\t\ ~ ip'^"^ M. if u ^ Z>o x {0}, by the above consideration. 

We take a sufficiently small e > 0. A natural morphism 'Rx{*h) '^Vo'Rx(,h) V<^}-M. — >■ A4^'^''^\\t\ is an 

isomorphism. Because V^°^^^(^^^s^ = V^^}, we obtain the global well definedness of I 

Corollary 3.9 For a generic X, the specialization {A4[\t])^ is naturally isomorphic to A4^[\t]. I 
The following lemma is clear by construction. 

Lemma 3.10 Let A4i be a coherent strict TZx{*H)-''nodule such that (i) Mi is strictly specializable along t, (ii) 
M.\{*t) = M.. Then, we have a uniquely defined morphism M^.t] — > M.i. 

Proof We have only to consider the issue around {Aq} x X. We have V^^°\Mi) = vj^''\M) for any a < 0. 
In particular, V^q°^A4 C M.i. Hence, we obtain the uniquely induced morphism M.\\t] = 'R-x{*h) ®Vonx(,H) 

The following lemma is also clear by construction. 
Lemma 3.11 If M. is integrable, A4[\t] is also integrable. I 
Lemma 3.12 If M. is strict, M.^.t] is also strict. 

Proof We have only to argue the issue locally around any point (A, F) e Ca x = 0}. Because v!1^'\M) C 
M.{*t), it is strict. By construction, each ■^t,M(A^[!i]) is strict. Hence, we obtain that M^.t] is strict. I 

Appendix: The case of 15-modules Let M be a coherent -Djf-module with a y-filtration along t. (We fix an 
appropriate total order <c on C.) For simplicity, we assume M = M{*t). Assume that we are given morphisms 

of Dxo-i^odules ipiM — ^ Q tpoM such that v o u is equal to the induced map dt : tp-iM — > 'ipoM. 
Although the following lemma is known, wc give rather details for our understanding. 

Lemma 3.13 We have a coherent D-module M with a V-filtration along t such that (i) M{*t) = M, (ii) we 
have iIjo{M) ~ Q, and the following commutative diagram: 

V'-i(M) Vo(M) V'-i(M) 



V-i(M) Q V-i(M) 

Proof In general, let be a nilpotcnt cndomorphism of Dxp-niodulc Q. Let G{Q,N) := Q (E)c 'C[dt]- Let 
t : G{Q,N) — > G{Q,N) be given by t{md{) = {—j — N)md{~^. Because it is nilpotent, we obtain an Ox- 
action on G{Q,N). We set {dtt){mdl) = (-j - N)mdl. For / e Ox, let ^if : G{Q,N) — > G{Q,N) be the 
multiplication of /. We can check that [{dtt),^if] = fJ,[dttj]- Hence, with the above actions, G{Q, N) is a VqDx' 
module. Let dt : G(Q, N) — > G(Q, N) be given by dt{mdl) = mdl^^ . Then, we have dt — (dtt) — id. We 
also have 9* o /xt = (dtt) + Nttq, where ttq is the projection of G{Q, N) onto the 0-th degree part Q. Hence, we 
have [dt,Ht] = id +N o ttq. 

Let A'^ on Q be the composite of the morphisms Q ipct{M) — % ip^i{M) Q. Let A^ on ipo{M) be —dtt. 
Because Nov = voN,we naturally have Vbi'jf-homomorphism G{Q, N) — > G{ipo{M), N), denoted by pi. 
Note that G{iIjo{M), N) is natrually a direct summand of M/V<oM as Vo-Dx-module. Let p2 be the composite 
of the Vo-Dx-homomorphisms M — > M/V^qM — > G{^q{M),N). We consider the Vb-Dx-submodule M of 
G{Q, N)®M given as follows: 

M = {(mi,m2) e G(g,A/') eM|pi(mi) =p2(m2)} 
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We shall make a 9t-action on M . Let L > 1. We have the decomposition M/V-lM ~ ®-L<rb i'bM of the 
p~^Z?Xo "module compatible with the action of tdt^ where p : X — > Xq be the projection. Let 7r__i denote the 
projection onto V'-i- It is independent of a choice of L. Then, let dt : M — > M be the C-linear morphism 
given as follows: 

dt{mi,m2) = (9tmi + u(7r_i(m2)), 811712) 

By construction, we have [dt,P] — for P e p^^Oxo- For / e Ox, let /x/ : M — > M be the multiplication of 
/. We can check [dt,^f] — fJ-Otf by a direct computation. Hence we obtain the structure of an Djjf-module on 
M. It is easy to observe that M is the desired one. I 

Applying the above construction, in the case Q — tp^iM , u = id and v — dt, we obtain the following. 

Corollary 3.14 We have a coherent Dx-module M[\t\ with a V -filtration along t, such that dt '■ ?A_i(M[!f]) — > 
tpo{M^.t\) is an isomorphism. I 

We have a natural isomorphism Dx ^VqDx ^<oM ~ A/[!t]. Indeed, we have the naturally defined surjection 
Dx ^VoDx V<qM — > A'I[lt]. We can show the injectivity by using the argument in Lemma [3.81 Similarly, we 
obtain a natural isomorphism Dx ^VqDx VqM ~ M — M(*t). 

3.1.4 Characterization 

Let Ai be an 7?.x(*ff) (*i)-niodulc which is strictly specializable along t. 

Lemma 3.15 Let Q be a coherent TZx(*H)-module which is strictly specializable along t such that Q{*t) ~ M. 

• If t : tpo{Q) ^ ijj-s{Q), we naturally have Q ~ A^[*i]. 

• If (5t '■ ip-siQ) — ipoiQ), we naturally have Q ~ A^[!t]. 

Proof Let us show the first claim. Both Q and A^[*t] are 7?,jf (*j/)-submodules of A^. It is easy to observe the 
coincidence of Vq. Because they are generated by Vo, they are the same. 

Let us consider the second claim. First, we have V<oA^[!f] — l^<oQ- By the construction of M[\t] we 
have M[\t] — > Q. Because they are generated by V^o, it is surjective. Because ■(/'o(.^['*]) — > V-'o(Q) is an 
isomorphism, we can deduce that it is an isomorphism. I 

3.1.5 Morphisms 

Let Aii {i = 1,2) be 7?.x(*ff)(*i)-niodules which are strictly specializable along t. 
Lemma 3.16 For we have a natural bijection 

If Mi are integrable, we have a bijection between integrable homomorphisms. 

Proof The map — !• is given by *t. If we are given f : A4i — > we have / : V^oAii — !• V<oA^2 and 
t^^V-iMi — > t^^V-iM2, which induce — > A^2[!i] and Mi[*t] — > M2[*t]. Hence, we obtain < — . I 

Let / : A4i — !• A^2 be a morphism. Recall that it preserves T^-filtrations F^-^o' at each Aq, and we have the 
induced morphisms ipu{f) '■ V^u(A^i) — > i'u{M.2)- Recall the following lemma. 

Lemma 3.17 Assume that f is strictly specializable, i.e., Cok ?/;„(/) are strict. Then, the following holds: 

• f is strict with respect to the filtrations l/^^") for each Aq. 

• Ker(/), Im(/) and Cok(/) are strictly specializable along t. The V -filtrations are the same as the naturally 
induced filtrations V''^°K 

• We naturally have ipu Ker(/) ~ Ker'0„(/), ipu Ini(/) ~ Im ?/;„(/) and ^/ju Cok(/) ~ Cok'0u(/). I 
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As we have already remarked, we have the induced morphism f[*t] : Aii[kt] — > A^2[*i]- 

Lemma 3.18 Under the assumption of Lemma VS.lll we have the following natural isomorphisms: 

(Ker/)[^i] ~ Ker(/[*i]), (Im /)[*<] ~ Im(/[*i]), (Cok/)[*t] ~ Cok(/[*i]) 

Proof We naturaUy have (Kei f)[kt]{*t) ~ (Ker/)(*i) ~ Ker{f[kt]){*t). Then, we obtain the first isomorphism 
by the characterization. The others are obtained similarly. I 

Let A^* be a bounded complex of TZx(*h) (*t)-modules such that each M' are strict and strictly specializable 
along t. 

Corollary 3.19 Assume that H* (i/juM*) ore strict for any u G M x C. Then, the following holds: 

• The differential of Ai* is strict with respect to the V-filtrations. 

• H* (Ai*) are strictly specializable along t. The V-filtrations are the same as the naturally induced filtrations 

• We have natural isomorphisms ^puH* ~ "H'^Ju and T-L* [A4* [ktfj ~ H* [A4*)[kt]. I 
3.1.6 Canonical prolongation of 7?.-module 

Let be a coherent 7?,x(*/f)-module which is strictly specializable along t. Note that A4{*t) is a coherent 
7?,x(*if) (*t)-module, and it is strictly specializable along t. For -k — we define A^[*i] := (A^(*i)) If A4 
is integrable, A^[7k-i] are naturally also integrable. 

Lemma 3.20 We have a natural morphism l : Ai — 5- A^[*t]. We have the following naturally defined isomor- 
phisms: 

Ker(i) ~ Kev(^MM) ^ ^-s{M)) [3*], Cok(/,) ~ Coki^MM) ^ ^^-s{M)) [St] (21) 

For any u ^ Z>o x {0}, we have a natural isomorphism : %lj^u°\Ai) ~ %lj^u°\Ai[*t]) . 

Proof We have a naturally defined morphism Ai — > Ai{*t), for which the image of VQ^^\Ai) is contained 
in V^^°\M{*t)) = V^^°\M[*t\). Because M\xf>'o) is generated by V^^°\m) over TZx{*h), we obtain M — > 
7W[*i]. Let us consider : vi^"^(A^) — > ^pi^°\Ai[*t]) . It is an isomorphism if p(Ao,m) < 0. If 

u ^ Z>o X {0}, we obtain is an isomorphism by using an easy induction and isomorphisms (|19p. 

The kernel and the cokernel of Ai — > Ai are naturally isomorphic to those of 

which are naturally isomorphic to those for ■0q^°-'(A^)[3(] — > ^^°\Ai[*t\)^t] by the above consideration. Note 
that the induced morphism iPq^°\l) is naturally identified with t : ipQ^°\Ai) — > 4'^_^s \-^) under the natural 
identification t : 4^''^(A^[*i]) ~ i;^^°'> {M[*t]) = Then, we obtain I 

Similarly, we have the following lemma. 

Lemma 3.21 We have a naturally defined morphism i : A^[!t] — > Ai. The induced morphism 'ipu{i') is an 
isomorphism unless u € Z>o x {0}. We have natural isomorphisms 

Keiii) ~ Kei(ij^s{M) -% MM)) [9*], Cok(/,) ~ Cok(^Ms{M) -% MM)) [9*]. 

Proof It can be shown as in the case of Ai [*t] . I 

Let Aii {i = 1,2) be strict coherent 7?.x(*if)-modules, which are strictly specializable along t. We obtain 
the following lemma from Lemma 13.161 
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Lemma 3.22 We have a natural morphism HomTj^^^^j (A^i, A^2) — > Hom7j^j^^j(A^i[Tk:i], A^2[*i])- If -Mi are 
integrable, we have the morphism between spaces of integrable homomorphisms. I 

We also obtain the following lemma. 

Corollary 3.23 We have natural bijections: 

HomK^(^„) {Mi[*t],M2[*t]) ~ HomK^,.^)(A^i,7W2N]) 

HomK^,^„,(Xi[!t],X2[!i]) ~ Romn^^^^^{M2[lt], M2) ■ 
If Mi are integrable, we have the bijections of integrable homomorphisms. 

Proof The morphisms A4i — > Aii[*t] and 7M2[!i] — > M.2 induce a^. We can construct the converse by using 
Lemma 13.161 I 

3.2 Canonical prolongations of 7^-triple 
3.2.1 Canonical prolongations of 7?.(*i)-modules 

We use the setting in Subsection 13.1.11 Let T — (A^',A^",C) be an 7?.x(*_f/) (*i)-triple which is strictly spe- 
cializable along t, i.e., M' and M" are 7?.x(*_f/) (*t)-modules which are strictly specializable along i, and C is a 
sesqui-linear pairing of M.' and M." , which is an TZx{*h) <8) cr*7?.x(*H)-homomorphism 

Proposition 3.24 We have Hermitian sesqui-linear pairings 

C[lt] : X'Nlisxx ® a*M"[!t]|sxx 



mod H 
SxX/S 



C[*t] : X'[!t]|sxx ® c7*X"[*t]|sxx ^bTA% 

such that C[*i]|sx(X\{t=o}) — ^\Sx{x\{t=o})- They are determined uniquely by the conditions. In particular, 
we obtain TZ-triples 

T[\t] = {M'[*t],M"[lt],C[\t]), r[*t] = {M'[H],M"[*t],C[*t]) 
Proof By the uniqueness, we have only to consider it locally. We have the given pairing 

Let us observe that it is extended to the following pairing: 

t~'V-iM\s^x ® ^*V^oM\'s^x ^ Sbsxxfs (22) 

Let Xi C X be open. Let U{Xo) be a neighbourhood of Aq in Ca. Let u and v be local sections of Ai' and Ai" 
on U{Xo) X Xi and C/(-Ao) x Xi respectively We put J(Ao) := [/(Aq) n S. Let be a C°°-section of p^fij" 
on J(Ao) X Xi with compact support such that 4>\i(^Xo)xh ~ -Note that (C{u,v), \t\'^^4>) is well defined for 
s G H := {s G C I Res » O}, and holomorphic for s and continuous for A G 5. By a standard argument, if 
u G t^'^v[\''^M' and v G V^^°^ M" , it is extended to a function on 5 x {s G C | Re(s) > -e} for some e > 0. 
(See the proof of Lemma 20.10.9 of [35], for example.) We can take the value at s = 0, denoted by C{u, v). It 
gives a section of SbsSx^s- Thus, we obtain (j^ . 

Lemma 3.25 Let Aq G S. Assume J^Za dlfz = in M[*t] = 0, where G V^^"^M'[*t]. Let g G vj.'„^°^M". 
Then, we have 

N 

Y,dlC{f.,a*g)=Q. (23) 

1=0 
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Assume E^o 5j = in M"[lt], where G V^^°^ M" . Let f € V^^"'' M' [*t] . Then, we have 

N 

Proof Let us show The other can be shown in a similar way. We use an induction on N. In the case 

iV = 0, the claim is trivial. If YlZo^tfi = 0' ^e have /at £ V^\''^M[*t], and hence dtfN € V^^"^M[*t]. By 
using the hypothesis of the induction, we obtain 

N-2 

J2 dlC{f„a*g) + d^-'C{fN-i + dtfN,<J*g) = 0. 

So, we have only to show that C{dtf,cF*g) — dtC{f,a*g) for / e v!_\°\M'). For a test form 0, we have 

(C(aj,a*<?), 0) = {C{dtf,a*g), |f = -{Cif,cT*g), \t\'^ Ot^)^^^^- (^s{Cif,a*g), \t\^'-^U)) ^^^^ 

= {dtCV,a*g), 4>) ~ [s{C{f,a*g), Kl'^^'t 0)) (24) 

By using / e v!:\"^M' and g e v!^q^°^M", we can show that {C{f,a*g), \t\'^'^H(j)) is holomorphic at s = 0. 
Hence, we obtain C{dtf, a* g) = dtC{f, a*g) for / e V^^^'\m'). I 

Then, we can naturally extend C to the pairing C[\t] of A^'[*t] and Let C be another pairing of 

A^'[*t] and A^"[!t] whose restriction io S x. {X\{t = 0}) is equal to C. Then, we can show that Ci :— C[!t] — C" 
is on Vl;^"^ M' a*v'^^''^ M" by a standard argument. (See the proof of Lemma 22.10.8 of [38 , for example.) 
Then, we obtain that Ci = on M' ® a* M" . Thus, the proof of Proposition 13.241 is finished. I 

The following lemma is obvious. 

Lemma 3.26 We have {T ®T{w))[i.t] = T[kt\®T(w) and r*[!t] = (T[*t])*. I 

Lemma 3.27 //T is integrahle, thenT[*t] are also integrable. 

Proof Let us consider C[\t]. We set Co{m',a*m") := deC{m' ,a*m") - Cidgm' ,a*m") - C{m' ,a*dem"). It is 
outside {t = 0}. It is standard to show the vanishing of Cq on Vq (S) a*V^o. (See the proof of Lemma 22.10.8 
of [38], for example.) Then, we obtain the vanishing on A^'[*t] (g) a*M"[lt]. I 



3.2.2 Morphisms 

Let % {i — 1,2) be coherent TZx(*H){*t)-tTip\es, which are strictly specializable along t. 

Lemma 3.28 Let = *,!. Morphisms Ti — > T2 of TZx{*H){'*'t)-ti^wlGS bijectively correspond to morphisms 
7i[*t] — > 72 of TZx{*H)-ti"WlGs. If Ti are integrahle, we have such bijections for integrable morphisms. 

Proof A morphism Ti[*t] — > 72[*t] naturally induces 71 — > 72. Let 7i — > 72 be a morphism oi ^Zx{*H){*t)- 
trip\es. Let us observe that we have an induced morphism 7i[*t] — > T2[*t]. By Lemma [3.16[ we have the 
morphisms of the underlying 7?,x(*^f)-modules. We have only to show the compatibility of Hermitian sesqui- 

linear pairings. By construction, they are compatible on Vq^°^ a*V^Q°'' or 

V^o"'' ® cr*Vo^^°^ Then, the claim 

is easy to see. I 

Let / : 7i — !• 72 be a morphism. We have the induced morphism f[*t] : Ti[*t] — > 72 We obtain the 
following lemma from Lemma 13.181 

Lemma 3.29 // / is strictly specializable, we have natural isomorphisms Ker(/[*t]) ~ Ker(/)[ik-i], Im(/[*t]) ~ 
Im(/)[*i], and Cok(/[*t]) ~ Cok(/)[*t]. I 
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Let T* be a bounded complex of 7?.x(*//) (*i)-triples such that each T* are strictly specializable along t. We 
obtam the followmg from corollary 13. 191 

Lemma 3.30 Assume that H* (ipuT*) are strict for any u € R x C. Then, the following holds: 

• 'H*{7'*) are strictly specializable along t. The V -filtrations are the same as the naturally induced filtrations 

• We have natural isomorphisms i}uU'{T') ~ n'lpuiT') and H*(T*M) ~ W {T') [kt\. I 

3.2.3 Canonical prolongations of 7?.-triples 

Let T be an T?,^ (*if)-triple which is strictly specializable along t. By applying the previous construction to the 
7?,x(*if) (*t)-triple T{*t), we obtain T?.;!^ (»/f)-triples T[*t] for ★—*,!. If T is integrable, T[*t] are also integrable. 

Lemma 3.31 We have natural morphisms T[!<] — > T — > T[*t\. 

Proof We consider only the morphism T[\t] — > T ■ The other can be shown similarly. We have the morphisms 
A^"[!t] — > M" and M' — > M'[*t\. Let us check that they are compatible with pairings. Let / e Vq^^'^ M' 
and g G V^q'^ M' . We have only to show C[\t]{f,a*g) = C{f,a*g). As in the proof of Proposition [XH 
(^C{f,a*g), is extended to a function on S' x {s G C | Re(s) > — e} for some e > 0. Moreover, we have 

{C{f,a*g), |t|^''0)^^o = {C{f,a*g),(j)). (See the proof of Lemma 20.10.9 of [38 , for example.) Then, we obtain 
the desired compatibility of the pairings. I 

3.2.4 Compatibility of canonical prolongation with push-forward 

Let i^o '■ — > Yq be a morphism of complex manifolds. Let F : X — > y be Fq x id, where X = Xq x Ct and 
Y ^YqX Cf Let Hy be a hypersurface of Y such that {t ^ 0} (t Hy We put H := F-^{Hy)- Let 7W be a 
coherent 7?.js:(*/f) (*i)-modulc, which is strictly specializable along t. Assume the following: 

• F^jj)u{M) are strict for any u G M x C. 

According to [IHIi F^M are strictly specializable 7?.y(*/f^) (*i)-modulc, and we naturally have tpuF^M ~ 
F^iJuM. 

Lemma 3.32 Under the assumption, we have a natural isomorphism F^[A4[*:t]) ~ (^F^A4)[kt]. 

Proof It easily follows from the characterization in Lemma [3. 151 I 

Corollary 3.33 Let T be a coherent TZx(*H)i*t)~i''"'i'PlSy which is strictly specializable along t. Assume that 
F^'ipuT is strict. Then, we naturally have F^(T[-kt]) ~ (^F^T)[*t]. I 

3.3 Canonical prolongations across holomorphic functions 

Let 5 be a holomorphic function on a complex manifold X. Let Lg : X — > X x Ct denote the embedding 
Lg{x) = ix,g{x)). 

7?,(*5)-modules Let Ai he a. coherent 7?.x (*(?)- module. For simplicity, we assume that Ai is strict. If ig^Ai 
is strictly specializable along t, we obtain an 7?.xxCt "Modules (''st-^)M * = which are coherent and 
strictly specializable along t. 

Lemma 3.34 Let -k be * or I. Let Mi {i — 1,2) be coherent TZx -modules such that 

Lg^M^C^{Lg^M)[^t]. (25) 

Then, we have a natural isomorphism Mi ~ M2- 
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Proof They are recovered as the kernel of the multiphcation of t — g. Note that (tg|A^)[*t] is strict. I 

If 5 is a coordinate function, i.e., dg ^ everywhere on ^^^(0), then A^[*g] satisfies Lg^{M[*g]) ~ {Lg-^M)[*g]. 
Hence, for any function g, an 7?.x-module satisfying (j25l) is denoted by A4[*(7] for abbreviation, if it exists. 

Remark 3.35 In general, the existence of such an TZx-module is not clear, i.e., it is not obvious if {Lg^A4)[kt] 
is strictly specializahle along t — g. I 

Lemma 3.36 If A4 is integrable, and if Ail* g] exists, then A4[-kg] is also integrable. 

Proof Because A^[*.g] is obtained as the kernel of the multiplication of t — 5 on the integrable (tgf A^)[*t], it 
is integrable. I 

7?,-modules Let be a coherent strict 7?,jf -module which is strictly specializable along g. If there exists a 
coherent T^x-module M' satisfying Lg-^M' ~ (tg-f A^(*g)) [kt], it is uniquely determined up to canonical isomor- 
phisms, and denoted by For an integrable M, A4[*g] is also integrable if it exists, 

7?.-triples Let T ~ (A^i,A^2iC) be a strict coherent 7?,x-triples such that Ai^ [i — 1,2) are strictly spe- 
cializable along g. Assume that there exist AJJt^t^] for * Then, we have the induced 7?.x-triples 
T[*g] = {Mi\}.g], M2[*g],C[*g]) and T\}.g] = {Mi[*g], M2[\g],C[\g]) . For an integrable T, T[*g] is also inte- 
grable, if it exists. 

Compatibility Vifith push-forward Let F : X — > F be a morphism of complex manifolds. Let gy be a 
holomorphic function on Y , and let gx '■— gy ° F. Let be a coherent 7?.x(*3x)-inodule which is strictly 
specializable along gx- Assume the following: 

• F]^il>g^^u{M.) are strict for any u e M x C. 

According to 45 , F^M are strictly specializable 7?.y (*.gi')-module. The following lemma is easy to see. 

Lemma 3.37 Assume moreover that M[-kgx\ exist for * = Then, {F^Ai)[kgy] exists, and we have a 

natural isomorphism F^Ai[-kgx] — {F^M.)[-kgy]. I 

Let T be a coherent 7?.x-triple which is strictly specializable along gx- 

Lemma 3.38 Assume that (i) there exists T[kgx\ for ★ = (ii) F^ipg^^uT are strict for any z G Z and 
u E M. X C. Then, F^{T)[*rgy] exists, and we have natural isomorphisms F^{T)[*:gy] — (T[*.gx]) • I 

4 Gluing and specialization of 7?.-triples 

4.1 Beilinson functors for 7^-module 

4.1.1 The functors H'^ ■^ ■^ H^'' and n",'' for 7e-module 

Let X and H be as in Subsection 13.11 Let a < b. For an 7?,x(*h) (*i)-module M, we set W-''M :— M ^ I2'''' ■ 
(See Subsection 12 . 31 for 12'^-) We have naturally defined morphisms 11'^''' AI — >■ 11'^''' At for a > c and b > d. If 
AJ is coherent and strictly specializable along t, so is Lf'^'A^. In that case, we set 112''' AI ■— 11"''' Ai [★<:]. We 
define 

Wj^M := lim Cokfnf'^^X — ^ H^'^x) 

Lemma 4.1 Let P E X. There exists N{P) > .such that, for any N > N(P), on a neighbourhood Xp of P, 
the morphism Ilf '^A^ — > II^'^A^ is strictly specializable along t, and its cokernel is independent of N in the 
sense that the naturally defined morphism 

Cok(nf''^+iX Ut-^+^M) Cok{U^'^M K^^M) (26) 

is an isomorphism. 
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Proof In this proof, is a sufficiently large number, and we omit to distinguish a neighbourhood Xp. If 
u ^ Z>o X {0}, we have isomorphisms -M) ~ ■0ti(-^) ^ 12'^ and the following commutative diagram: 

Here t is a natural inclusion l^'^ — > 1^'^ . Hence, -0„(Hf'^Al) — > (HJ'^A^) is strict in this case. If 
u e Z>o X {0}, we have 

We have the following commutative diagram: 

^o(H^^X) > 7Ao(n^^M) > ^o(m'^A^) 

-I -1 4 (28) 

Xlp-S[M) > ljj-S[M) <Sll2 > ■0-6(-M)®l2 

Then, it is easy to check that tpo(u'l''^ A4) — > ■(/'o(n*'^A^) is strict. Hence, the natural morphism Hf'^A^ — > 
Wi'^M is strict. 

The following morphism of 7?.x(*_ff) (*0"niodules is an isomorphism: 

Cok(H'''^+iX — > n'''^+^M) — ^ Cok(H''^^X W'^M) 
We have the following identification: 

Cok(Hr+iX H:^^+1x) > V« Cok(HrX H^'^x) 

4 4 (29) 

Cokf^^^Hl-'^+iX) ^ V«(m'^+iA4)) ^ Cok(^„(H^^X) ^ V„(h:^^X 



By using the identification ()27p . we obtain that the horizontal arrows in p9p are isomorphisms in the case 
u ^ Z>o X {0}. By using Lemma 12.311 with an easy diagram chasing, we obtain that the horizontal arrows 
in are isomorphisms in the case u = (0,0). It also follows that they are are isomorphisms in the case 
u G Z>o X {0}. Thus, ((M)) is an isomorphism. I 

We obtain the following lemma by a similar argument. 

Lemma 4.2 Let P £ X. There exists N{P) > such that, for any N > N{P), on a neighbourhood Xp of P, 
the morphism H, ^''^M — > ^'" A^ is strictly specializable along t, and its kernel is independent of the choice 
of N in the sense that the following naturally defined morphism 

KerfHr'^'''X U-^^'^'m) Kerf Hr'^^'^'M H-^-i^-^M' 



is an isomorphism. I 

The following lemma is clear by construction. 
Lemma 4.3 If A4 is integrable, Il'^f/A is naturally integrable. I 
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4.1.2 Another description 

We have another description of the functor II",^. 
Lemma 4.4 We have the following natural isomorphism: 

n^/iM) ~ lim Kerfnr^'^M n;^'"x) (30) 

Af-i-oo 

Proof First, let us construct such an isomorphism on a neighbourhood Xp of P. We have the following natural 
commutative diagram: 

nf'^X > UV^'^M > U7'''''M 

nj'^x > n-^^^M > w^-^M 

Hence, we have only to show the following morphisms are isomorphisms on Ap, if N is sufficiently large: 

Cok(nr'^'^M u-^'^m) Cok(nr'^''x n^^^'^A^) (31) 

Ker(n|''^A^ H^^^x) Ker(nr'^''^X H^^^^x) (32) 

We have Cok(n-^'^X — > U-^'^M^ ~ Cok(n-^'''M — > n-^'"x) ~ 0. Let us consider the following 
morphism: 

Cok(v'„(nr^^^x) ^ V^„(n:^^^x)) Cok(^„(nr^'''x) v^n:^''^^)) (33) 

If u ^ Z>o X {0}, the both sides are 0. For u = (0, 0), we obtain that ((33|) is an isomorphism from Lemma r2.32l 
Hence, (j33p is an isomorphism for each u. Then, we can deduce (|3ip is an isomorphism by using an argument 
in the proof of Lemma |4. II We obtain that p2p is an isomorphism by a similar argument. Thus, we obtain the 
isomorphism pOp on a neighbourhood of Xp. By varying P, we obtain the isomorphism globally. I 

4.1.3 The induced morphism 

Let Mi {i = 1,2) be coherent 7?.x(*h) (*i)-modules which are strictly specializable along t. For a morphism 
/ : Xi — ^ M2, we have the induced morphisms n:'''(/) : n'i-\Mi) U'i^\M2) and n^;^(/) : W/iMi) 

Lemma 4.5 // / is strictly specializable, we have the following natural isomorphisms: 

Ker(n:; V) ^ n:;" Ker /, Im(n:; "/) ^ Kf Im /, Cok(n:; V) ^ Kf Cok f. 
Proof We obtain the claim for Ker from the following commutative diagram: 

TifMi > nv^'^Mi > n-^'"Mi 

KfM2 > T17^'''M2 > n-^'"A^2 

We obtain the claim for Cok from the following commutative diagram: 

nf^^A^i > m^^A^i > Il^fMi 

n^^A^2 > nj'^Xa > n:;''M2 

The claim for the image follows from the claims for the kernel and the cokernel with an easy diagram chase. I 
Corollary 4.6 Let M* be as in Corollary \3.19[ We have natural isomorphisms H'^fU'M' ~ H'll^fAi* . I 
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4.1.4 Compatibility with the push- forward 

Let us consider the compatibility of the functors II" '' and 11°;'' with the push-forward. We use the notation in 
Subsection 13. 2. 41 Let be a good coherent TZx{*t)-modu\e which is strictly specializable along t. Assume that 
the support of Ai is proper over Y with respect to F. We have a natural isomorphism F|(n°'''A^) ~ U°-'^F-!f{A4) 

of coherent 7?.Y(*/f^)-modules. Assume that F^ipu-M is strict for any u E M. x C and i E Z. Then, i^|(n"'''Al) 

are strictly specializable along t, and we have F^fjlt'^Ai) ~ Ilt'^F^Ai by Lemma [3.321 We have the following 
naturally defined morphism: 

n''j''F^M F^nl;''M. (34) 
Proposition 4.7 The morphism (j34p is an isomorphism. 

Proof We consider locally around P E y. Let ICn he the kernel of nf'^A^ — > H^'^Al. If N is sufficiently 
large, we have the following exact sequence: 

^uJCn ^„(n?'^x) ^jjut'^M) ^uKfM 

It can be rewritten as follows: 

iIiuKn — ^ i^uM ® t-^ — > i^uM ® F'^ — ^ i^uKt^ — > (35) 

Note that, as an 7?.Xo(*Ho)"C'^™pl'5^' the exact sequence ([35]) has splitting, and as TZxo(*Ha)~'^'^^'^^^^ i^u^N and 
ij^yYllt M are direct sums of some copies of i^uM- Hence, F^^nYllf' M and F^i/juICn are strict, and the induced 
sequence 

f^^uICn f;^uM ® t-^ F^iPuM ® r-^ F^^nKfM 

is exact. The following complex of 7?.y (*i/y)-modules is clearly exact: 

F^ICN{*t) — > F^X — > F^M «) F'^ — ^ F^nlfM{*t) — > 

We obtain that — > F^JCn — > F^H^''^ M — > F^U^''^ M — > F^U^fM — ^ is exact. In particular, we 
obtain that (j34]) is an isomorphism. I 

4.1.5 The functors ip^"^ and 

Let be a coherent TZx(*H}-^odule which is strictly specializable along t. We define 

V'^^Hx) ■■= KfiM), s('^'(x) := nif+^M). 

We have naturally defined exact sequences: 

> M[lt](g) s'' "° > S('^)(7W) > V('^)(A1) > 

> il^i^+^^iM) E^^^M) M[*t](E) s" > 

According to Corollary 14.61 we have natural isomorphisms 

for a complex Ai* as in Corollarv l3.19l In the situation of Subsection 14.1.41 we have natural isomorphisms 

F^'tlj^''\M) ~ tlj^^^F^iM), F^E^'^^M) ~ E^^^F^iM). 
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4.1.6 Beilinson's functors for 7?^-module 

Let be a coherent 7?.x(*h) -module which is strictly specializable along t. We obtain a coherent 'R-x{*H){*t)- 
module M := M{*t), which is strictly specializable along t. We define n'''''{M) := Il'''''{M), nt'''{M) := 
II^'\M), IllfiM) := n'^fiM). In particular, we define V^^H-^) — i^^^'HM) and E^'^HM) := S(")(7W). 

Recall we have the morphisms M.[lt] M. A^[*t]. Let be defined as the cohomology of the 

following complex: 

Al[!i](8T(a) S('^)(A^)© (7W0r(a)) A^M®T(a) 

Lemma 4.8 We have the following natural isomorphisms: 

Proof We have the following isomorphism: 

MKtiM)) ^ Cok(^o(nf''^x) MK'^'M)) - Cok(v-5(X) ® I'i" — > i^-s{M) ® il''^) 

We obtain the first two isomorphisms. By construction, TpQ(l^^\M) is obtained as the cohomology of the 
following: 

^-s{M) > (iP-s{M)s®ij-s{M))®MM) > ^J-s{M) 

The morphism -0_5(A^) — > ip^siM) s ® il^^siM) is given by (s, N). The morphism ip^s{M) s ® ijj^s{M) — > 
ip-s{M) is the projection. Then, it is easy to check that the cohomology is naturally isomorphic to ipo{A4). I 

We can reconstruct M as the cohomology of the following: 

^W(M) > S(o)(7W)©0(o)(7W) > i:^"\M) 

4.2 Beilinson functors for 7?^-triple 

4.2.1 Functors n° ^ H" '' and Hf''' for 7^(*^)-triple 

Let T = {Ai',Ai",C) be a strictly specializable 7?.x(*ff) (*i)-triple. As in Subsection I2.1.6| we obtain the 
following 7?.x(*ff) (*i)-triple: 

n'^.&r :=r®F''' = {M'^ii'\ M"^i2''', c^Cj) 

Here, C (g) C| is given as follows: 

{C<»Cj){u(»{Xs)\ a*{v<»{Xs)^)) = C{u,a*v) ■ Cj{{Xs)\ a*{Xsy) 

= C(z.,a*«)^i^^^^l^(-l)-'"y--'x,+,<o (36) 
I * J )■ 

(See Subsection 12.3.21 ) The 7?.x(*_f/) (*0"triple II^'^T is strictly specializable along t. Then, we obtain the 
following 7^x(*_f/)-triples: 

w/r := \r^^T[*t], nf'Y := \r-^T[\t]. 

If T is integrable, W^'^T and n°'''T (* = *, !) are also naturally integrable. 
Lemma 4.9 Let u e (R x C) \ (Z>o x {0}). We have 

V'„(n'^^''r) = MT) ® I"-' ^ [mm') ® if, mm") ® r/, ® a) 
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Proof Wc have only to check the claim for the pairing, which follows from the following equality for any 
positive integer M: 



s+x- 



p JM r 

Res (C{u, a* v),(f)) (log \tf)'^\t\'^'dt(a= Res —j-r (C(u,a*v), cj)) \t\'^' dtdi = 

\-ic(A,«)7 s+X-^e(X,u)ds'" J 

I 

We have n">"+ir ^ T®T{a), and hence 

T[kt\ ® T{a) ~ Cok{ni+^'^T ni'^T) {N > a) 

r[*t] (E) T{b) ~ Ker(nf •''+ir nf '''t) {n < b) 

Relation with the hermitian adjoint Note that S""'^ induces an isomorphism I\°-'^{T*) — (n^''+^'^"+^T)* . 
If 6 = a + 1, it is equal to the (—1)" times the canonical isomorphism T* ®T(a) ~ (T® a)) . We have the 
induced isomorphisms 

Tif{T*) ~ (n;''+''-''+'r)*, ~ (nr'+^'-^+'r)*. 

For a> a' and b > b' , the following natural diagrams are commutative: 

K'\t*) (n-''+i'-"+ir)* u:'\t*) (nr''+''"''+'r)* 

nf'*'(r*) (n-'''+''-"'+'r)* nt'''''{T*) (nr'''+''""'+'r)* 

If 6 = a + 1, they are equal to (— l)"-times the canonical isomorphisms: 

T*[\t]<ST{a) ~ (TM)* (g)r(a) ~ (r[*t] ®T(-a))* 

r*[*t] ®T(a) ~ (r[!t])* ®T(a) ~ (r[!t] ® T(-a)) * 
Let S : T — > T* (81 T{—w) be a Hermitian sesqui-lincar duality. We obtain the induced morphism: 

For u € (M X C) \ (Z>o x {0}), we have the following commutativity: 



4.2.2 Functors V*"^ and 

Let T be a strictly specializable 7?.x(*H)(*i)-triple. 

Lemma 4.10 Let P G X. There exists a large number N{P) > such that, for any N > N{P), on a 
neighbourhood Xp, Cok(n|''^7~ — > n*'^?") and Ker(nj~^'*T — > IIZ^'^T) are independent of N > N{P) 
the sense that the following naturally defined morphisms 

cok(nf'^+ir nj'^+ir) — > cok(n|''^r n^'^r) 
Ker(nr'^'V n-^'«r) Cok(nr'^"''Y n-^-^'^r) 

are isomorphisms. Moreover, they are naturally isomorphic. 



m 
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Proof We obtain the first elaim from Lemma BTTl and Lemma We liave tlie following natural commutative 
diagram: 



Then, by using Lemma |4.4[ we obtain the second claim. 
Then, we define 



n:;V:= ^ Cok(nr r ^ n^'^r) ~ lir^ Ker(nr'^'''r^n-^^'^r) 

If T is integrable, H'^i^T is also naturally integrable. Let 7i (« = 1,2) be coherent 7?.x(*_f/) (*i)-triples, which 
are strictly specializable along t. For a morphism / : 7i — > T2, we have the induced morphisms n^'^(/) : 
n*'''(7i) — > nj'''(72) and n^|''(/) : Illf{Ti) — !• Il'^f{T2)- We obtain the following lemma from Lemma [4.51 

Lemma 4.11 // / is strictly specializable, we have the following natural isomorphisms: 

Ker(n:; V) ^ n:;'' Ker /, Im(n:; V) ^ n:;^ Im /, Cok(n:; V) ^ n:;" Cok /. 

I 

Corollary 4.12 Let T* be as in Lemma 13.301 We have natural isomorphisms 
Functors ip^""^ and S*^") In particular, for any a G Z, we define 

,/^wr:=n:rr, s^-^'r :=nx+V. 

If T is integrable, they have naturally induced integrable structure. We naturally have the following exact 
sequences: 

— ^ T[h] (g) T(a) ^ V A V'*" V — ^ 

v('^+i)r s('^)r TM «) T(a) 

We also have natural identifications 

The composite /3a ° 7a '■ ip''°'^'^^T — !• ijj'^^^T — ip'^'^^^^T ® T{—1) is induced by the natural morphisms 
Relation v^rith Hermitian adjoint 

Lemma 4.13 We have a natural isomorphism n°|''(T*) — (ll^,^^^' '^^^T)*. In particular, we naturally have 
Proof We have the following natural isomorphisms: 

lifiT*) = Cok(nf^^(r*) n:^^(r*)) ~ Cok((n;^+i'-^+ir)* ^ (nr'^+^'-'^+V)' 

^n-w+i,-b+i7-^ nr'^+'^^'^+V)* ~ n;,''+^^-'^+i(r)* (37) 



Ker 



Thus, we are done. I 
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For a > a' and b > b' , the following diagram is commutative: 



In particular, the following diagram is commutative: 



From the isomorphisms V^^+^HT) - V'^^H'T) «) T(l) and V^^^+^HT*) ^ iZ-^^^'CT*) «> ^(1), we obtain the 
following diagram, which is commutative, after the multiplication of —1, i.e., (72 ° /i = —f2 ° gi- 

/l 

^(-a+l)(j-*) 7/'(-'^)(r)* «)T(1) 

4.2.3 Vanishing cycle functor for 7?.-triple 

Let T be an 7?,x(*_f/)-triple which is strictly specializable along t. Then, applying the above construction to 
T := T{*t), we define 

S^^^r := S(°)f, := ?/'^°^T. 

We shall introduce the vanishing cycle functor 0'"^. We have the canonical morphisms T[!t] — ^ T --^ 

We have L2 o li = Sa o because the restrictions to X \ {i = 0} are equal. Then, we define ^''''(T) as the 

cohomology of the following complex: 

T[\t]<S)T{a) E^'^^T^iT^Tia)) T[*t]^T{a) 

We naturally have (f>'-''^{r) ~ (p^^+^^T) ® T(-l). In particular, we set 0(r) := 4>''^\T). If T is integrable, 
(^-y-^ j^g^g naturally induced integrable structure. 

The morphisms 13 a and 7a induce the following morphisms: 

^(a+Dj- ^[a)j- ^ia)j- 

As in [2], we can reconstruct T ®T{a) as the cohomology of 

We have natural isomorphisms t/'^'^HT)* ^ 'iIj^'°-+^\T*) and E;('')(r)* ~ S(-'')(r*). We also obtain an 
induced isomorphism (T)* ~ 0(-")(r*). 

4.2.4 Gluing of 7^-triples 

Let T be a coherent 7?.^^ (*t)-triple which is strictly specializable along t. Let Q be a strict coherent Ti-xi*!!)' 
triple with morphisms 
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such that {i) V o u ~ So o 70, (ii) Supp Q C {t = 0}. Then, we obtam an 7?,-triple Glue(7', Q, u, w) as the 
cohomology of the following complex: 

^(i)r s(o)r®Q ^p^"^r 

We naturally have isomorphisms Glue(T, Q,w, — T and f/)'-'^' (Glue(T, Q,w, w)) — Q. Under the isomor- 

phisms, we have can*^*^) — u and var*^'''' = v. We naturally have Glue(T, Q, u, v)* ~ Glue(T*, Q* , —v*, —u*). If 
T, Q, u and w are integrable, Glue(T, Q, w, v) is also naturally integrable. 

We give a remark for Lemma r4.15l below. We have the naturally induced morphisms S*^"-' (T) — > S*^^^'' (T) — 
S(o)(r) (»T(-1) and V^^^T) — > ^("-^^(r) ~ ^M\T) ®T{~1). We also have Q V^°HT) =i V^^HT) (» 
T(-l) — > Q ® The morphisms induce N : Glue(r, Q, u, v) — > Glue(r, Q, u, v) (g) T(-l). 

Lemma 4.14 T/ie morphism N is 0. I 

Proof The morphisms Q — > Q(EiT{-l) and E^°\T) — > E^^\T)(E>T{-1) factor through V'^^HT) = V'^°HT)(g 
T(— 1) by construction. Then, the claim is clear. I 

4.2.5 Dependence on the function t 

To distinguish the dependence of 112''' on t, we use the symbol 11°/. We use the symbols n°'_^^,, 'E.[°'\ V't"'' and 
(jyl""^ in similar meanings. We have the following morphism denoted by A/j: 

The induced morphisms for Il1:"'^,(T), s|°''(T), i/'t"^(T) and (f>['^\T) are also denoted by Aft. 
Let if he a, holomorphic function. Let s — e'^ t. Let us compare the functors for t and s. 

Lemma 4.15 We have natural isomorphisms (lls'.'l{T),Afs) — Def;p(n"'^(T), A/t) . 

Proof We have {U'^''' {T) , Afs) ^ Def^(n"'''(r),M) from Lemma[123 Then, the claim of the lemma immedi- 
ately follows. I 

Corollary 4.16 We have a natural isomorphism (n°'Jj,(T), A/'s) — Def;^(n°'^^i(T), A/f) . In particular, we have 
{4"\T),N-s) ^ Bef^{4^\T),N-t) and (si'^^(r), A/".) ~ Def^(s('^)(r), A/"*) . We also have (4"^('n,A/;) ~ 
Def^(0(")(r),AAt). I 

Let T' be an TZx{*t)-module, which is strictly specializable along t. Let Q be a strict T^-jcQ-module with 
morphisms 

such that V o u — Aft- Then, we have an T^-jf-module Gluet(T', Q, u, v). 

^ We have Aft : Q — > Q(S T{-1) induced by Q — > il)f\V) ~ V^^'(T') ® T{~1) — > Q® T(-l). We put 
{Q,Afs) '■— Defy(Q,A/t). By Corollary 14. 161 we have the following naturally induced morphisms: 

We have v ou — Ns- We obtain an 7?,-triple Glues(T', Q, w, v). 

Lemma 4.17 We have a natural isomorphism Glue4(T', Q,w, w) — Glues(T', Q,u,v). 

Proof We have the induced morphism Aft ■ Glue(T', Q, u, v) — > Glue(T', Q, u, v) (E) T{—1), and by construc- 
tion, we have a natural isomorphism 

Def^(Glue(r',Q,M,v),M) ^ {G\ne{T' , Q,u,v),J^s) ■ 
Because TVi = on Glue(T', Q, u, v) as remarked in Lemma [4.141 we obtain the desired isomorphism. I 
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4.2.6 Compatibility with push-forward 

Let us consider the compatibility of the functors n,'^'' with the push-forward. We use the notation in Subsection 
13.2.41 Let T be a good 7?.x(*_f/^)(*i)"triple which is strictly specializable along t. Assume that the support 
of T is proper over Y with respect to F. We have a natural isomorphism F|(n°'^T) — n°'''_F'-|.(T) of good 
'^i'(*/fi')(*^)-ti'iples. Assume that F^tpuT is strict for any u G K. x C and i E Z. Then, F|(n°'^T) are strictly 

specializable along t, and we have F^ {Ut' T) ^ U^' F^T according to Corollary [3331 Then, we obtain the 
following morphism: 

UlfF^T ^ F^UlfT (38) 
Proposition 4.18 The morphism psp is an isomorphism. In particular, we have natural isomorphisms 

Proof It follows from Proposition l4.7l I 

Let T be an 7?,-triple which is strictly specializable along t. Assume that F^ipuT (u G M x C) and F^cfi^^^T 
are strict. The following lemma is proved in (4^ with a different method. 

Corollary 4.19 We have a natural isomorphism F^(f)^'^\T) — (j)^'^^ F^T ■ 

Proof We have the following descriptions: 

(/)(o)(T) - H^(T[\t] s(o)(r) r ^ TH]) 
0(0) (^^7-) ^ i/i((F|r)[!<] e'^'>^ F^T (s f;t ^ {F;T)[*t]) 

Then, the claim of the lemma follows from Proposition 14. 181 I 

4.2.7 BeiUnson's functor along general holomorphic functions 

Let X be a complex manifold. Let g be a holomorphic function on X. Let Lg : X — > X x Ct be the graph. 
Let T be a coherent 7?.x-triple, which is strictly specializable along g. We define ip'f'\T) '■— i/"^"^ (%t'^) 
4'g°'\T) :— 0^"-* (igfT). If T is integrable, they are also naturally integrable. 

Assume that T is strict for simplicity. If there exists an 7?.x-triples T' such that igfT' — n"'''(ig|T), it is 
uniquely determined up to isomorphisms, and denoted by Ilgf{'T). We use the notation Ilg':^{'T), n"|''(ig|T) 
and Sg"'' (T) similar meanings. If T is integrable, they are naturally integrable. 

4.3 Comparison of nearby cycle functors 
4.3.1 Statement 

Let T be an TIx(*h) {*t)-tnp\e which is strictly specializable along t. Let t denote the inclusion Xq x {0} — > X. 
In this subsection, we distinguish the 7?.Xo-triple tp-s{T) and the 7?.jc-triple L-\ip-s{T)- We shall compare the 
7^x-triples Hfi^^s{T) and ■ip^'^'>{T). 

Proposition 4.20 We have a natural isomorphism : L^ip^siT) — '^'^■'(T) ®U{1,0) with the following prop- 
erty: 

• Let i^tp-s{T) — iI-J^'^\T) (E)hl{0, 1) be the induced isomorphism. The following diagram is commutative: 

i;('\T) ^(°)(r) 

Here, —M = (—A/"', —A/""), and M' and M" are the nilpotent part oftdt- If T is integrable, the above 
isomorphism is also integrable. 
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See Suhsection \2.1.9\ for the integrahle TZ-triple U{p,q). 

Let S : T — > T* <8) T{—w) be a hermitian adjoint. We have the induced niorphism 

^i,Nj- _^ (n-^+i'"r)* ®T(-w;). 

Hence, we have the fohowing naturahy induced niorphisms: 
The composite is denoted by %Ij^^\S). 

Proposition 4.21 The following diagram is commutative: 



Here, the vertical arrows are induced by the isomorphism in Proposition 14.201 and the lower horizontal arrow is 
induced by ip^siS) and the polarization of U{— 1,0), given in Subsection \2.1.9\ 

4.3.2 Preliminary 1 

Let A4 be an 7?.(*i)-module strictly specializable along t. Assume that the cokernel of the nilpotent part of 
—dft on ip^siM) is strict. We have the following commutative diagram: 

MM[it]) MM[*t]) 



-tSt 



> ij-siM) 



Hence, the cokernel of ipui^^) are strict for any u. 

Let IC{Ai) and Q{M) be the kernel and the cokernel of (p : Ai[lt] — > M[*t]. We have the exact sequence: 







^ Vo(X[!i]) MM[*t]) 







Let N : Xip-s{M) — > ^p-s{■M) be induced by tdt- We obtain the following commutative diagram: 
iPolCiM) > MM[lt]) MM[*t]) > ^oQ{M) 



KerA^ 



-N 



CokTV 



We obtain the isomorphism /iyc(A^) • '^t Ker — > IC{M) given as follows: 

oo oo 

(Kei N) = ^Kei N ■ (dt/X)-^ ■ dl' ~¥ IC{M) ^ ^MK^{M))W; 

71=0 n=0 

■ tt(CokAr): 



We also obtain the following isomorphism Q{M) 

oo 

Q(X) = 0Vo(S(X))9r- 



it(Cok AT) = CokA^ • (dt/A)"^ • gj' 
Y.l''Q[M)iK)-{dt/X)-^d^ 
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4.3.3 Preliminary 2 

Let T = {Ai' ,C) be a coherent 7?.x(*_ff) (*i)-triple which is strictly speciahzablc along t. Wc have the 
induced morphism Af : i^siT) — > ^-s{T) ® T(-l). We have Ker(7V) = (A • Cok A^', Ker A^", Ci) and 
Cok{M) = (A • Ker A^', CokiV", C2), where Cj are naturally induced pairings. Let /C and Q be the kernel and 
the cokernel of T[!i] — > T[*t\. 

Lemma 4.22 The pair of morphisms {jJ-KiM')^ I^Q{M")) gives an isomorphism Q ^> Cok^f U{—1,0). 
Similarly, the pair of morphisms (mq(M')' ff*^es an isomorphism L^KerAfiS)U{—l,0) K. 

Proof We have only to check the compatibility of pairings. Let us check the first claim. Let Xt~^f G 
VoiQiM")) be lifted to VoM"[*tl and -dt ® g G Va{IC{M')) be lifted to VoM'[\t\. Note tQtg = in V<oM' . 
Let (/) = {^/^/27^) ■ x - if ■ dtdi, where ^p \a a C°°-top form on Xq with compact support, and x is a cut function 
on Cf around t = Q. We have 

(c{-^t®g,cj\\t-^f)),<l>l = {C{dt®g,a*{t-^f)),4>) = -{C{g,a*f),r'dt4') 

= -{C{9,a*f), t-'\tf^dt^)^^^^ = -{C{g,a*f), ^tCF Vl'V))|,=o + {C{9,cj* f), s\t\^^^-'U)\,^^ 

= {i^-sC{[g],a*[f]), = {i^i^-sC{[g] ■ {dt/\)-\ a*{[f] ■ {dt/X)-^)),<l>) (40) 

Let us check the second claim. Let -3* (g) 5 e Vo{IC{M")) be lifted to VoM"[\t\, and let Ai'V e Vo{Q{M')) 
be lifted to VbA^'[*t]. We have the following: 

(C{Xt-'f,a*{-dt®g)), <t>) = (C{t-'f,a*{dt ® g)), cf>) = -(C{t-' f,a*g), r^M) 

= -{C{f,a*g), t-'\t\^^dt<t>)^,^o = -{C{f,'^*g), ^t(i"'|i|'V))|,=o + ^ |i|'^'-'V)|,=o 

= {i,.sC{[fU*[g]), ^) = {i^i^-sC{[f] {dt/X)-\ a^ilg] (dt/X)-^)), <f) (41) 

Thus, we are done. I 

4.3.4 Construction of isomorphisms 

We have the isomorphism i}-s{T) ^ Cok(Af : ip^sCn^'^T) — > ipsilV-'^T) (E)T{-1)^ given as follows: 

• We use i^-siM') i — Ker(^^_5(7W) ® ^-^+1'° i — ip_s{M') ® ^"^+1'° • a) induced by the projection 
with s I — > —s: 

N-l 

— ^ Oc>, A; J2 (^«)~^ ^ ^ 
i=i 

We use 4'-siM") — > Cok(^if-s{M") ® A^'^ — > ifsiM") ® A^'^ a) induced by the inclusion with 



s I — > —s: 



-as. 



We 



have the isomorphism ■i/'-s (T) 4^ Ker(7\^ : V'-5(n ^'^T) — > i>-s(^ ^'^T) ®T{—\)\ given as follows: 

• We use the isomorphism 4>^s{M') — V Gok{%l)_s{M') ® ^o>^+i i — ^_s{M') A°'^+'^ X^ given by the 
inclusion Oc^ — > A°'^+^; a 1 — > a. 

• We use the morphism ^^}_s{M") i — KeT:{^_s{M") A'^''^ — > ip_s{M") O ^"^'^ A'^) induced by the 
projection A'^''^ — > Oc^; J^jLo «j i^^V ' — ^ c-o- 
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Then, we obtain the fohowing isomorphisms: 

^-1 : V^^'(T) ^ H Cok(A/') (g)U{-l,0) ~ itV'-<5(T) «)Z^(-1,0) 
4-2 : V'^HT) if Kei{J\f)(E)U{-l,0) ~ ttV'-slT) (8)Z^(-1,0) 

Lemma 4.23 We have = ^'2- T/ie?/ are denoted by 

Proof It can be checked by a direct computation. We wih give an indication. The first component of ^^^^ o vl'2 
is the composition of the foUowing: 

~ It Ker(^_5(X') ® A-^+i'" ^ ® ^-^+1^°) ~ ttV^-6(X') A^^ (42) 

The morphism $ is induced by the following: 

Ker = > Ker ^ IC{n-^+^^°M') 

1 1 1 

Q{n"^^+^M') > Cok ~ > Cok 

Hence, the composite of the morphisms in (112]) is induced by the following diagram: 

V'0A"-'^ > •p'.g.A-"-" > •p'<8.A""-° > -P'A^I 

-tat 

Here, 7^ denotes ip^s{-M'). Hence, the composite is the identity. Let us look at the second component of 
° ^1- It is the composite of the following morphisms: 

~ H Ker(v^_5(X") ® A-^'i ® A-^'i A-i) ~ itV^-^l-^") (43) 

The composite of the morphisms is obtained from the following diagram: 

V"(8)A^-" > V"<»A""-^ > V"i8>A-"-° > V" 

-tdt 

V" > V"®A^-^ X-^ > V"®A-'^''^ X-^ > ^''tgiA-^'i A~^ 

Here, V" denotes ^jj-siM.")- Then, we can check that the composite is the identity. I 

Thus, we obtain the desired isomorphism -0'^^^ (T) — l^^]-s{T)®U (—1, 0). It is easy to check that the diagram 
(p9l) is commutative, because we have tdt = N' ® id + id(g)s on '4}-s{M.') <E) A^'^' and tdt — N" (E) id + id 05 on 
i^-s{M") (E) AP'i. Thus, we obtain Proposition gJOl 
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4.3.5 Hermitian adjoint 

Let S : T — > T* ®T{—w) be a hermitian adjoint. We can check Proposition 14.211 by a direct computation. 
We give an indication. Let us look at the foUowing isomorphisms: 

^-s{M") ^ Cok(U" : 4'-5{M") ® Ai^^ ^^s{M") ® A^^^ A-^) 

A Cok(AA' : ^-s{M') ® A^'"" ^:-s{M') ® A^'"" A^^) • A^™ 
^ Cok(AA' : i>-s{M') ® A0'^"1 i^-s{M') ® A-^) • \-'"+^ ~ {i'-siM') \-^) ■ A-'^+i (44) 

Here, /i is induced by S" and 5"'^. The composite of the morphisms is i}}-s{S"). 
Let us look at the following morphisms: 

A"^ i^-s{M') ~ Ker(^_6(M') ® ^-^+1'" ^ ^^-s{M') ® ^-^+1'°) 

4^ Ker(^_5(X") ® A-^+i^o A-i ^ » ^-^+1'°) A™ 

Ker(?A_5(M") ® A-^+^-i A"! ^ A-^+^-i) A^-^ ~ V^-6(X") • A^-^ (45) 

Here, /2 is induced by S' and 5"'*'. Hence, the composite is ^-s{S'). Thus, we obtain Proposition 2211 I 

4.4 Admissible specializability 

4.4.1 Admissible specializability of 7?^- modules 

Let {M.,L) be a filtered 7?.x-niodule. Let g be a holomorphic function on X. 
Definition 4.24 (A^,i) is called filtered strictly specializable along g, if the following holds: 
• Each LjAi is strictly specializable along g with any ramified exponential twist. 



The cokernel of 4'g,a.u{LjM) — > ipg.a,ui-M) "is strict for any m G M x C and o G C[t„"'^]. The cokernel of 
(t>g{LjAA) — > (f)g{M) is also strict. I 



Lemma 4.25 // {A4,L) is filtered strictly specializable, then each (^LjAi/ LkA4, is also filtered strictly spe- 
cializable. 

Proof In this case, each A4 / LjAi is also strictly specializable along g with any ramified exponential twist. The 
morphisms LjJ\4 — > M. — > M./LjM. are strict with respect to the IZ-filtrations for any ramified exponential 
twist. We have the exact sequence — > tpg^a,u{LjM) — > i^g.a,u-M — > tpg^a,u{-M/LjM) — > 0. We have 

Cok(^i^g,a,uiL,nM) ■0g,a,u(ijA^)) C Cok(-0g,„,„(i„A^) > ■4'g,a.u{M) 

C0k(4>g{LraM) — > 4>g{LjM)) C Cok(cPg{L,nM) ^g{M)) 

We also have the following isomorphisms: 

Cok{i)g^a.u{LjM/ L„,M) > ■0g,a,u(A^AmA^)) ^ ■0g,a,u (A^ /^j A^) 

Go]<i(<f>g{LjM/L„M) — ^ (i>g{M/L„M)) ^ M-M/LjM) 
Then, the claim of Lemma 14.251 follows. 

From the argument of the proof, we also obtain the following. 
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Lemma 4.26 Let L^-tpg a.ui-M)) denote the naturally induced filtration of ipg_a,u{M) . Then, Gi^ 'ipg^ a, ui-M) 'is 
strict. I 

Definition 4.27 Let (A4,L) be a filtered Tlx -module, which is filtered strictly specializable along g. It is called 
admissibly specializable along g, if the following holds: 

(PI) {^g,a.u{-M, L),M^ has a relative monodromy filtration for each u G M x C and a G C[i^^]. 
(P2) {(t>g{M,L),M^ has a relative monodromy filtration. 

(PS) For the natural morphisms Tpg^-^siM) (I'giM) — % Tpg^siM), we have u ■ Mk{N;L) C Mk-i{N;L) 
and V ■ Mk{N; L) C Mk-i{N; L), where u and v are induced by 9t and t. 

(We shall give a review on relative monodromy filtration in Subsection \& .1 .\\ below.) I 

The following lemma is clear. 

Lemma 4.28 If{A4,L) is admissibly specializable, any {LjM./LkM.,L^ are also admissibly specializable. I 

A filtered 72.x-niodule {M.,L) is called integrable, if each LjM is integrable. The following lemma is clear 
by Deligne's formula for relative monodromy filtration (|661 1671) below. 

Lemma 4.29 Let {Ai,L) be integrable and admissibly specializable along g. Then, the relative monodromy 
filtrations are also integrable. I 

Let L : Y — > X be a closed immersion of complex manifolds. Let {A4,L) be a coherent T^-y-module. Let g 
be a holomorphic function on X. 

Lemma 4.30 {Ai,L) is filtered strictly specializable (resp. admissibly) along g^Y: */ o^c' only if l^{M,L) is 
filtered strictly (resp. admissibly) specializable along g. 

Proof Assume that {M,L) is filtered strictly specializable along g^y Because L^jipgy .a,u{LjM) is strict, we 
have LfLjAi is strictly specializable along g, and ipg^a.uii-^LjAi) ~ t'jipgY,a,u{LjA4). Because the cokernel of 
i'gv ,a,u{LjM) — > '4'gY ■a,ui'^) are Strict, we obtain that the cokernel of 'iljg^a,u{''^LjAi) — > V'g.o.uX'-t-^) 
strict. Hence, l^{M.,L) is filtered strictly specializable along g. 

Let (A^ , L) be filtered strictly specializable along g. It is easy to show that each LjM is strictly specializable 
along gy, and hence we have V'g,a,ji(''t^j-^) — '-^''^gv ,a-u{LjM^). Then, we obtain that {Ai,L) is filtered strictly 
specializable along g. 

If [M., L) is filtered specializable along gy, we have the coincidence of ^ipgY .a,u{.M) and ipg,a.u{bifAi), which 
is compatible with the induced filtrations and the nilpotent maps. Hence, {M.,L) is admissibly specializable 
along gy if and only if if (A^, L) is admissibly specializable along g. I 

4.4.2 Admissible specializability for 7?.-triples 

Let (T, L) be a filtered 7?.-triple. 

Definition 4.31 (T, L) is called filtered strictly specializable along g, if the underlying filtered TZ-modules are 
filtered strictly specializable along g. I 

Lemma 4.32 Assume that (T, L) is filtered strictly specializable along g. 
• Each {LjT/LkT, L) is filtered strictly specializable along g. 



We have the exact sequence — > ipg.a,uiLjT) — > ipg,a.uT — > ipg,a,u{T/ LjT) — > for a G C[t„^ 
u G (M X C) \ (Z>o X {0}). 



• We have the exact sequence — > (j)g{LjT) — > (j)gT — > <pg{T/ LjT) — > 0. 
In particular, we obtain a filtered TZ-triple ipg^a.uiT, L) and (f>g{T,L) such that Gr^ are strict. 



40 



Definition 4.33 Let {T,L) be a filtered TZ-triple, which is filtered strictly specializable along g. It is called 
admissibly specializable along g, if the underlying TZx -modules are admissibly specializable along g. I 

Lemma 4.34 // an TZx-triple (T, is admissibly specializable along g, (iJjg^a.uiT, L),M) and {(j)g(T, L),Af) 
have relative monodromy filtrations in the category of TZ-triples. 

Proof It follows from the following general lemma, which is a consequence of Deligne's inductive formula (|661 
[S7| below. 

Lemma 4.35 Let T — {Aii, M2,C) be an TZx -triple with filtrations L and L. LetN:T — >T®T{—1) be a 
morphism such that M : LjT — > LjT ®T{~1). Assume that Mi {i = 1,2) have relative monodromy filtrations 
L = M{N; L). Then, we have a filtration LofT which is a relative monodromy filtration M{M\ L). I 

Definition 4.36 Let {T,L) be a filtered TZ-triple. It is called admissibly (resp. filtered strictly) specializable, if 
the following holds 

• Let U d X be an open subset, and let g be a holomorphic function on U. Then, (l',L)\ij is admissibly 
(resp. filtered strictly) specializable along g. I 

5 Good-KMS 7^-triple 

We shall study smooth 7?.-triples with normal crossing singularity with good property. Subsections I5.1H5.2I are 
mainly preparation for Section [HI and Subsections I5.3H5.6I are mainly preparation for Section 1101 

5.1 Smooth good-KMS 7^-module 

5.1.1 Good-KMS meromorpiiic prolongment 

Let X be a complex manifold with a simply normal crossing hypersurface D. Let be a smooth TZx{*d)- 
module. The natural family of flat A-connections is denoted by D. It is called unramifiedly good, if (i) it 
is a family of unramifiedly good meromorphic A-flat bundles, (ii) the set of irregular values Irr(A^ , (A, P)) 
((A,P) e Ca X Z?) are independent of A, and denoted by Irr(7M,P). It is called unramifiedly good-KMS, if 
moreover it has the KMS-structure. It is called good-KMS, if it is locally the descent of an unramifiedly good- 
KMS smooth TZx{j,D)-'^o<lvi\e. It is called a regular-KMS prolongment, if moreover is a regular along D. 
Let D = D^-^^ UD'-^' be a decomposition. A good-KMS smooth 7?.x(*D)-niodule Ai is called regular along D^-^\ 
if M x\v(2) is regular-KMS. 

Let D — Ujg^ Di be the irreducible decomposition. Let Ai be good-KMS. For each Aq G Ca, we have the 
associated family of good filtered A-flat bundles on (A'^'^^^P^'^"') indexed by M^, which is denoted by Qi^°^A4. 
For a decomposition lUJ — A and 6 e M-^, we take a G which is mapped to b by the projection M'^ — > R^, 
and we put 'qI^°^M Q^^^^M (g) 0{*V{J)). It is independent of the choice of a as above. 

5.1.2 Induced bundles on the intersection of divisors 

We have the induced filtration *p(-^") of Q[^°'^ M^^ixo) given by 

where the i-th component of a' is b, and the other components are the same as those of a. The induced 
filtrations *P(^«) of Q^a°^ M^^i>.o) [i e /) are compatible. For b € R^ we put ^P^^"' := n^g/'^i.^"' on pf'^ 
and 

c<b 
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On ^Gr^' °^ Qa'°^-M, we have the induced endomorphisms Resi(D) {i e /). We have the decomposition 

such that (i) it is preserved by ReSi(D) {i e /), (ii) the restriction of ReSi(D) to ^gu°^Qa'°^-M. has a unique 
eigenvalue e(A, Uj), where m, is the i-th component of u. 

For ti e (K X C)^ we obtain ^g^°^M := ^Gu°^^QI\x^^^,)M. If Ai is sufficiently close to Aq such that 

A'(^i) c A'(^o), we have ^gi^°\M)^^ix,) = ^qL^'^M). Hence, we can glue ^gi^°^M for varied Aq € Cx, and we 
obtain an Od, (*9Dj)-module ^Qu-M. on Dj. 

5.1.3 Irregular decomposition 

Let us consider the case X — A" and D = Ui=i{^i — 0}- If is unramifiedly good, wc have the good 
set of irregular values Irr(A^) C M{X,D)/H{X). For a decomposition £_ = I Li J, the image of Irr(A^) by 
M{X,D)/H{X) — M{X,D)/M{X,D{J)) is denoted by Irr(A^, J). We have the irregular decomposition: 

aeIrr(A4,/) 

On X'^^°\ it is compatible with the KMS-structure, i.e., for a e M^, we have the induced decomposition 

oeIrr(M,/) 

and Da — da are logarithmic along ©(Z) in the following sense: 

We set Mg^) := M„ and Mff e„^o-^„A- 

Let us consider the case that M is not necessarily unramified. Let ip : {X',D') — > {X,D) be a ramified 
covering such that M.' = ip*M. is unramified. The decomposition A^jg, = © -^g"' is preserved by the 

action of the Galois group of the ramified covering. We obtain a decomposition M,^ = M^'^^^ ® M.^'^K It 

Tji TJi 

is independent of the choice of a ramified covering and a choice of the coordinate. It is compatible with the 
KMS-structure, i.e, we have the induced decomposition qI-^'^A^,- = q!;!"°^ M^^^^ © q!~J"°^ M^^'\ 

I "Uj "Di 

For u G (M X C)^, we put (5, f3) := t{Xo, u + 5/), and we obtain the following vector bundles on P/: 

It is naturally a smooth good-KMS 7?.£ij(*a£)^)-module, although it depends on the choice of the coordinate 

system. It is naturally isomorphic to Vzii,Mii o • • • o tpzi^,ui^ (M), where I = (ii, . . . ,im)- It is also equipped 
with the induced endomorphisms ReSi(D) (i e /), which are independent of the choice of a coordinate system. 

By construction, for Ji U /2 C i, we have a natural isomorphism ^^ui^ {^S^ui^ (AI)) — '^^'S'(ui^,ui^){M.). 

5.1.4 Reduction with respect to Stokes structure 

If (A1,D) is unramified, we have the reduction with respect to Stokes structure along D{I), and we obtain a 
graded good-KMS smooth 7?.x(*D)-module 

'Gv^\M) = 'Gr^'(A^). 

oeIrr(A^,/) 
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For each a, the tensor product ^Gr^'(A^) (K) L{—a) is regular along D{I). We have a natural isomorphism 
'Gy^\M)^^^ ~ We put 'Gr^'^"'^{M) := ^Grg*(7W) and ^GrS*'""(X) := ©„^o 'Grf (7W). 

If M. is not necessarily unramified, we take a ramified covering (f : {X',D') — > {X,D) such that Ai' 
ip*M is unramified. We have the reduction '^Gr^*(7W') = ^Gr^^'"'^{M') ^Gr^^'''"{M'), on which the Galois 
group of the covering naturally acts. Hence, as the descent, we obtain good-KMS smooth 7?.x(*z))-module 
^Gr^\M) = ^Gr^^'^'^iM) © '^Gr^*'"''(A^) on {X,V). We have natural isomorphisms 

^Gr^'--s(A^)|5^ ^ M\ff, ^Gr^*-'"-(-M)|S, - 
We also have a natural isomorphism Vu (^■^Gr^'(A^)^ ~ 

5.2 Compatibility of filtration with good-KMS structure 

5.2.1 Compatibility with the irregular decomposition 

Let X be a complex manifold, and let 13 be a simple normal crossing hypersurface. Let be a good smooth 
7?,x(*D)-module. Let L be a filtration of M in the category of smooth 7?,x (*D)-modules, i.e., a filtration in the 
category of 7?.x(»£))-modules such that Gr^(A^) is also a smooth 7?.jf (*£))-module. 

Lemma 5.1 Each LjAi is good. 

Proof We have only to consider the case that M is unramified. We may assume that X — A" and D = 
Ui=i{-^i = 0}- We have only to show that the filtration L is compatible with the irregular decomposition 
•^ICaxo ~ ®oeirr(M) '^^^ rcduccd to the one dimensional case, and then it can be shown by a 
standard argument. I 

5.2.2 Extension of smooth good-KMS 7?^-modules 

Let /C C Ca be a small neighbourhood of Aq. Let X be a complex manifold with a normal crossing hypersurface 
D. We set [X.T)) := /C x {X,D). Let be a smooth 7?,x(*D)-module. Let L be a filtration of in the 
category of 7?.x(*£))-modules. 

Proposition 5.2 Assume that (i) Gr^ is good-KMS, (ii) for any smooth point P of D, the restriction of 
M to a small neighbourhood of P is good-KMS. Then, Ai is good-KMS. 

Proof We may assume that X = A", D, = {z, = 0} and D = U-=i A- We set D^^2\ ■= {J,^j n D.j. We 
may also assume that M. is unramifiedly good. For any Aq, by the assumption, we have the lattices Q'^^^^' M. of 

■^|A'(^o)\-d(^^o)- 

Let us consider the case that Aq is generic with respect to Gr^Gr^'AJ. The reduction Gr^'(A() is 
also equipped with the induced filtration L, and Gr^ Gr^'(A^) is unramifiedly good-KMS. Moreover, for any 
smooth point P of D, the restriction of Gr^'AJ on a neighbourhood of P has KMS structure. Because 
Aq is generic, Gr^' At has KMS structure at Aq. By applying the Riemann-Hilbert-Birkhoff correspondence 
([5H1) with the lattices da''^ Gi^^ M, we obtain a lattice Q^a"^ M such that (i) it induces si^^'Gr^'X, (ii) 
Qa°^M,^,^ix,) ~ Q^a"^'M. The second condition implies Gr^ Q^a"^M ~ da"^ Gr^X. Then, it is easy o see 

l'^\'-'[2] 

that Ai is unramifiedly good-KMS around Aq. 

Let us consider the case that Aq is not necessarily generic. By the assumption and the consideration 

in the generic case, we obtain that the restriction of A^ to A" \ Pj^" is good-KMS, i.e., we have vector bundles 

Q^a°^'M on X\ Vf°, which induces Si"^"^ Gr^ Af, ^^^aq. We have only to show that Q^a"^' M is naturally 

extended to vector bundles on X. Because P^j is of codimension 3 in X , it follows from Lemma [5T3l below . The 
case Aq = can be argued similarly. Thus, we obtain Proposition [5?2l I 
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Lemma 5.3 Let Y be a complex manifold. Let Z C Y be an analytic closed subset of codimension 3. Let Ei 
be vector bundles on Y . Let E'q be a vector bundle onY — Z with an exact sequence — >■ Ei\y\z — ^ — ^ 
E2\Y\z — ^ 0- Then, E'q is naturally extended to a vector bundle on Y with an exact sequence — > Ei — > 
Eq—,E2—^ 0. 

Proof Let j : X \ Z — > X be the open immersion. The claim of the lemma follows from R^j*Ox\z = 0, 
which holds because codimZ > 3. I 

5.2.3 Compatibility with KMS structure 

Let be a good-KMS 7^x(*_D)-inodule. 

Definition 5.4 We say that a filtration L of Ai is compatible with the KMS- structure, if the induced increasing 
sequence Gv^{Q,i^^^ M) gives a KMS-structure ofGv^{M). I 

An example of a filtration will be given below, which is not compatible with a KMS-structure. We obtain the 
following lemma from Proposition [221 

Lemma 5.5 Let M be a good TZx{*D)-i^odule. Let L be a filtration of M in the category of smooth TZx{*d)- 
modules. Assume the following: 

• Gr^(A^) has a KMS-structure. 

• For any smooth point P of D, there exists a neighbourhood Xp of P such that M\Xp has a KMS-structure 
with which L\Xp is compatible. 

Then, A4 has a unique KMS-structure with which L is compatible. I 

We have a slightly different statement. 

Corollary 5.6 Let Ai be a good-KMS TZx(*D)-'<^odule. Let L be a filtration of in the category of smooth 
TZx {*D)-iT^odules. Assume the following: 

has a qood-KMS structure 

• For any smooth point P of D, there exists a small neighbourhood Xp of P such that L^^p compatible 
with the KMS-structure of M\Xp- 

Then, L is compatible with the K AI S- structure of Ai. I 

Example Let X = <Cz. Let a, 6 G K. such that a ^ h. We consider the 7?.x-niodule Ai :— 2 ^x{*z) Ci 

with zS^ei = — Aaei and zdze2 = ei — A6e2. We put V2 := ei + A (a — b) 62. Then, we have zdzV2 = —Xbv2. 

Assume a < b. For c = a,b, let Ai{c) be Oxi*z) f with z5/ = Ac/. We have the morphism ip : Ai{b) — > Ai 
given by / 1 — !• v. By a direct computation, we can check that the cokernel of iptif) ■ 4'b{Ai{b)) — > ipbiAi) is 
not strict. The cokernel of (/? is generated by [62], and it is naturally isomorphic to Ai{a). We can check that 
the morphism — > A^(a) is not strict with respect to the y-filtrations 

5.3 Canonical prolongations of smooth good-KMS 7^- module 

We shall study the canonical prolongations of a good-KMS 7?.-module across the normal crossing hypersurface. 
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5.3.1 Goal 

Let X be a complex manifold. Let D be a simple normal crossing hypersurface with the irreducible decom- 
position D = Ujg^ A- We set {X.V) := Ca x {X,D). Let be a good-KMS smooth 7?.x(*D)-module. An 
7?,x-module M with an isomorphism p : M.^Oxi^'D) ~ is called a prolongment of M.. We say prolongments 
{M.i,Pi) {i — 1,2) are isomorphic, if there exists an isomorphism of T^-jf-modules F : M.i — > M.2 such that 
the following diagram is commutative: 

M — ^ M 
A prolongment (Al, p) is often denoted just by M in the following. 

Proposition 5.7 For any decomposition A = / U J, there uniquely exists a prolongment A^[*/!J] of with 
the following property: 

(PI) jM[*/!J] is TZx -coherent, holonomic and strict. 

(P2) For P (z D, we take a small coordinate neighbourhood (ATp; zi, . . . , z„) around P such that, for each i € A, 
we have Dif] Xp — % or Did Xp = {z^i^ = 0} for some k{i). Then, Ai[^IlJ]p :~ M[*PJ]\Xp strictly 
specializable along Zk for any k, and we have 

M[*nj]p[*zk] M[*nj]p (fee/), M[*nj]p[lzk] = M[*nj]p [keJ). 
We shall also show the following lemmas. 

Lemma 5.8 Let ip : A^[*/!J] ~ A^[*/!J] be an isomorphism as prolongments of M. Then, ip is the identity. 

For any / C A and i e A, we put lui := / U {i} and /yj '■= I\ 
Lemma 5.9 We have isomorphisms of the following prolongments 

{M[*nJ]p)[*Zk^,)]^M[*Iu^lJ\^]p, {M[*nj]p)[lZk^,)] ^ M[*I\MU^]P■ 

5.3.2 Uniqueness and Lemma 15.81 

Let A^[*/!J]k {k — 1,2) be prolongments of Ai satisfying the conditions (PI) and (P2). We shall show that 
there uniquely exists an isomorphism Ai[*IlJ]i ~ A^[*/!J]2. 

By uniqueness, we have only to consider the case X = A" and D = IJi=i{-2^j — 0}- We put £ :— {1, . . . ,£}. 
For Lc£, "ig)0(*2?(L))" is denoted by "(*L)" for simplicity. We also denote 'R-x(*Dl) by 7^x(*i)■ An 'Rx{*L)- 
module with an isomorphism p : M. ® Ox{*'T>) ~ is called a prolongment of Ai. An isomorphism of 
prolongment as an TZx{*L)-modu\e is defined as in the case of prolongments as 7?.x-modules. 

We consider the T^-jf (*L)-modules A^[*/! J]„(*i). They are strictly specializable along Zi as TZx{*L)- 
modules. We have the following natural isomorphisms as 7?.A'(*i)-modules for any i ^ L: 

X[*/!J]„(*L)[*z,] ~ X[*/!J],(*i) (^ e /) 

X[*/!J]«(*L)[!z,] ~ M[*/!J]«(*L) (i e J) 
Hence, we have the following natural isomorphisms as 7?.x(*i\i)"i^odules for any i ^ L: 

X[*/!J],(*L)[*z,] ~A^[*/!J]«(*L\,) (zG/) (46) 

X[*/!J] J*L)[!z,] ~ A4[*/!J],(*LvO ^ J) (47) 

We have the unique isomorphism : M[*P.J]\{*€} ~ M.[*P.J]2{*t). By using (j46|) and (|47|) . we obtain unique 
isomorphisms A^[*/! J]i(*L) ~ M[*I\J]2{*L) for any i C ^ as prolongments, by using a descending induction 
on \L\. I 
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5.3.3 Local construction 

Let X := A" and D := [Jl^i{zi — 0}. In this subsection, let VqTZx C TZx be generated by z^S^ {i < £) and 3^ 
(i > £) over Ox- Let /C C C be a small neighbourhood of Xq. We set {X^^<>\V^^<>'>) := K. x {X,D). Let M be 
a good-KMS 7^x(*_D)-module on X^^^K Let (si^°^7W, B) be the associated good-KMS family of filtered A-flat 
bundles at Aq on X'(^o)). 

Let £ ^ I U J. We put a{I, J) := Sj + {1 ~ e)5j for some sufficiently small e > 0. We obtain a coherent 
Vb7^Jf -module VoTZx ■ Qa(i j}^ C Q'^^°'>M. Then, we obtain a coherent 7^x-^lodule 

X(^«)[*/!J] := 7^x ®v„n^ • Qi'I'llj)^)- 

Lemma 5.10 The TZx-module Ai'^^°^[*IlJ] is holonomic, and its characteristic variety is contained in S = 

Proof Let Fg be the image of the natural morphism Q^a{i j-^M^ — > A^('*'°)[*/! J]. By the construction, 
A^(^o) [*/! J] is generated by Fq over Tlx- For p € g, we put 3^ := J] ■ We set Fm := E|p|<m 3^^o- Then, 
{Fm\ is a coherent filtration of M.'^^°^[*I\J]. Let us show that the support of Gr^ Al'^"^ [*/! J] is contained in 
5. Let TT : /C X T*X — > X. 

First, let us consider the case M is regular-KMS. Let Q G Z)^. For any j ^ K , we have Sjfo C Fq around 
Q. Hence, we obtain S^F^ C Fm for any m > 0. Then, the action of 9^ on Gr^ [*/! J] is around Q. 

Then, we obtain that Ch{M'^^'>\*nj]) f^^T-^{Q) C /C x {N*jj^X)q. 

We put a for some m e Z^Q' where 1 < p < £■ Let L(a) = C';f(Ao) e with De = eda. Let 

TT : A''^'^"^ — > X'^^^'^ be the ramified covering, given by for 1 < i < p and for p + 1 < i < n. Let us consider 
the case M. is the tensor product of 7r*L(a) and regular-KMS M.' . Let I C £. Let Q e DJ. If /Hp = 0, we have 
Cft.(A^''^°^[*J!J]) C 5 around Q by the consideration in the regular singular case. Let i g I Hp. For j g we 
put Vj :— mj^ Zj(5j —mY^ Zi(5i. Note we have VjC = 0. Hence, we have vjFm C Fm around Q. For j e £\ (pU/), 
we have SjFq C Fq, and hence djFm C F^. Thus, we obtain Ch{M[*IlJ])\Tr-i(Q) C /C x {N'^^X)q. 

The general case can be reduced to the above cases, by using the formal completion. I 

5.3.4 Preliminary 

We have the formal decomposition into the regular part and the irregular part: 

Indeed, if QAi is unramified, it is given in [38]. In the ramified case, we obtain the decomposition as the descent. 
Then, we set 

Here, ^ (1, 0) G R x C. We obtain a good-KMS sfi^"\Qi^"^ M) . 

Let /U JU{i} = be a decomposition. Let a{b) E be determined by qj{a{b)) = 1 for j e /, qj{a{b)) = I — e 
for j e J, and qi{a{b)) = & + 1. 

Lemma 5.11 We have the following natural isomorphism: 

vT 0°B''l, e ^o.-H^"i^,M) (48) 
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Proof Wehave^/o7^x•Qi•'(6j^^l^5, = VoUx ■ Q''^^1]M^^''^'^ (BVoTZx ■ Qi^^^M^^'^^ . Let Fo7^x,v C Ux be generated 
by Zjdj {j (z i \ {i}) and dj {j ^ n\Q. Let us show that the fohowmg natural morphisms are isomorphisms: 

VoTZx.v ■ QSJ-^g'^ VoTZx ■ Q^j-Mg^^ (49) 

VoTZx ■ QitL^i;^ ^ VoTZx ■ Qi\l]M^i;^ . (50) 

It can be reduced to the case that QAi is unramified. We have only to show that their formal completions 
along IC X P are isomorphisms for each P Di. Then, the claim can be checked by a direct computation. 
We obtain the following: 

VoTZx ■ Qi'$_,,M VoTZx ■ Qi%\,M,^^ "^^^ 
Thus, we are done. I 

Let ^VoTZx C TZx be generated by 9^ (j ^ i) and z^S^. 
Corollary 5.12 We have the folloiuing natural isomorphism: 
'VoTZx ®Von. {VoTZx ■ Q^^l^^.M) 



TZD.®v,n^\VoTZDr¥^''KQ''^liM)) (51) 



%TZx ®Von. {VoTZx ■ Q^^^L^M) ' 
Proof By Lemma [5. Ill we obtain the following: 

'VoTZx <)^Von^ {VoTZx ■ Q'-^Im) ^ . . .^^^ . , .\ 
^ ^ \ VoTZx0VonJVoTZDr'^i''HQi^''^M)) (52) 

It is easy to observe that the right hand side of ([52]) is naturally isomorphic to the right hand side of ([51]) . I 
5.3.5 Some filtrations 

For a subset K C £, let ^VoTZx C TZx be generated by 3., (i e n\K) and z^S^ (i e if) over 0^-- Let e:^lUJUK 
be a decomposition. We put a{I, J) := ^/ + (1 - e)Sj G R^'-'"'. Let Q''^°j j-^M mean 

2i'(/lj)+c'^®^^;t<^o)(*2?('"n^)) 
for any c <E K'^. We consider a coherent T^-jf (*I?*^'^''^(iir))-module 

X(^«)[*/!J] := ""VoTZx ®Von. {VoTZx ■ Q%\j)M) - TZx ®Von^ {VoTZx ■ Q^^(Ij)M) 
For b e M^^, we consider a ^Vb 72.x -module 

K^^(Ao)^(Ao)[,^,j] Ky^^^ ^^^^^ (^^^^ . Q^^l^l^^^^^^M). 

For I S / and 6 < 0, or for i e J and 6 < 0, let ^''Vj,^'^"-'A^('^o) [^/i j] the image of the following morphism: 

^^{^Vo72x ®v.n. {VoTZx ■ Q^^^t+sM ^ (53) 

Here, a' e W^'" is determined such that the j-th component of a' is aj if j ^ i, and 6+1 if = «. 
For i E I and & > 0, or for i G J and 6 > 0, we set 

^■%(^^°^(A^(^°)[*/!J]) = ^ 3f(^'%^_^^")(X(^«)[*/!J])) 

(c,p)ew(fc,i) 

Here, U{h,i) denotes the set {(c,p) € IR<o x Z>o | c + p < 6} if i £ /, or {(c,p) G IR<o x Z>o | c + p < fe} if i G J. 
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Lemma 5.13 Let us show the following claims by an induction on m = \I U J\ and dimX; 
P{m): The morphism (|53p is injective. 

Q{m): For c,d E such that c < d, the natural morphism ^V^^"^ M'-^'-'^^VJ] — > ^V^^°^ M'^^°\*I\J] is 
injective. In particular, ^Vc^°^ M''^°^[*I\J] — !■ A^^"^"' [*/! J] is injective. 

R{m): ^yi^"^X(^")[*/!J] are strict. 

Proof If dimX = 0, the claim is trivial. The claim P{0) is trivial, and the claims Q{0) and i?(0) are obvious. 
We obtain P{m) from Q{m — 1), by considering the composition of the morphism (|53p and the natural one 

Assume P(m) and R{m — 1). For i e / and 6 < 0, or for i G J and 6 < 0, we obtain the following, by using 
Lemma 15.111 

p{\o,u)=b 

= X^'°^(V«(A^)('"^Kv!Jv]) (54) 

p(Ao,u)=h 

For i G I and d > 0, (resp. i E J and d > 0), we take p E Z>o such that — 1 < d — p < (resp. —1 < d — p < 0). 
We consider the following surjective morphism: 

: 'Gr^!7' X^^«)X(^°)[*/!J] 'Gr^'^"' ''V^^"^ M^^°^[*IIJ] (55) 

If i e /, the morphism zfdf on ^Gr^lp"' '^V^^"^ M'^^"^[*nj] is injective by i?(m- 1). Hence, we obtain that ^ 
is injective. If z G J and d = 0, we can show that the restriction of ([55]) to V^^"^ \ {Jj^^ Vj^"^ is isomorphism, 
by using Lemma [3.81 Then, by using the description ([5^ and the hypothesis of the induction on dimX, we 
obtain that ([55]) is an isomorphism. In the case d > 0, we can check that ([55]) is an isomorphism by using the 
argument in the case i E I. 

Now, assume P(rn), R{m — 1), Q{m — 1) and the claims in the lower dimension. We obtain that 

is injective for each d by using the isomorphisms (|5^ and ([55]) . Then, Q{m) follows. We also obtain R{rn) from 
R{m — 1) and the strictness in the lower dimensional case. Thus, the proof of Lemma 15.131 is finished. I 

Corollary 5.14 Let I U J <Z L and K -.^^ l \ {I U J) . 

is a coherent, holonomic and strict TZxi^K) -module. 

• It is strictly specializable along Zi with the V -filtration V''''*''-'. We naturally have 

Y(^o)(_^(Ao)[,j,j]) ^ ^^{M)^^-\^I\^.J\^ (56) 

• The following morphisms are isomorphisms: 

^^ ■■ Vi^a ^ (x'^"' [*nj]) ^ Vo^"^ (x*^"^ [*/! J]) (* e J) 

z, ■ [*/! J]) 'i^^y (X(^°' [*/! J]) (i € /) 

In particular, we have J][*z,] ~ X'^") J\,,] and M^^°'>[*IlJ][\z,] ~ A^(^") Ju^] . I 

Remark 5.15 For a good meromorphic flat bundle V on {X,D), we clearly have a similar description of 

v[*nj]. I 
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5.3.6 Globalization 

Let us return to the situation in Subsection 15.3.11 Let / U J = A be a decomposition. Let P E D. We take a 
small coordinate neighbourhood {Xp- zi, . . . , Zn) of X around P such that Dp := _D n Xp = lJi=i{-2^i = 0}- Let 
C/(Ao) be a sufficiently small neighbourhood of Aq. We set {x''p°\v''p°^) := [/(Aq) x [Xp, XpHD). Applying the 
procedure in Subsection [5X31 to {Qi^°^Mp,B) (qI^^^A^, ]D)),^(ao, , we obtain an 7^Xp -module [*/p!Jp] 

on X^,^"^ for any decomposition t^IpUJp. According to Corollarv l5.141 they satisfy the conditions (PI) and 
(P2), and the claim in Lemma 

By using the uniqueness and Lemma [5.81 we obtain M[*P.J] by gluing AA'"p''\*Ip\Jp] for varied (Ao,P) G 
Ca X D, where Ip U Jp = is the induced decomposition induced by / U J = A. By construction, J] 
(/ U J) satisfy the conditions (PI) and (P2), and the claim in Lemma [5.91 Thus, the proof of Proposition 15.71 
and Lemma 15.91 are ffiiished. I 

5.4 Strict specializability along monomial functions 
5.4.1 Statement 

Let X be a complex manifold. Let _D be a simple normal crossing hypersurface with the irreducible decomposi- 
tion D = [J-^jyDi. Let be a smooth good-KMS 7?.js:(*Z))-modulc. For simplicity, we assume the following: 

(A) Ai is equipped with a filtration L in the category of smooth 7?,x(*D)-niodules, such that Gr'^(A^) comes 
from a good wild harmonic bundle. 

Let A — I U J he a. decomposition. Let 5 be a holomorphic function on X such that g~^{0) — UigK ^■ 

Proposition 5.16 Assume K C I or K C J. 

• A^[*/!J] is strictly specializable along g. 

• For -k =!, *, there exist A4['¥p.J][kg], and we have 



5.4.2 Refinement 

We give a refined claim in the local case. Let X — A" and D = [jl^i{zi ~ 0}. Let 5 be a monomial function 
g = z^, where p S Z^q and K C i. Let ig : X — > X xCt- Let /C be a small neighbourhood of Aq in Ca- We set 
(A'(^o),r'(^o)) :=/Cx(X,D). Let q1^''^A^ be a good-KMS family of filtered A-flat bundles. For a decomposition 
£ = / U J U iiT, let us consider Lg^M[*I\J * K] for Let TZx,k C TZx be generated by Si {i G K) over 



Proposition 5.17 Assume that A4 is an TZx {*D) -module satisfying the condition (A) in Subsection 15.4.11 
Then, the following holds. 

• LgijAi[*P.J-kK] are strictly specializable along t, and we have 



M[*nj]M-M[*{I\K)\{J\JK)\, M[*nj][\g]'::iM[*{I\JK)\{J\K)\. 



Ox. 



• The V -filtration U'^^°^ of Lg^M[*nj * K] is given as follows. For b < 0, 




For b > 0, we have Ul'"'> = Ecj^tt^c . ™/iere {c, j) runs through R<o x Z>o satisfying c + j < b. 
• The V -filtration U^^°'> of Lg^M^^°^[*P.J\K] is given as follows. For b <0, 



uj,'°'> {Lg^M[*nj\K]) = nx,K{''v,^p°''M[*nj] ® i). 



For b > 0, we have U^^^°'> = J2c.j QlU^^°\ where {c,j) runs through M<o x Z>o satisfying c + j < b. 
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5.4.3 Preliminary 

Recall that for an TJ-x-module Af on X^-^°\ the push-forward ig-^Af is naturally isomorphic to ig*A/'[5t], where 
the action of TZxxCt given as follows: 

a • (u (g) B{) = au (g) 9^ (a e Ox), Si {u ® 9^') = (9iu) (g 9^' - (Si^ • u) ® 9^'+^ 

f . (u g, gj) = (c, . u) g, g{ - jXu (g) 9r\ 9t (u (g) 9^) = u 9^'+^ 
In particular, we have {pidft + (5iZi){(5l (g u) = —pijXdl g) u + 9^ g) (5i{ziu). 

Let *Vb'7^JfxCt C TZxxCt be generated by tg* and Tlx over Oc^xCf It is easy to check ul^°\ig-\M-[*I\J*K]) 
are *Vo^xxCt -coherent modules. By a formal computation, we can also check that the filtration is monodromic. 

By construction, wc have t ■ uj^^"'^ = ul^^°^ for 6 < 0, and 9t : Gr^* — > Gr^j^"' is surjective for c > —1. If 
★ = we also have t ■ Uq^""^ — U^°\ Hence, we have only to show that (i) Gr^* are strict for 6 < 0, (ii) 



„ (7<^o) „ ij(^o) ...... . 

(jY^i — > Grg IS mjective m the case * =!. 



5.4.4 Regular and pure case 

Let us consider the regular and pure case, i.e., M comes from a tame harmonic bmidle. Let lU JU K C £. For 
& G K. and c G M'^, we consider 



Here, Vi^"^^v/p°'x[! J] is as in Subsection 15.3.51 We obtain the following isomorphism: 
Lemma 5.18 AAj is strict. 

Proof We use an induction on | J|. If | J| = 0, it follows from a result in j35]. Let J — J^U {j}. By the 
assumption of the induction, we have the strictness of 'R-x,Ja ®Va-Rx,jr 

■^V^q"^ Gr^' °' ig-\M. We have 

nxjo^v.,n...,, (V?"^^°^fo"^^Grr^"'Grr^°'(MA^)) - 

7^x,.e 0vo7^.,.„ (Vi^o)Mo"^ Grr"' (..t^Grr^"' A^)) , (58) 

which is strict by the assumption of the induction. 

Let us consider the filtration ^V('^o) of A^j given as follows. For d < 0, we put 

For d > 0, we put W^^°\m.j) := Ec.n (^^^^^'''(A^^))' ^^'^^'^ (C'") ^^ns through R<o x Z>o such that 
c + n <h. Note that ■'V'^'^ M.j is strict, and -'GrJ'* °' {Mj) is strict for c < 0. Let us consider the morphism 



■ J 



Gvl['"\M.,)%=Gvt''"\Mj) (59) 
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Lemma 5.19 The specializations of (|59p to any generic A are isomorphisms. 

Proof The surjectivity is clear by construction. Let vr : X — > Dj be the projection. For P £ D], we can 
naturaUy regard Mjp :— Mj (X) 0{a}xii--i(p) as a D-module. If A is generic, we have A^j_p[!2j] = Mj^p, and 
the speciahzation of -'V(-^o) gives a ^-filtration along zj, which can be checked by a direct computation. Hence 
the specialization of ([59)1 at a generic A is injective. I 



By Lemma [5.191 and the strictness of ■'Gr^j^ ° Aij, we obtain that (|59l) is injective, and hence an isomor- 
phism. In particular, •'Gyq' is strict. For b > —1, the morphism (5j : -'Gr^* — > ^ Gr^_li\Ai j) 
is surjective, and Zjdj on ^Gr^' is injective. Hence, dj is an isomorphism. We also have the strictness 
of ^ Gr^ " (Mj). They can be shown by an easy induction. Thus, we obtain the claim in the case of J, and 
the proof of Lemma [5. 181 is finished. I 

Corollary 5.20 Let Ai come from a tame harmonic bundle. 

• For any J C i\K , Gr^' [! J]) is strict, i.e., A^[!J] is strictly specializable along g. The V -filtration 
is given in the standard way as in Proposition 15.171 

• For I U J G (\ K, Ai[*P.J] is strictly specializable along g. The V -filtration is given in the standard way 
as in Proposition 15. 17] I 

Let I Li J Li K = £, and we show the claim of Proposition 15.171 in the case that M comes from a tame 
harmonic bundle. Let us consider Lg^j^A[*P.J * K]. We have already known the strictness of Gr^ ° for 6 < 0. 
Because t : Gtq — > Gr_i is an isomorphism, Gtq is also strict. By the standard argument, we obtain 
the strictness of Gr^* for 6 > 0. Hence, we obtain the claim for LgjjAi[*IlJ * K]. 

Let us consider Lg^M.[*P.J\K]. For 6 < 0, we have already known that Gr^' °' are strict. Let us consider the 
specialization to any generic A. We have JliiT]) [!.g] — M.-^[*I\J\K], and the specialization of U^^°^ gives 

a F-filtration. Hence, we obtain that 3( : Gr^^x — > Gr^^"' are isomorphisms for generic A. Because Gr^^ 

is strict, we obtain that 3t : Gv_i — > Grp is an isomorphism. In particular, Grg is strict. Then, by 

the standard argument, we obtain that Gr^' are strict for any b. Hence, we obtain the claim M.[*P.J\K]. 

5.4.5 Regular and filtered case 

Let L be the filtration as in the condition (A) in Subsection l5.4.1l Let us consider the case that Gr^ M comes 
from a tame harmonic bundle. In this case, we obtain the claim of Lemma 15.181 from the following general 
lemma with an easy induction. 

Lemma 5.21 Let — > Mi — > M2 — > As — > be an exact sequence. They are equipped with monodromic 
filtrations U'--^°\ which are preserved by morphisms. Assume the following. 

• Mi (i = 1,3) are strictly specializable with U^^°^{Mi). 

• M2 — > M3 is strict with respect to U^^°K 
Then, M2 is also strictly specializable with U'^^°K 

Proof We have only to show that Mi — > M2 is strict with respect to U^^°\ Because the restriction of 
t/(^")(7V2) to Ml is also monodromic, we obtain uI^°\Mi) D U^^''\M2) H Mi by a general result. Thus, we 
obtain Lemma [5.211 I 
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5.4.6 Good irregular case with unique irregular value 

Let TT : {X', D') — > {X, D) be a ramified covering given by 7r(zi, . . . , z„) — . . . , z^'', z^+i, . . . , z„). Let a 
be a meromorphic function on {X',D') sucli that a = z'^ai for some holomorphic function Oi with ai(0) 7^ 
and m E Z<o- Let A4' be a smooth good-KMS 7?.x(*D)-™odule satisfying the condition in Subsection 15.4.51 
Let us consider A4 — M' (X) 7r*£(a). Let q : X x Ct — > X be the projection. To show Proposition 15 . 1 71 in this 
case, we have only to show the following equality: 

U^^°\ig^M[^nji^K]) ^ U^^°\ig^M'[^nj K]) ® q* {n,C{a)) (60) 

Note that ^y/p°'(X[*/!J*/f]) = '^V^p°\M'[*nj * K]) (g, TT^C{a). Then, as in i38j, it is easy to show (HOI)- 

5.4.7 End of Proposition Hm] 

By using the formal completion as in [35], we obtain the claims of Lemma [5. 181 in the general case. I 
5.5 Smooth good KMS-7^-triple 

Let X be a complex manifold with a simple normal crossing hypersurface D. Let T be a smooth TZx{*d)~ 
triple. For simplicity, we assume that it is non-degenerate in this subsection. It is called good-KMS if the 
underlying smooth Tlx(*D)-''^odu\es M.i are good-KMS. We use the other adjectives "good", "unramifiedly 
good-KMS", "regular good-KMS", etc., in similar meanings. If Mi are unramifiedl around P E D, we have 
Irr(A^i,P) = Irr(A^2,-P) because T is non-degenerate. It is denoted by Irr(T, P). 

5.5.1 Reduction with respect to Stokes structure 

Let X = A" and D = ULii-^i = 0}- We wih shrink X around the origin in the following argument. Let 
T = {Mi,M2,C) be an unramifiedly good-KMS 7?.x(*_d) -triple. Let I C t We have the induced good-KMS 
'^x(*D) -modules ^Gr^'(A^i). Let us observe that we have the induced pairing 

Let TT : X{D) — > X be the real blow up. The induced morphism Ca x X{D) — > C\ x X is also denoted 
by TT. We have the induced pairing C : (n*Mi x a*n*M2) „ ^.,n^ — > T.t,?- Let Aq € 5 and Q S tt-VD). 

We have the fuU Stokes filtration T^^"^Q) (resp. j'(-^O'Q)) of 7r*7Wi (resp. tt*M2) at (A^Q) (resp. (-AcQ)). 
We obtain the following lemma, by considering the growth order. 

Lemma 5.22 The restriction of C to j'^^"^'^^ x a* ^1^^°''^'' is 0, unless Re(o/Ao) - Re(b/Ao) < 0. I 
Hence, by shrinking X around the origin O, we obtain the pairing 

^Gr«*(C) : {.*{^Gr^\M,)) x a*n* {^Gr^^M^))) ^^^^^^^ C^^J^^^ 

Hence, we obtain the induced pairing ^Gr^*(C) of ^Gr^*(Al,) {i = 1, 2). The tuple of ^Gr'^'(Al,) {i = 1, 2) with 
^Gr^*(C) is denoted by 'Gi^\T). 

We have the natural grading ^Gr^*(r) = 0agirr(r /) ^^rf (T). We put ' Gt^'''''<^{T) = ■^Gr^*(r) and 

^GrS*.-(r)=e„^o'Grf(r). 

Let T be a smooth good-KMS 7?,x(*_D)-triple, which is not necessarily unramified. We take a ramified 
covering ip : {X' , D') — y {X, D) such that (p*T is unramified. We have the decomposition 

'Gy^\T') = ^Gr'^'''''=s(r') ® ■^Gr'^'^'^Xr'), 

on which the Galois group of the ramified covering naturally acts. As the descent, we obtain the decomposition 
of smooth good-KMS 7^x(*n)-ti'iples: 
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5.5.2 Specialization 

Let X and D be as above. Let T be a smooth good-KMS 7?.x(*_D)-triple. 
Lemma 5.23 We have a natural isomorphism Sjju{T) — Vti*Gr^*(T). 

Proof We have natural isomorphisms hl)u{M.j) — V'«'Gr^*(A^j). We have only to compare the induced pairings 
Vu(C) and V'«'Gr^*(C). We have only to compare them in the smooth part of Z?i, which was already done in 

m- ■ 

Lemma 5.24 We have a natural isomorphism \pu''Gr^^{T) — "'^Gr^' Y'„(T). 

Proof By using the previous lemma, we can reduce the issue to the case that T is regular along Di. We can 
construct a natural isomorphism on the real blow up, which induces the desired isomorphism. I 

Lemma 5.25 We have a natural isomorphism H'uJ'4'ujiT) — ^ipujH'uiO'). 

Proof By using the previous lemma, we can reduce the issue to the case that T is regular along Di U Dj. We 
have only to compare ^ipuJipujC and ■'tpu/'4'uiC on V^^"^ n Vj^"^ when Aq is generic. It can be done by a direct 
computation. I 

For any I C £ and u e (R x C)^, we obtain •= ^^V'ui ° ' ' ' '™0«m(T). It is equipped with nilpotent 

morphisms Afj : — ^ ® T(— 1) (j e /). We have a natural isomorphism ^^l^u{T) — Vii^Gr^*(T). 

If T is unramified, for each a € Irr(T, /), we also obtain a smooth good-KMS 7?.£)^(*a£ij)-triple Va.u(7') := 
Va,ti(T(8) L(-a)). It depends on the choice of a lift a G M{X,D) of a G M{X,D)/H{X). 

5.5.3 Canonical prolongations 

Let X be a complex manifold with a normal crossing hypersurface D. Let T = (A^i, A^2, C) be a smooth good- 
KMS 72.x(*_D)-triple. By applying the procedure in Subsection 13.21 inductivelv. we obtain a uniquely determined 
pairing C[*J!J] of A^i[!/ * J] and M.2[*I^-J]- Thus, we obtain an 7?,-triple 

r[*/!J] J], M2[*nj], C[*/!J]). 

We obtain the following lemma by the property of the canonical prolongments. 

Lemma 5.26 

• T[*/!J] is strictly specializable along Zi, and we have the following: 

r[*i\j][*z^] ~ r[*w.J\^l T[*i\j]M ~ r[*/v!Ju,:]. 

• The following morphisms are isomorphisms: 

4>f}T[*nj] vipr[*/!J], (i G /) 
ipi]^T[*nj] 0i°)r[*/!J], (i G J) 

• For M G (M X C) \ (Z>o X {0}), we have a natural isomorphism hpu{T[*IlJ]) — (hpu{T))[*I\iU\i]. I 
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5.5.4 Variant of Beilinson functor 

Let X = A", D, := {z, = 0} and D = ULi D,. We take KUJUlUAuB = Lct For a function 
f : KUJ — ^ {0, 1}, we put K,{f) /"^(i) n K for i = 0, 1. Let 7} be a smooth good-KMS 7^£,,(*gl3,)-t^iple. 
For a = {aK,aj) G K^'-'-^, we put 

Cf,^{J,K,Ti)[*A\B]:= (Ti<S> (g) (g) 1-^°°''^'=) [!(/- ^(O) U S) * (i^ U J U A \ /-^(O))] 

fceifo(/) fceJuXi(/) 

Let and Xi be functions KUJ — > {0, 1} given by 0(j) = for any j & K U J, and XiU) — ^ U — i) or 
Xi{j) = (j 7^ i). Then, let S^^VS''''^T/[*^!5] be the 7^x(*-D(€ \ L))-triple obtained as the kernel of the 
following morphism: 

Co^a{J,K,Ti)[*A\B]^ C^^,^(J,K,ri)[*A\B] 

ieKuj 

We can easily observe that E^^'^^'ip'f'''^Ti[*A\B]{*dDiij.i) is smooth good-KMS T^/j^^ j(»g£)j^j)-triple. 

Lemma 5.27 S^^'Vj'"'''7/[*^!-B] is strict, and strictly specializable along any Zj (j € t). Moreover, for 
j ^ i. \ [I ^ J) J we have natural isomorphisms 

Proof We have only to consider the case I — J — %. We use an induction on |i4r|. If |iir| = 0, the claim follows 
from the previous result. We shall show the claim in the case \K\ = m, by assuming the claim in the case 
\K\ < m. 

Let j g K. By construction, we have E^^'^^T[*A\B]{*Zj) ~ S^^.^^''T[*A!i?]. By the assumption of the 

induction, it is strictly specializable along Zi {i e £), and we obtain (|6T|) and (|62|) . By ()62p . E^^'^''T[*AIB] is 
strictly specializable along zj. 

Let j ee\K. Take /fc e if. Recall that S^"^ is the kernel of the following morphism: 

We have the following commutative diagram: 

Hence, the cokernel of ^ipui^) is naturally isomorphic to S^^^^j}''^ ''ip^Ss^'^ •''4'uT[*AlB], which is strict by the 

assumption of the induction. Hence, we obtain that S^^-'T[*A!i?] is strictly specializable along Zj. If j S 
£\ (/ U J U K), we have the following natural isomorphisms: 

Thus, we obtain (|6T1) . We obtain ((62|) by construction. Thus, the induction can proceed. I 
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5.5.5 Smoothness and the compatibility of Stokes filtrations 

Although a condition is imposed on Hermitian sesqui-linear pairings of smooth 7?.-triples, we do not have to 
impose the assumption in the good case. Namely, the following proposition holds. 

Proposition 5.28 Let T be an TZx(*D)-ti'W^^ such that the underlying TZx{*D) -modules are smooth and good. 
Then, T is smooth. 

Proof We have only to consider the case that the underlying smooth TZx{*D)-^odu\es Aii [i — 1,2) are 
unramifiedly good. We use the notation in Subsection l5.5.1l Let Cq denote the restriction oi C to S x {X\D). 
Let Aq € 5 and Q G ■k~^{D). Let /(Aq) C S and Uq C X{D) be neighbourhoods of Aq and Q, respectively. 
We consider the restriction of Co to (/(Aq) x Uq) \ tt~^{D), denoted by Cq. We have only to show that the 
restriction of Cq to f'^o^"'^'' ® (j*j:^^^o,Q) unless Re(a/ A) — Re(b/A) < 0. By considering the specialization 
curves, which are transversal with the smooth part of we can reduce the issue to the one dimensional case. 
Then, the claim follows from Lemma 12.6.10 in [35]. I 

5.6 Good-KMS 7^-triples 

We shall introduce a class of 7^-triples, called good-KMS 7?.-triples. 
5.6.1 A category (Local case) 

Let X = A" and D = ULiI-^* = 0}- Let C{X, D) be the category of tuples 

r = (T/, (/ c I); fi,^,gi^^ {ice,tee\i)) 

• Ti are smooth good-KMS 7?.£)j(*g£ij)-triples. 

• fji and gj^i are morphisms of 7?.-triples 

,(i)t- 9i,z ^ Z^-' > /(0)t- 
Wi Ti > Tii > ipl 'Ti 

such that //_,; o gi is equal to the canonical morphism ipt^'^Ti — > ipf''^Ti. We impose the commutativity 
of the following diagram for j,k G i\ I with j ^ k: 

[Ilk) > V'fe [Ti) 

Here, Ij = lU {j}, Ik = lU {k} and Ikj ^ I U {k, j}. 
A morphism 7"^^' — !■ T"*^^-* in Cx is a tuple of morphisms Fj : Tj'^^ — > Tj^^ such that the following diagram 



IS commutative: 



For p € I and m G M x C, we have the functors ^ij^u and 0p from C(X, D) to C{Dp, dDp), given as follows: 
fV^„(r) := [%uiTi), {I (l£\p); ^Mfi.j): "Mgi^s) {I^L\P. 3 &l\Ip)] 
MT) := (Tip, {I Ci\p); fip,,, gip.j {I C e\p, j e e\ Ip)) 
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5.6.2 A functor to the category of 7?.-triples 

We shall construct a fully faithful functor 'ifx from the category C{X, D) to the category of 7?.x-triples. Let F 
be the category given by the following commutative diagram: 

(0,0) — ^ (0,1) 

(1,0) (1,1) 

For rn e Z>i, let to = {1, . . . ,to}. For £ F™, we put 

:= {k em\{ik,jk) - (0,1)}, K{i,j) := {k e m\ {ik, jk) = (1,0)}, 

Ji{iJ) := {fc e TO I (ikjk) = (0,0)}, Jo(2,j) {fc e TO I {ikjk) = (1,1)}- 
For 7" e ^(X, _D), we have an m-cube Q—{T, a™) of TZx{*D{£ — TO))-triples given as follows: 

Q-(r,(i,i),a^)=s^--fVj:a;;)"^'"""V;c^^^^ 

Then, we obtain a complex of TZx{*D{£_ — TO))-triples TTmQ^i'T, a™)- 
Lemma 5.29 

• 'H^T^mQ^iT, a.m) ~ unless p ^0. 

• H^T^mQ^iT, dm) is strict, and strictly specializable along any Zi [i € t). 

• For any p E l\rn and w G M x C, we have 

^^^«H°7r„Qf (T, a™) ~ H\,nQ%^ {"tuT, a„) 
For any p £ m and u G R x C, we have 

• For any p G m, we /laiie 

0^^H"^™Qf (T, a™) ^°7r„\pQg^(4"-)r, a™\p) 

• For any p £ I, we have 

Proof We use an induction on to. If ni = 0, the claim is clear. We put Tm ■— T~l,^i^rn0xi'T ^ ^m)- We consider 
the following complexes: 

Glo ^L"'"+'^^m^Qf^(r, a^), Co* 1 := sf^^Tr^Qf^CT, a™^), 

^1*0 := 7r^Ql5^(0^'"^r, a™-i) , Ci* i :- ^L""^^m-iQf^(r, a^-i). 
The complex TTmQ^i'T, CLm) is associated to the following naturally obtained triple complex: 



1 


— > 

I 




— > CI, 



Let us consider the double complex obtained as "H^ of ((64)) . 
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Lemma 5.30 The complex associated to the double complex may have non-trivial cohomology only in the degree 
0, i.e., the first claim holds in the case m. 

Proof By the assumption in the case m — 1, Tm-i is strictly specializable along Zm- We also have H^{Cij) = 
unless p 7^ 0, and we have natural isomorphisms ?^°(Co,o) — ipm'^^^^Tm-i, 'H°(Co,i) — Em'^^Tm-i and 
?^"(Ci,i) ~ Vm"^?;™-!. Hence, pi : n°{Clo) ^ ^"(C'l) injective, and p2 : n°{C^^,) ^^(Ci'i) is 
surjective. Then the claim of Lemma [5.301 follows. I 

We have the exact sequence 

0) 0) ® 1)) /h"{Co,o) H"(Co* i)/H°(Co,o) ~^ (65) 

We obtain that the middle term of (1651) is strict. Because Tm is contained in the middle term, Tm is also strict. 
Because %ni*Zm) = Tm-i, we have "^tpuTm = "ViiTm-i- Hence, we obtain the desired formula for "^ipu%n from 
the formula for "\pu%n-i- We also have Em'^^Tm = Em"'^Tm-i- Because Em'"^'H°Cij = unless {i,j) ^ (0, 1), 
we obtain the desired formula for 2m™^7^. Moreover, we obtain the formula for 4>m'"^Tm- By exchanging the 
roles, we obtain that, for p < m, Tm is strictly specializable along Zp, and the desired formulas for Sp""-*?^, 

yu%n and (j);p""^Tm- 

Let p > m. We have 
The complex ^ipu'^mQ^i'T, cim) is associated to the triple complex: 

1 1 

Hence, by using the previous result, we obtain that ^ipuT^mOrxi'T , am) may have non-trivial cohomology only 
in the degree 0, and the 0-th cohomology sheaf is strict. It implies that the morphisms in the complex 
nmQ^{T, o,rn) IS strict with respect to the ^-filtration along Zp. Therefore, we obtain that Tm is strictly 

specializable along p, and we obtain the formula for 'E^p'^'^Tm. We also have the following natural isomorphisms 
ioT^Tm-. 

Pi^uTm ^ n"P^u7Trn&^iT, a„) ~ H°7r„ Qf ^ (^VnT, «„) 

Thus, the induction can proceed, and the proof of Lemma 15.291 is finished. I 

Thus, we obtain the functor ^I^x H^tt^Q^ from the category C{X,D) to the category of 7?.x-triples. By 
Lemma 15.291 we have the following natural isomorphisms: 

We have the following natural isomorphisms for p ^ q: 

We denote (f>[''^"^ o • • • o ^*x(T) by 4"^*x(T). 
Lemma 5.31 The functor is fully faithful. 

Proof We use an induction on dimX. Let F — {Fj \ I C f) : Ti — > T2 be a morphisni in Cx such that 
<ifx{F) = 0. Then, we have = 0. For each p € i, we have 4>p{F) = 0. It implies Fip = for any / C by 
the assumption of the induction. Hence, we obtain F = Q. 

Let G : '^x{Ti) — > '^xiTi) be a morphism of 7?.-triples. We have the induced morphism : 7i j — > 72, 0- 
By applying we obtain Gj : Tij — > Tij- By using an induction, we can show that 'i'x{(Gi)) = G. I 



57 



5.6.3 Dependence on the coordinate system 

The category C{X, D) and the functor depend on the coordinate system z — (zi, . . . , z„). To emphasize 
it, we use the symbols C{X,D,z) and ^'x,z- Wc shall study their dependence on z. 

Let Wi :— e"^^ ■ z^, where ipi are holomorphic functions on X. We obtain another coordinate system w — 
(wi, . . . , Wn)- We obtain a category C{X, D, w) and a functor '^x,w 

Lemma 5.32 We have an equivalence Def^ : C{X,D,z) — > C{X,D,w) such that ^x.z — '^x,w ° Def,^. 

Proof Let T e C{X,D,z). For each I C Tj is equipped with a tuple A/"/ — [Ni | i e i) of morphisms 
A/i : 7} — > 7/ (8) T(— 1) induced as follows: 

Ti ^(o)r/v^V'(')r,v®T(-i) Ti®T{-i) 

Let ipj := {(pi\i ^ I). We put 7/ := Def<^^ (7/, A/*/). We have natural isomorphisms 

V'(r)(7}v)^Def^^ V^i:)(r,v)- 
Hence, we have the following naturally induced morphisms: 

They satisfy the commutativity induced by (|63|) . We put Def^(T) := (7/ ; fi,i,gi,i), and thus we obtain the 
functor Def(^ : C{X,D,z) — > C{X,D,w). By construction, we have vE'x.iu oDef^(7~) — Def^ ^x.z(7~). By 
using Lemma 14.171 inductively, we obtain that it is naturally isomorphic to ^x,z (T) ■ I 

5.6.4 Category of good-KMS 7?.x-triples (Global case) 

Let X be a complex manifold with a normal crossing hypersurface D. We have the full subcategory C'{X, D) 
of the T^x -triples on X, whose objects T have the following property: 

• For any P e -D, we take a small coordinate neighbourhood {Xp; zi, . . . , Zn) such that Dp := Xp D D ~ 
Ui=i{^i — 0}- Then, T\Xp is isomorphic to ^'x(7") for some 7" G C{Xp, Dp). 

This condition makes sense due to Lemma [5.321 

Part II 

Mixed twistor D-module 

6 Preliminary for relative monodromy filtration 
6.1 Relative monodromy filtration 

We recall some basic facts on relative monodromy filtrations, by following [35], [5S], and especially [5D] . 
6.1.1 Definition and fundamental properties 

Let A be an abelian category with additive auto equivalences S = (T,P''^ | p, q g Z) such that S^'' o T,'^'^ = 
■£p+r,q+s^ Let C & A. Let L be a finite increasing exhaustive complete filtration of C in ^ indexed by Z, 
i.e., L is a tuple of subobjects (Lk{C) C C | /c € Z) such that (i) Lk{C) C Lk+i{C), (ii) Lk{C) = C for any 
sufficiently large k, (iii) Lk{C) = for any sufRciently small k. Such a pair {C,L) is called a filtered object 
in A. A morphism of filtered objects F : [C,L{C)) — > [C',L{C')) is defined to be a morphism F : C — > C 
preserving L, i.e., F ■ Lk{C) C Lk{C'). The category of filtered objects in A is denoted by A^^. It is an additive 
category. Let {C,L) € A^^. We consider two naturally induced filtrations L^'^ {i = 1,2) on E^^'^C given by 
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l(})^P,qC = T.P'i{LkC) and L^^'^T.p^iC = T.P'i{Lk+p+qC). The object (Ep^?C, is denoted by (EP'«C,L), 
and (I]P'«C,L(2)) ig denoted by TP^^'iC.L). 

For (C,i) e yt^', put Gr^(C) Lk{C) / Lk-i{C) G yt. We have a natural isomorphism Gr^ EP'^C ~ 
EP^« Gr^ C. If C is equipped with a filtration T4^, Gr^ (C) has the filtration given by Wm Gr^(C) := Im(M^„, n 
Lfc{C)^Gr^(C)). 

We put T := E^'i. Let A""'^ be the cate gory of objects C ^ A equipped with a nilpotent cndomorphism 
N : C — > T^^C. A morphism F : [C,N) — > {C',N') in yt"" is a morphism F : C — > C such that 
F o N ^ N' o F. The category y^"" is abelian. We set y^^''"" := (y^"")*^'. For (C, L, N) e y^*^'''"', let Gr^(iV) 
denote the induced nilpotent endomorphism of Gr^(C). 

Let us recall the notion of relative monodromy filtration. (See [22], [50], [55].) 

Definition 6.1 Let {C,L,N) E y^^'-'"'. A filtration W of C in A is called a relative monodromy filtration of 
N with respect to L, if the following holds: 

• N -W^iC) C T-^W.,-2{C), I.e., N induces {C,W,L) — ^ {T-\C,W),L). 

• The induced morphisms Gr^ Gr^(iV)* : Gr^j Gr^(C) — > T^' Gr^j Gr^(C) are isomorphisms. 

It is often denoted by M{N]L) in this paper. In this situation, we say that (C,L,N) has a relative monodromy 
filtration. I 

According to Section I.I of [50] (see also [55]). a relative monodromy filtration is uniquely determined by 
Deligne's inductive formula, if it exists: 

W^,+kLkC = W.,+kLk-iC + N'T'{W,+kLkC) {i > 0) (66) 

W,+kLkC = Ker(iV'+i : L^C T-\LuC /W-,-2+kLkC)) {i > 0) (67) 

We should remark that in general, a relative monodromy filtration does not exist. If there exists a A: G Z 
such that Gr^j = unless m = k, then a relative monodromy filtration is the weight filtration of the nilpotent 
morphism, and it always exists. By Deligne's inductive formula, relative monodromy filtrations are functorial 
in the following sense. 

Lemma 6.2 Assume that (C'-*-' , L, iV^'^) e ^fii.mi _ 2, 2) have relative monodromy filtrations M{N''^^;L). 
Let F : {C^'^\L,N^^'>) — ^ (C^^) , L, TV^^)) be a morphism in A^'^''''\ Then, F ■ MkiN^^'> ; L) C MkiN^-'^'' ; L). I 

Let A^^^ be the full subcategory of whose objects have relative monodromy filtrations. According 

to Lemma [Ol the correspondence {C,L,N) 1 — > {C,M{N;L)) gives a functor $1 : A^^^ — > A^K We have 
$1 o EP'9(C, L, N) = TP^'i{C, M{N; L)). 

6.1.2 Canonical decomposition 

Let us recall the notion of canonical decomposition due to Kashiwara [2T , with a generalization in [50] , which 
is one of the most fundamental in the study of relative monodromy filtrations. Let {C,L,N) G A^^^ . Let 
M denote the relative monodromy filtration for {C,L,N). We put C'-'^^ := Gr*^(C). It is equipped with a 
filtration induced by L, which is also denoted by L. Then, there exists a canonical splitting of the induced 
fihration L(C(o)) in A: 

C(O)=0C|°\ such that L,C(°) =0cf^ (68) 

i<j 

(See [H] and [SD] for the explicit construction of the splitting.) In particular, we have C^^^'' ~ Grf Gr*^(C) ~ 
Gr*^ Grf(C) in A. It is functorial in the following sense, which is clear by the construction in [32] and [50] . 

Lemma 6.3 Let F : {C^^\L,N) — > {C^^\L,N) be a morphism in A^^^^ . Let M = M{N;L) on C^. Then, 
the induced morphism Gr*^(F) : Gr*^(C(i)) — > Gr*^(C(2)) preserves the canonical splittings (I68p . I 
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6.1.3 A criterion 

Let us recall a condition for the existence of relative monodromy filtration in [5S]. Let A be an abelian 
category. Let {C,L,N) G ^"'''^i such that (i) Lfe(C) = Lk'{C) for any k' > k, (ii) (Lk-iiC), L, N) G A^^'^ . 
Let A/(ife_i(C)) denote the relative monodromy filtration of (ifc_i(C), L, TV). We have a naturally defined 
morphism 

Ker(iV^ : T' Gr^ Gr^) . ^ (69) 

^ ' iV^T%_i+Mfc_,_i(Lfe_i(C)) 

Proposition 6.4 ([55], see also ^50j ) FKe have (C,L,N) G ^f'J^P i/ and only if the morphisms ((69l) vanish 
for all integers £ > 0. I 

6.1.4 Functoriality for tensor product and dual 

Let us consider the case that A is the category Vect/f of finite dimensional vector spaces over a ground field K, 
and E^''' = id. Recall that we have tensor product and inner homomorphism in the category Vect^'"'', given in 
the standard manner. 

Let (F(*\L,iV(*)) G Vect^'"" {i = f,2). The tensor product V'^^'> (g> F^^) has the induced endomor- 
phism A^y (1)^5^(2) := N^'^'> (g) 1 + f (g) N^'^\ and the filtration of V^'^^ (g F^^) gj^g^ by Lfc(F(i) (g) F^^') = 
X;p+^<fcip(V"^^^) «)Lg(F(2)). The tuple (F^^^ (g F^^), L, A^) is also denoted by (y^^'> , L, N^^'>) (g) (t/^^), i, iV(2)). 
The space Hom(V"(-^\ V'^^^) has the induced endomorphism N^^^^^^y^i) Y(2)^{f) := iV'^) o / — / o A^(i) and the 
filtration L given by 

LfeHom(F(i\y(2)) {/ G \iouv{V^^\v^^^)\ fiL.V'-'^) C L.+feF^^) Vj}. 

The tuple (Hom(T/(i),F(2)),L, AT) is also denoted by Hom((V^(i), i, iV^i'), (F^^), Ar(2))). The following 
proposition is due to Deligne, Steenbrink and Zucker [55] . 

Proposition 6.5 ([55]) Vect^'^^ is closed under tensor product and inner homomorphism in Vect^'"''. More- 
over, the relative monodromy filtrations for 

{V^^\L, A^(i)) (g (V^^Kl, iV(2)) and Hom((T/(i), i, iV^^)), (F^^) ^ ^(2))) 
are naturally induced by A^(A^^'-';i) (i = 1,2). I 

In particular, if (V, i, N) G Vect^^^, its dual is also an object in Vect^'^^, and the relative monodromy filtration 
is naturally induced by M(N; L). 

6.2 Transfer of filtrations 

In some cases, relative monodromy filtration is inherited. A fundamental general result is due to M Saito |50) , 
which we will review in Subsection 16.2.31 

6.2.1 Gluing data 

We introduce some terminology for our argument. 

Definition 6.6 Let A be a category with an auto equivalences S. A tuple {C,C']u,v) of morphisms 

is called a gluing datum in (.4, S). Morphism of gluing datum {Ci,C[;ui,vi) — > (C'2, Cj; W2, ^2) is a commu- 
tative diagram: 



The category of gluing data in (A,Ti) is denoted by Glu(y^, S). 
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An object of Glu(.4, S)''' is often denoted by {C,C';u,v;L), which means an object {C,C' ;u,v) with a 
fihration L in G\u{A, S). 

Definition 6.7 Let A be an abelian category with an additive auto equivalence. 

• (C, C"; u, w) e Glu(^, S) is called S- decomposable, i/ C" = Imw Keru. 

• {C,C';u,v; L) e Glu(yl, S)*^' is called filtered S -decomposable, if Gt^{C,C';u,v) is S -decomposable. I 

When we say that {C,C';u,v; L) is filtered S'-decomposable for given {C,L),{C',L) G A^^ with morphisms 
u : S^'^C — > C and v : C — > S'^'^^C, we imphcitly imply that u and v preserve the filtration L, i.e., 
u : (S^'^C, L) — > {C ,L) and v : {C ,L) — > {YP~^C,L). We remark that this kind of condition appeared in 
the study on mixed Hodge structure in |22] and [50]. The terminology "S'-decomposable" is taken from [45] . 

Let Glu(.4*^',S) denote the category of gluing data in where the action of S^^' on A^^ is given by 
(C, L) 1— > I]P^?(C, L). An object of Ghi{A^\ S) is often denoted by (C, C", Z; u, v), i.e., a pair of objects (C, L) 
and (C", i) with morphisms in AF^: 

si'0(c,Z) — ^ (c",Z) — ^ i]"'-i(c,Z) 

A morphism (Ci, C^, i; ui, wi) — > (C2, C2, i; U2, W2) in Glu(^^', S) is a commutative diagram: 

Si."(Ci,Z) — ^ {C[,L) — ^ E0^-1(C7i,Z) 

1 1 1 

Ei."(C2,i) (C^,L) S°-i(C2,L) 

6.2.2 Inheritance of relative monodromy filtration 

Let us recall a lemma due to Kashiwara. Let (C, C"; u, w; L) £ Glu(yl, S)*^^ We put N :— vou and N' :— no v. 

Proposition 6.8 ( |22] . |50| ) Assume that (i) {C,C';u,v; L) is filtered S -decomposable, (ii) N' is nilpotent, 
and {C , L, N') S A™^^ . Then, we also have {C,L,N) £ A^^^ . Moreover, u and v give the following 
morphisms in y^^'; 

I]i'0(C,Af(iV;L)) {C',M{N';L)) — ^ Y.'>'-^ {C, M{N- L)) 

Namely, we have u ■ Mk{N;LC) C Mk^i{N';LC') and v ■ Mk{N';LC') C Mu-i{N;LC). 

Proof We give only a remark. In [22, the case S^''? = id is shown. The key is Lemma 3.32 in [35], which was 
generalized in Corollary 1.7 [50] . Then, we can deduce the claim in the general case by using the argument in 

m- ■ 

We have an obvious reformulation. Let Ci be the full subcategory of Glu(^, S)*^' whose objects (C, C"; u, v; L) 
are filtered S-decomposable and satisfy the following: 

• We put := w o -u and N' -.^uo v, and then (C, L, N) and (C, i, A^') are objects in A^^^ . 

• We put Z(C) := M{N;L{C)) and Z(C") := M{N'-L{C')), and then {C,C' ,L;u,v) £ G\n{A^\i:). 

Let C2 be the full subcategory of Glu(yl, S)*^' whose objects {C,C';u,v;L) are filtered 5-decomposable and 
satisfy the following: 

• We put A^' := u o v, and then (C, L, N') is an object in A^^^ . 
According to Proposition l6.8[ we have Ci = C2. 



61 



6.2.3 Transfer of filtration 

We shall recall a fundamental result due to Saito in [5D]. Let {C.C \u,v) £ G\vi{A). We set N :— v o u and 
N' := uov. Assume that C and C" are equipped with filtrations L and L such that (C, C"; u, v\ L) e Glu(yl, S)^' 
and (C, C", L; -u, w) S Glu(^*^', S), i.e., m and w give the following morphisms in A^^: 

(l]i,oc,L) — ^ (C',L) — ^ (70) 

Proposition 6.9 (Corollary 1.9 of [50]) ylssume that {C,L,N) e A^^'^ and L(C) = M{N;LC). Then the 
following conditions are equivalent. 

(Al) (C, C"; u, w; L) is filtered S -decomposable, and we have (C, L, A/'') € A^^^ and M{N'; LC) = Z(C"). 
(A2) ifcC" = M(l]i'''ifcC') + (t;-i(S"'-iifeC) n ZfcC") /or each k. 

(A2') ifcC" = v-^{j:"^-^LkC) n (^(Si'OLfcC) + ZfcC") for each k. I 

We have some immediate consequences of Proposition EUl Let (C, C , L; u, v) £ Glu(y^''\ S). Let :— vou 
and TV' := uo v. Note that they are nilpotent. Let L{C) be a filtration of C such that {C,L,N) £ y^R^F ^^^^ 
Z(C) = Af(iV;i(C)). 

Corollary 6.10 There uniquely exists a filtration L{C') of C such that (i) {C,C';u,v; L) £ Glu(y^, S)^' is 
filtered S -decomposable, (ii) M{N';L{C')) = L{C'). 

Proof The filtration L{C') is given by Saito's formula in Proposition 16.91 I 

Definition 6.11 The filtration L{C') in Corollary \6.10\ is called the transfer of L{C) by {u,v) in this paper. I 

By Proposition 16.91 the transfer is functorial, which can be reformulated as follows. Let C3 be the category 
of objects {{C,C',L;u,v),L{C)), where (i) (C,C",L ;u,v) £ Glu(^''',S), (ii) L{C) is an exhaustive increasing 
filtration of C in A, satisfying the following: 

• We put N -.^vou, and then (C, L, N) £ A^^^ and Z(C) = M{N; L{C)). 

A morphism ((Ci, C( , i; ui, wi), L(Ci)) — > ((C2, C2, 1/; W2, ^2), i(C2)) in C3 is a pair {F,F') of morphisms 

F : Ci C2, F' -.C'^-^ a, 

such that (i) {F,F') gives a morphism {Ci,C[, L;ui,vi) — > (C2, C2, Z; 1*2, t;2) in Glu(^^',S), (ii) F gives a 
morphism (Ci,L(Ci)) (C2,L(C2)) in A^K 

Let Ci be the category considered in Subsection 16.2.21 We have the functor 'i' : Ci — > C3 given by 

^{C,C'-u,v-L) = {{C,C',L-u,v),L{C)), 

where Z(C) := M{N;L{C)) and Z(C') M{N]L{C')). 

Corollary 6.12 The functor is an equivalence. 

Proof Essential surjectivity is already stated in Corollary 16.101 The functor is clearly faithful. It is full by 
Saito's formula in Proposition 16.91 I 
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6.2.4 Special case 

As remarked in [SD], Proposition [53] can be regarded as a generalization of the filtrations introduced in "FI and 
[55] , which we recall here. 

Let (Ci, L, N) e A^^^, and let W := M{N; L). We have the induced filtration N^L on Ci, obtained as the 
transfer in the following case: 

(C,Z) = I]°'i(Ci,M^), {C',L)^{Ci,W), u^N, v = id. 
We also have the filtration N\L on Ci obtained as the transfer in the following case: 

(C,Z) = S-i'°(Ci,VK), {C',L) = {Ci,W), u = id, v^N. 
Indeed, the explicit formulas are given in ^2] and [55] (we omit S): 

{N,L)k = NLk+i + Mk{N- L)nLk = NLk+i + Mk{N; L) n Lk+i 

{N,L)k = Lk-i + Mk{N- L) n N-^Lk-i = Lk-i + MkiN: L) n N-^Lk-2 

The identity of [Ci^W) naturally induces {Ci,N^,L) — > {Ci,N\L), which follows from the commutativity 
of the following diagram: 

T{Ci,W) — ^ iCi,W) — ^ {Ci,W) 

^1 '4 ^1 

The morphism N : {Ci,W) — > T"^(Ci,VF) induces iCi,NiL) — > T"\Ci,A^*L), which follows from the 
commutativity of the following diagram: 

^C,,W) (CuW) T-\C,,W) 



id 



N 



1 "I 



(Ci,VF) — ^ T-\Ci,W) T-\Ci,W) 
6.2.5 Dual and tensor product 

Let us consider the case that A is the category of finite dimensional vector spaces with E^'* = id. We have the 
functoriality of transfer for dual. Let {C,C';u,v;L) e Glu(.4, S)*^'. Then, we have the induced morphisms of 
dual filtered vector spaces 

We set {C,C';u,v;Ly := {C^ .{C'Y ■v'' ■ L) e Glu(yl, S)*^'. If {C,C';u,v;L) is a filtered S-decomposable, 
{C^C \u,v\Ly is also filtered ^-decomposable. By the functoriality of relative monodromy filtration with 
respect to dual, the correspondence induces contravariant functors Vi on the category Ci (i — 1, 2). 

For an object {C,C' ,W;u,v) € G\u{A^\'E), we have its dual (C, C", VF; m, v)^ := (C^, (C)^, H^; i-^, u'') € 
Glu(^''',S). If {C,C' ,W;u,v) is equipped with a filtration L of C, {C,C' ,W;u,vy is also equipped with 
an induced filtration L of C^. By the functoriality of relative monodromy filtration with respect to dual, the 
correspondence of objects ({C,C' ,W;u,v), L{C)) and [{C,C' ,W;u,vy , L{C^)) gives a contravariant functor 
V3 on C3. The following lemma is clear by construction. 

Lemma 6.13 We have 4'oVi =V3ov[/ as functors from Ci to C3. I 

Let us reword the claim of the lemma. Let ((C, C", W; u, v), L{C)) G C3. We have a filtration L{C') obtained 
as the transfer of L{C) by We have ((C, C", PF; u, w)"^, L(C"^)) e C3 and we obtain a filtration L(C"') 

obtained as the transfer of L{C^). Then, according to Lemma [6. 131 L{C'^) is the same as the filtration obtained 
as the dual of L{C'). 
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Remark 6.14 Let {C,L,N) £ A^^^ . Let N\L and N^L be the filtrations in Subsection 16.2.41 Then, as 
remarked in |22| . N\L{C^) is obtained as the dual of N^,L{C), i.e., we have {N]L)k{C'^) — (A^*£)_fc_i(C)^. It 
also follows from the above functoriality of transfer with respect to dual. I 

We consider a functoriality for tensor product. Let ([/, L) e -4*^'. For (C, C", L; u, v) e Glu(^, S)^', we have 
the naturally induced object (C, C", L]u,v) ®U G Glu(^, where the filtrations oi C ®U and C ®U are 
induced by L. If (C, C", L; m, v) is filtered S'-decomposable, (C, C", L; u,v) (E)U is also filtered S'-decomposable. 
By the functoriality of relative monodromy filtration with respect to tensor product, it induces functors <^U on 
C, [i = 1,2). 

For (C, C, W] u, v) e G\n{A^\ S), we have the naturally induced object (C, C, W]u,v)®U £ Ghi{A^\ S), 
where the filtrations oi C ® U and C" C/ are induced by W{C), W{C') and LiJJ). If (C, C", VF; u, w) is 
equipped with a filtration L of C, then(C, C", W^; u,v) (E) U is equipped with the filtration L oi C (E) U induced 
by the filtrations L of C and U. By the functoriality of relative monodromy filtrations, the correspondence of 
((C, C, W; u, v), L{C)) and ((C, C", W"; u, -y) ® U, L{C®U)) induces a functor ®U on C3. The following lemma 
is clear by construction. 

Lemma 6.15 We have * o {®U) = {®U) o v]/. | 

Let us reword the claim of the lemma. Let {U, L) (g) A^^. Let ((C, C", VF; u, w), i(C)) G C3. We have a 
filtration L(C") obtained as the transfer of L{C) by {u,v). We have ((C, C", VF; m, w) U,L{C (g) C/)) € C3, 
and we obtain a filtration L(C" ® J7) obtained as the transfer L{C (E) U). Then, according to Lemma [6.151 
L{C' (8) U) is the same as the filtration induced by the filtrations L{C') and L{U). 

6.3 Pure and mixed objects 

This subsection is a preparation for gluing of variation of admissible variation of mixed twistor structures 
(Sections I MTO]) . The content of this subsection essentially appeared in [22] and [50] . 

6.3.1 Setting 

Let A be an abelian category with a family of additive auto equivalences S as in Subsection 16. 1. II For any 
finite set A, we shall consider the category A{A) of objects C in A with a commuting A-tuple of nilpotent 
morphisms N^ : C — >T~^C {ieA). A morphism (Ci, TV) — >■ (C2, N) in .4(A) is a morphism F : Ci — > C2 
such that Nj o F — F o Nj. The category A{A) is abelian. It is equipped with auto equivalences given by 
(C, TV) I — > (EJ^'^C, TV), which is also denoted by When we are given (C, TV) e A{A), for any subset 

Ao C A, we set iV(Ao) := J^ieAg and the weight filtration M (TV(Ao)) is denoted by A/(Ao). 

Let $ : Ai — !• A2 be a map. For (Ci, TVaJ G A{Ai), we have a naturally induced object (Ci, TVa^) G A{A2), 
where Nj := J2ie<s>-^{j) ^'^^ ^ Im'I', and Nj := for j ^ Im$. It gives a functor : .4(Ai) — > A{A2). 
For (C2,TVa2) G -4(A2), we have a naturally induced object (Ci,TVai) G ^(Ai), where Nj := TV$(j) for j e Ai. 
It gives a functor $* : y^(A2) — > .4(Ai). If $ is a bijection, both and <&* give isomorphisms. 

Assume that we are given saturated full subcategories VwiA) C -4(A) {w G Z) with the following property: 

PO 'Piu(A) are abelian subcategories of A{A), and they are semisimple. Any injection $ : Ai — > A2 induces a 
functor : VU^i) — > ^'^(Az), i.e., for (C, TV) e P.»(Ai), we have $*(C,TV) G 7'„(A2). 

PI E^''' induces an equivalence Vw{A^) — 'Pw-p-q{A). 

P2 For (C,, TV) G V^{A) such that wi > W2, we have Hom^(A) ((Ci, TV), (C2, TV)) = 0. 
P3 Let (C,TV) G Vy,{A). 

P3.1 For any A2 C Ai, there exists a relative monodromy filtration Af (TV(Ai); Af(A2)) , and it is equal 
to A'/(Ai). 

P3.2 (Gr^;;^/'^i)(C), ATaj) is an object in 7'^+,„,(AJ). 
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P3.3 For»e A, (lmA^,,7V) is an object in P^+i(A). Moreover, for * G A\ •, (C, E^'" Im TV.; u, w; 

is filtered S'-decomposable, where u : S^'^C — > T.^'°lmN, and v : i;i'°Im7V. — > T,°-^C are 
induced by N, and the canonical morphism IniiV, — > T~^C, respectively. Namely, 

is S'-decomposable. 

We have the category ^(A)*^' of the filtered objects in A{A), on which E^'' naturally acts by EP'«(C, L, N) = 
(EP'9(C, L), AT). Let A^'(A) C A{A) be the saturated full subcategory of the objects {C,L,N) such that 

Lemma 6.16 Let F : [Ci, L, N) — >{C2,L,N) be a morphism inM'{A). 

• F is strict with respect to L. 

• Let (KevFjN), (Imi^, TV) and (Cok_F, TV) be the kernel, the image and the cokernel in A{h). They are 
equipped with the naturally induced filtrations L, with which they are objects in A^'(A). 

• In particular, A^'(A) is an abelian category, and the forgetful Junctor AA' {K) — y A{h) is exact. 
Proof The first claim follows from P2. Then, the second claim follows from PI and the first claim. I 

Assume that we are given a saturated full subcategory M.{K) C A^'(A) with the following property: 

MO Any injection $ : A — !• Ai induces a functor : A^(A) — > Al(Ai). The categories M.{K) are abelian 
subcategories of M'{h.). We naturally have 7'^(A) C A^(A) for any w G Z, i.e., if (C, L) e M'{K) satisfies 
Grj'(C) = unless j 7^ w, then (C,i) G M{K). 

Ml (C,L,TV) e A1(A) if andonly if EP'9(C,i,TV) ^ M{K). 

M2 Let {C,L,N) e M{K). 

M2.1 Gv[,{C,N)(^VM- 

M2.2 For any decomposition A = Aq U Ai, there exists M(iV(Ai);L) =: M(Ai;L), and 

rest(C,L,Ar) := {C , M {K,; L) , N 

is an object in A^(Ao). Note that L gives a filtration of res^^(C, L, TV) in A^(Ao). 

M3 Let • e A, and put Aq := A \ •. Let us consider {C,L,Na) e A^(A) and (C, Z,iV^J G A^(Ao) with 
morphisms 

Ei'Ores^^(C,i,ArA) {C',L,N'^J — ^ E^'-i res^^^ (C, L, ATa) 

in A^(Ao) such that v o u — N,. Let L{C') be the filtration in the category of A4{Ao) obtained as the 
transfer of L(C), and put N^-.^uo v. Then, (C, L, TV^) G A^(A). 

The following lemma clearly follows from MO. 

Lemma 6.17 Let (C, L, TV) e M{A). Then, {LjC, L, TV) e M{A) for each j eZ. I 

Lemma 6.18 Let F : (C, L, TV) — > {C ,L,N') be a morphism in A^(A). Then, F is strict with respect to the 
filtrations AT (Ai; L) for any Ai C A. 

Proof It follows from the conditions P2 and M2. I 
Lemma 6.19 The functor res^^ : M.{A) — > A^(Ao) is exact. 

Proof It follows from MO, Lemma [6. 161 and Lemma [6. 181 I 
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Lemma 6.20 Let {C,L,N) e M{k). For any A2 C Ai c A, we have M{N{Ai);M{A2;L)) = M(Ai;L). 

Proof We use an induction on the length of the filtration L. If L is pure, it follows from P3.1. Assume that 
(i) Lk{C) = C, (ii) the claim holds for {Lk-i{C), L, N). We have the exact sequence in A4{A): 

{Lk-iC, L, N) {C, L, N) (Gr^ C,N)^0 
We obtain the exact sequence in M{A2): 

res^c {Lk-iC, L, N) ies% {C, L, N) ies% (Gr^ C,N)^0 
Because it is strict with respect to M(A/'(Ai); M(A2; i)), we obtain M(Ar(Ai); M(A2; L)) = M{N{Ai);L). I 
6.3.2 A category LA{A) 

We prepare a category LA{A) as follows. An object of LA{A) is a tuple (C/ G A \ I C A), with morphisms for 
/C JC A 

^\-WCi Cj I]0.-IA/lc, 

satisfying the compatibility conditions for / C J C if C A: 

fij°fjK = fiK, gKj°gji = gKi, gj,inj° finj,i = fjiuj°giuj,i- 

Such a tuple (C/; fu, gji) is often denoted by T. A morphism 7i — > 72 is a tuple of morphisms Fi : Cij — > 
C2,/ such that the following diagrams are commutative: 



Fi 



Fj 



Fi 



ElA/|,0(72_, C^ j E0'-IA^IC2,/ 

The category LA{A) is abelian, and equipped with naturally induced auto equivalences S^''. 

For any object T = {Ci, fu, gji), each C/ is equipped with a tuple of morphisms Ni : Cj — )• T~^Ci 
{i e A) given as follows: 

Ni = fiju{i} ° giu{z},i (i^I), Ni = gij\iO fj\i^j {i€l). 
The tuple is denoted by AT/. 

6.3.3 /S-decomposability cind strict support 

An object T € LA{A) is called 5-decomposable, if the following holds: 

• For J = / U {i}, we have Cj = Imgji ® Ker//j, i.e., (C/, Cj,gji, fu) is 5-decomposable. 
Let T e LA{A). We say that T has strict support /, if the following holds: 

• We have Cj = unless J D I. The morphisms gji (resp. fu) are epimorphism (resp. monomorphism) 
for any J D I. In particular, T is 5-decomposable. 

The following lemma is clear. 

Lemma 6.21 Let T = 7i ® 72 be an object in LA{A). Then, T is S -decomposable if and only ifTi {i = 1, 2) 
are S -decomposable. I 

Lemma 6.22 IfTiG LA{A) {i = 1, 2) have strict supports Ii with I\ ^ I2, then any morphism 71 — > T2 is 0. 
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Proof Let F : 7i — > 72 be a morphism. If Ii 75/2, we have C2,ii = and hence F/^ : Cij^ — >■ C2,/i is 0. If 
Ii ^ I2, we have the following: 

Cij, > Cij, = 

F, 

^ mono ^ 
^2,/i > ^2,1-2 

Hence, we have F/^ = 0. For any J D Ii, we have the commutative diagram: 





> L-l.J 


-■I 




C2.I1 


> L/2,J 



We obtain Fj = for any J D I, and hence F = 0. I 

Lemma 6.23 Let T G LA{A) be S -decomposable. Then, we have a unique decomposition T = 7/ such 

that each 7/ has strict support /. 

Proof The uniqueness follows from Lemma [6.221 As for the existence, we use an induction on |A|. If |A| — 0, 
the claim is clear. For any / C A and i E A \ I , let Ii := I U {i}. 

Let T G LA{A) be S'-decomposablc. Assume that we have Aq C A such that guj is epimorphism for any 
i G Aq and / C A \ {i}. If A = Aq, T has strict support 0. Let us consider the case A 7^ Aq. Fix j e A \ Aq. We 
put 

\lTngij\^ (jel), ■ 1 Ker/,\,-j (j e /). 

We obtain a decomposition Ci = C'j ® C" for any / C A, which induces a decomposition T = T' ® T" in 
LA{A). By Lemma [6.211 both T' and T" are S'-decomposable. We may apply the hypothesis of the induction 
to T". We have the surjectivity of gn.i for T' if « € Aq U {j} and i ^ I. Hence, we obtain a decomposition by 
strict supports by an easy induction. I 

6.3.4 A category iyl(Ai,A2) 

Let Ai {i = 1,2) be finite sets. We set L^(Ai,A2) := (iyl(Ai)) (A2), i.e., L^(Ai,A2) be the category of 
objects T in L^(Ai) with a commuting A2-tuple of morphisms Afj : T — > T~^T {j G A2). It is an abelian 
category equipped with naturally induced auto equivalences Y.P''^. An object {T,Af) £ LA{Ai, A2) is called 
S'-decomposable, if T is 5-decomposable. In the case. A/" preserves the decomposition in Lemma 16.231 

Let (T, A/") £ Ly^(Ai, A2). Each underlying C/ is equipped with the morphisms iV,; (i e Ai) and Afj {j £ A2). 

We set n\^'^ {N^\ie Ai) U (A^,- | j e A2). 

Remark 6.24 {T,Af) will often be denoted by T, if there is no risk of confusion. I 

6.3.5 Pure object in Ly^(Ai,A2) 

An object {T,Af) € L^(Ai, A2) is called pure of weight w, if the following holds: 

LPl {T,J\f) is S'-decomposable. 

LP2 Each (C/, TV^'^'^) is an object in 'P^(Ai U A2). 

Let P'u,L^(Ai, A2) C Ly^(Ai, A2) denote the full subcategory of pure objects of weight w. If A2 = 0, it is 
denoted by P^,Ly4^(Ai). 

Proposition 6.25 The family {PwLA{Ai, A2)} satisfies the conditions PO— P3 
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Proof The condition P2 for Pu,i^(Ai, A2) follows from that for ^^^(Ai U A2). The condition PI is clearly 
satisfied. Any injection A2 — >■ Ag clearly induces a functor P^LA{Ai, A2) — > Pu,L^(Ai, Aj). Let us show 
that Pu,L^(Ai, A2) is abelian and semisimple. The following lemma is clear. 

Lemma 6.26 Let% e Ly^(Ai,A2) {i = 1,2). Then, Ti^Ti e F^iy^(Ai, A2) if and only if% e P^iy^(Ai,A2) 
fori ^1,2. I 

We obtain the following lemma from Lemma [6.231 and Lemma [6.261 

Lemma 6.27 Let T G i-'u,L^(Ai, A2). We have the decomposition T — ®/cAi *^ Piu-^^(Ai, A2), where 
each 7/ has strict support I. It is uniquely determined. I 

Lemma 6.28 Let T,T' G Ptui^(Ai, A2). Assume that they have strict support I. Let F : T — > T' he a 
morphism in PtuLy^(Ai, A2). Then, we have Kcr P, Im P, Cok P G PwLA{Ai, K2), and they have strict support 
I. 

Proof Let Fi : Cj — >■ C'j {I C A) denote the underlying morphisms. Let I C J. We omit to denote the 
shift by S^''. The induced morphisms gjj : Im(_F'/) — > Im(Pj) and gjj : Cok(P/) — > Cok(Fj) are clearly 
epimorphisms. The induced morphisms fi.j : Im(Fj) — !• Im(P/) and fij : Cok(Fj) — !• Cok(F7) are clearly 
monomorphisms. Hence, we have only to show that (i) gjj : Ker(_F/) — > Ker(_F'j) is an epimorphism, (ii) 
: Cok(Pj) — > Cok(P7) is a monomorphism. We have only to consider the case J = lU {i}. 
Because the category Ptu(A) is semisimple, we can take a decomposition C/ — KerF/ ® C compatible 
with Nk (fc G A). Then, we have ImA^^ = (imiV, n KerF/) © (imA^, n C) = iV,(KerF/) © Ni{C). We have 
A''iKer(F/) C fij{KeT Fj) C ImiV^ n KerF/. Then, we obtain (i). The claim (ii) can be shown similarly. I 

Hence, the decomposition by strict support induces an equivalence of the categories: 

F^F^(Ai,A2)~ P^(/UA2) 

/CAi 

In particular, the category P^L^(Ai, A2) is abelian and semisimple, and we obtain that Pu,Fy^(Ai, A2) satisfies 
the condition PO. 

Let us consider the condition P3 for P^Ly4,(Ai, A2). Let {T,Af) G P„Ly4,(Ai, A2). The condition P3.1 
follows from that of objects in Pu)(Ai U A2). 

Let A2 — A2,o U A2,i be a decomposition. We have the induced object (Gr^^*-^^'^' T, ATaj p) in Ly^(Ai, A2,o)- 
To show that it is pure of weight vu + w' , we have only to consider the case in which A2,i consists of a unique 
element *, according to P3.1 for P^L^(Ai,A2). It satisfies LP2, due to the condition P3.2 for objects in 
Vy,{Ai U A2). To show LPl for (Gr*^^*) T, Na^ ^), we may assume that {T,Af ) has strict support /. Then, it 
follows from P3.3 for objects in Pu,(Ai U A2). 

Let • G A2. We obtain an object (lmAf,,J\f) in Fy^(Ai, A2). We shall show that the object (lmA/',,A/') is 
pure of weight w + 1. We have only to consider the case in which T has strict support I. It is clear that LPl 
is satisfied. The condition LP2 follows from P3.3 for Vw{Ai U A2). Let * G A2 \ •. Let us look at the induced 
morphisms: 

It is a tuple of the following morphisms: 

5.1,0 Q^Mi*) _^ 5.1,0 (j^M(*) _^ 5.0,-1 g^M(*) 

It is S'-decomposable by P3.3 for objects in Pu)(A). Hence, ([72]) is S'-decomposable. Thus, the proof of 
Proposition 16 . 251 is finished. I 
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6.3.6 Mixed object in LA{Ki,K2) 

A filtered object {T,Af,C) e LA{Ai,A2)^^ is called mixed, if the following holds: 
(LMl) Gr^(r,Ar) e P^LAiAi,A2). 

(LM2) Each {Ci , C, N^^^'^) is an object in M{Ai U A2) for / C Ai. 

Let MLA{Ai, A2) C y^(Ai,A2)^' denote the full subcategory of mixed objects. If A2 = 0, it is denoted by 
MLAiAi). 

Proposition 6.29 The family {MLA{Ai,A2)} satisfies the conditions M0-M3. 

Proof The condition Ml is clearly satisfied. Let F : {Ti,C,M) — > {T2,C,Af) be a morphism in ML^(Ai, A2). 
By the condition P2 for P^Ly^(Ai, A2), we have the strictness of F with respect to C. In particular, Keri^, 
Coki^ and Imi^ are naturally equipped with filtrations C, and we have natural isomorphisms Gr'^Keri^ ~ 
KerGr^ F, Gr^ ImF ~ ImGr^ F and Gr^ Coki^ ~ CokGr^ F. Hence, LMl holds for KerF, Coki^ and ImF 
by Proposition [6251 By the condition MO for A^(Ai U A2), the condition LM2 also holds for KerF, ImF and 
CokF. Hence, Afi^(Ai, A2) is abelian. Clearly, any injection A'2 — > A2 induces a functor ML^(Ai, Aj) — > 
MLA{Ai,A2). Hence, MO is satisfied for A/Fyi(Ai, A2). 

Let us consider M2. For {T,C,J\f) G AfL^(Ai,A2), the condition M2.1 is satisfied by definition. Let 
A2 = A2,o U A2,i be a decomposition. Each underlying C/ has £ :— A/ (A/'(A2,i), £((7/)) by the condition M2.2 
for objects in A^(AiLJ A2). It induces a filtration C of (T, A^Aa 0) -^-^(^1, A2,o), which is a relative monodromy 
filtration A/ (7V(A2,i),£) : 

The condition LM2 for res^^ ^ (T, £, A/") follows from M2.2 for objects in M{Ai U A2). By the canonical 
decomposition (Subsection 16 . 1 .2]) . we have an isomorphism 

Gr^(r,ArA,,J ~ Gr^Gr^(r,A/'A,J. 

Hence, LMl for lea^^^ ^_^{T, C,Af) follows from P3.2 for objects in i-'ii,i^(Ai, A2). Hence, we obtain that 
Tes^l^{T,C,Af) is an object in A/iyl(Ai, A2), i.e., M2 holds for i\/iyl(Ai, A2). 

Let us consider M3 for Ai^L^(Ai, A2). Let • e A2, and we put A2.0 := A2 \ •. We consider objects 
(r,£,A/'Aj e MLA{Ai,A2) and {T',C,Af'^^ J e A/Lyl(Ai, A2.0) with morphisms 

Si^"rest „(r,/:,A/'Aj (T^C^'m^J res^^ „ (T, £, ATaJ 

in Afi^(Ai, A2_o) such that vou =JV,. We have the filtration C{T') obtained as the transfer of £(T). We put 
Nj, := uov. Let us show that (T', C,J\f'^J is an object in A/iyt(Ai, A2). The condition LM2 for Afiy4,(Ai, A2) 
follows from M3 for objects in J\4{Ai U A2). By the construction of £{T'), we have the decomposition 

GrS(T') = 0ImGr^(w) ® KerGr^(«). 

Because £ = M{J^,,C), we have a natural isomorphism Gr^KerGr^(u) ~ KerGr^(i>). Hence, KerGr£(w) 
with the induced tuple of morphisms denoted by Gr^ (A/'as ) is isomorphic to a direct summand of 

G^^GT^iT',^^A,^„) ^ Gr£(r',A/'A..o) e P„L^(Ai,A2,o) C P„L^(Ai,A2) 

By PO for F„iy4,(Ai, A2), we obtain that (KcrGr^(w), Gr^(A/'A2,o)) ^ F«,£yt(Ai, A2). We have the natural 
isomorphism 

E^^" (Im Gr^ Af, , Gr^ ATa, ) ^ (im Gr^ u, Gr^ A^a^ ) • 

Hence, we obtain that (im Gr''" u, Gr^ATA,) is an object in P^iy^(Ai, A2) by P3.3 in ProDOsition l6.25l Hence, 
{T',C,J^A2) is an object in AfFyl(Ai, A2), and the condition M3 holds for AfFyt(Ai, A2). Thus, the proof of 
Proposition 16 . 291 is finished. I 
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6.3.7 Some functors 

Let K C Ai. We have the functors ipK,<t'K ■ LA{Ai, A2) — > LA{Ai \ iiT, A2 U K) given as follows. Let 
T G LA{Ai, A2). For / C Ai \iir, we set "0^(7")/ •= C/ a-^id (j>K{T)i Cjuk- For / C J, wc have the naturally 
induced morphisms 

with which they are objects in LA{Ai \ K). They are equipped with the naturally induced morphisms ATa^- 
Moreover, ipxiT) and tpK^T) are equipped with naturally induced morphisms Mr '■= {■Afi \ i € K). We set 
J^AiUK = A^Aa U A/'if. Hence, we obtain (T), ATAauic) and {'ipK{T),M a^uk) ■ They naturally induce the 
functors 

V'if , : L^(Ai, A2)"' LA{Ai \ K, A2 U Kf\ 

They naturally induce 

: MLAiAi,A2) MLA{Ai \ if, A2 U K), 4,kAk ■ P^L^CAi, A2) ^ P^,LA{Ai \ if, A2 U if). 

The induced functor rcs^^'^^ 0a' : A/Ly^(Ai, A2) — > MLA[Ai \ if, A2) is also denoted by (j)Kj if there is no 
risk of confusion. 

6.3.8 Gluing 

Fix an element • e Ai. Let us consider the category Glue(Ai, A2, •) given as follows. An object in Glue(Ai, A2, •) 
is a tuple {T',C,M') G Aiiyt(Ai \ •, A2 U •) and {T" ,C,M") G Aiiy^(Ai \ •, A2) with morphisms and V in 
MLA{Ai\*,A2), 

j:'-°res^f{r,C,Af') — ^ {T",C,Af") — ^ Ye4f* {T' , CM') 

such that Af, = V oU. A morphism in Glue(Ai, A2, •) is a tuple of F' : {Ti,C,M') — > (7^',/:, A/"') in 

MLA{Ai \ •,A2 U •) and F" : {TC ,C,M") — > {Ti' ,C,M") in MLA{Ai \ •,A2) such that the following 
diagram is commutative: 

Ei^ores^f (r/,/:,Ar') > {V',C,M") > ^'-^ i-e4f' (Tl, c,^^') 



F' 



F" 



F' 



^'■'^res^^l'"{TlC,Af') > {V,^M") > Y.^-^ resi^^' {TIL, M') 

For iT,C,Af) e Aii:yl(Ai, A2), we have T{T,C,J^) in Glue(Ai, A2, •) which is the tuple of the objects 

i^,{T,C,M) eMLyt(Ai\.,A2U.), res^f (/..(r,/:,A/') e Mi.y^(Ai\.,A2). 
with naturally induced morphisms lA and V: 

Si."res^^^>.(r,/:,Ar) re^^^' , C,M) SO-i res^^^>.(r, £, AT) 

Thus, we obtain a functor F : MLA{Ai,A2) — > Glue(Ai, A2, •). 
Corollary 6.30 The functor F is an equivalence. 

Proof Let {V,C,J\f'), {T",C,J\f"), U and V be as above. We have the C of {T",J\f") obtained as the 
transfer. By M3 in Proposition i^l {T",C,M") is an object in MLA{Ai \ •, A2 U •). We put C/ := C'j if 
• ^ 7 and C/ := C"^, if • e i. The tuple (C/ | i C Ai) with the induced morphisms naturally gives an object 
in L^(Ai, A2). Then, it is easy to check LMl— 2 for this object, and we obtain the essential surjectivity of F. 
It is obvious to see that F is faithful. It is full due to the functoriality of the transfer. I 
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6.3.9 Another description of MLA{Ki,K2) 

We shall introduce a category Af'Ly4^(Ai, A2). An object of M'L^(Ai,A2) is {T^A/a^) G LA{Ai,A2) with a 
tuple of nitrations L — (L/ | / C Ai) of the underlying objects C/ such that the following holds: 

• Each Ui = {Ci,Li,N^^^^^j) is an object in M^Ai U A2 \ /), where N^^^^^j = {N^ | j e Ai \ /) U ATa^. 

• gjj and // j give the following morphisms in Ai (Ai U A2 \ J) : 

A morphism {Ti,Mk^,L) — > {T2,AfA^,L) in M'L^(Ai,A2) is a morphism F : {Ti,Mk^) — > (T^.A/^Aa) in 
iy^(Ai, A2) such that each Fj : Cij — > C2.1 is compatible with the filtrations Lj. 

We have the functor <i>Ai,A2 : MLA{Ai, A2) — > M'Ly4,(Ai, A2) defined as follows. For {T,C, AfA^), we set 
L/(C/) := M(^N{I);C{Ci)y Then, {T.Ma^) with L = {Li\I d Ai) is an object in M'Ly^(Ai, A2), which is 
defined to be ^Ai^AsCT, £, A/'as)- 

Theorem 6.31 The above Junctors $Ai.A2 o'^e equivalent. 

Proof The claim is clear in the case |Ai| = 0. We use an induction on (|Ai| + IA2I, |Ai|). Take • G Ai. We 
assume that $Ai\»,A2u» a-nd <&Ai\»,A2 ^'^^ equivalent, and we will show that $Ai,A2 is equivalent. 

Let {T,Ma2,L) G MLyt'(Ai, A2). Each C/ is equipped with a filtration Z/ := M{J\f,, Li{Ci)). Thus, we 
obtain a functor res^^^, : M'iy^(Ai, A2) — > M'LA{Ai,A2 \ •) given by 

res^^^.(r,A'A2,i)-(r,ArA,\.,i) 

We also have the functor res^^^, : AfLyl(Ai, A2) — > MLyl(Ai, A2 \ •). 

Lemma 6.32 We have res^^^, °$Ai,A2 = *Ai,A2\» ° ^^^aa.- 

Proof We have M {n {!)■ M {U,; C)^ ^ m(M, + N{I);Cj ^ M (aT,; M (^N{I); Then, we obtain the 

claim of the lemma. I 

Let Glue'(Ai, A2, •) be the category given as follows. An object of Glue'(Ai, A2, •) is a tuple of 

{T',Af',L) e M'LA{Ai\,,A2U,), {T",Af",L) e M'LA{Ai\;A2) (73) 

with morphisms in M'LA{Ai \ •, A2) 

i:^'°resif'{r,Af',L) {T",Af",L) — ^ res;^^^*(r', AT', i) (74) 

such that V oU = M,. Morphisms in Glue'(Ai, A2, •) are naturally defined. 

By Lemma r6.32[ we have a naturally defined functor $0 '■ Glue(Ai, A2, •) — > Glue'(Ai, A2, •). 

Lemma 6.33 $0 • Glue(Ai, A2, •) — !• Glue'(Ai, A2, •) is equivalent. 

Proof It is easy to observe that the functor $0 is fully faithful. Let us show the essential surjectivity. Take 
an object in Glue'(Ai, A2, •), i.e., a tuple as in ([75)1 with morphisms as in ([71)1 . By using the hypothesis of the 
induction, we obtain the following: 

• Filtration C of {T,M) such that {T,C,Af) G AfLyl(Ai \ •, A2 U •) and $Ai\.,A2u.(7', £, A/") = {T,Af,L). 

• Filtrations £ of {V,J\f') such that {V ,C,Af') G MLy^(Ai \ ., A2) and $aa.,A2 (T', £, A/") = {V,J\f\L). 
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• Let ATa^ := [N, \j € A2). Filtrations C of [T,Mk^) such that {T,£,AfA^) € MLA{Ai \ •,A2) and 
(T, Mk, ) = resif" (T, Af, L) . 

Because ^AxM\» equivalent, we obtain that res^^'^*(T', A/") — {T , k^), and that U and V give mor- 
phisms in MLA{h-i\»^ A2). Hence, (T, C,Af), (T',iC, A/*') with (Z^, V) naturally gives an object in Glue(Ai, A2), 
and we can deduce that $0 is essentially surjective. I 

We prepare some functors. We have the naturally induced functors 

(/), : M'LA{Ai,A2) — ^ M'LA{Ai\»,A2), ^, : M'L^(Ai,A2) Af'Lyl(Ai \ ., A2 U .). 

For (T, C,Af) e M'L^(Ai, A2), we have naturally induced morphisms U : S]i^°V(T) — > 0(T) and V : (t>{T) — > 
Y,^'~^ip{T), induced by gij\, and fi\tj. They give morphisms in M'LA{Ai \ •, A2): 

^^■°ves^f'Mr,Af,L) > MT,Ar,L) > E^-i res^f V.(r, AT, L) 

Hence, we obtain a functor r' : A/'L^(A,A2) — > Glue'(Ai, A2, •). Because F'o $a.i.A2 = $0 ° F by construction, 
we have only to show that F' is an equivalence. But, it is clear by construction. Thus, the proof of Theorem 
I6.31l is finished. I 

For any K C Ai, we have naturally defined functor ipx ■ M'Ly4^(Ai, A2) — > M'LA{Ai \ X, A2 U K), and 
the following is commutative: 



MLA{Ai,A2) > MLA{Ai\K,A2U K) 



(75) 



M'L^(Ai,A2) — ^ M'LA{Ai\K,A2UK) 



6.3.10 Commutativity of the transfer 

Let V ^ iC,L,N) e M{2), where 2 := {1,2}. We obtain the following object T V[\l * 2] in M'LA{2)- We 
put 

{%,L^) iCL), (ri,Li) :-Si'"(C,A/(A^i;L)), 
(r2, L2) := (C, M{N2;L)), {T2, %) S''"' {C, A/(iVi + N2; L)) . 

The morphisms fu and gji are given as follows: 

Ei-O(r0,M(iVi;i(,)) (ri,Li) S"'-i(r0,M(A^i;i0)) 

S]i'O(r0,M(iV2;L0)) (r2,L2) — ^ I]O'-i(r0,M(iV2;i0)) 

Si'0(ri,Af(iV2;ii)) {T2,L2) — ^ E0'-i(ri,Af(iV2;ii)) 

Si'0(r2,Af(iVi;L2)) — ^ (r2,L2) TP^-\T2,M{N,-L2)) 



By Theorem 16.311 we obtain the filtration C of T = V"[!l * 2] such that {T,C) G MLA{2). It is easy to check 
the following: 

C^{V)^L, CiiJ:^'°V) ^ NvL, C2{TP--^V) ^ N2*L, C2{^^^-^V) ^ N2*Nv.L ^ NvM.L 
In particular, we obtain the following: 

Lemma 6.34 N2*Nv.L = Nv.N2*L. I 

Similarly, we obtain the following lemma. 
Lemma 6.35 iV2^iVuL Ni^N2*L for ★=*,!. I 
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Let A be a finite set. 



Proposition 6.36 Let {V,L,N) be an object in A^(A). Let i,j E A be distinct elements. Let -ki^-kj e {*,!}• 
Then, we have Ni^^{Nj^^L) = Nj^^{N,^^L). 

Proof Let Ai := A \ {i,j} and A2 := {i,j}. We set A A{A.i), P^(A') P^(Ai U A') and M{A') = 
Ai{Ai U A'). Then, they satisfy the conditions in Subsection 16.3.11 Then, the claim follows from Lemma [6.341 
and Lemma 16.351 I 

Let (C, L, TV) be an object in A^(A). Let J C A. We define a filtration Nj^L of S^'^I-^IC inductively, as 
follows. Take j e J, put Jq := J\ {j}, and define Nj^L := Nj^N j^^L. By Proposition 16. 36[ it is independent 
of the choice of j. Similarly, we define N j\L of T^'^^'^C. We obtain Nj^,L and N j\L on C. 

For Ji C A {j — 1, 2) with J2 = 0, we obtain a filtration N j^\N j^^,L — Nj.^^,Nj^\L on C. 

6.3.11 Canonical prolongations 

Let V ~ {C,L,N) be an object in A4{A). Let Ai U A2 = A be a decomposition. We obtain an object 
r = V[*KilK2] G MLA{A) given as follows. For / C A, we set Ij ~ In Aj, and Ti := Sl^=^l'-l^ilC. It is 
equipped with a filtration TV/jiAT/^^L. For / U {i} C A, morphisms guj and fui are given as follows: 



id {i e A2) , ( N, {i e A 



9li,I { AT. U ^ \ /- 



N, («e Ai) ■ 1 id («e A 



7 Mixed twistor D-module 

We shall introduce mixed twistor Z?- module (Definition l7.22l) . It is not formally parallel to that for mixed Hodge 
module in |50j . It is partially because we are concerned with only graded polarizable objects. Since we shall 
show that a mixed twistor I?-module is expressed as the gluing of some admissible variation of mixed twistor 
structures (Subsections 110.31 and 111 . l| ) . it can be regarded as a twistor version of mixed Hodge module. 

7.1 Admissibly specializable pre-mixed twistor D-module 
7.1.1 Pre-mixed twistor Z?- module 

Let MT(X, w) denote the category of polarizable pure twistor £>-module on X. (We omit the adjective "wild".) 
A filtered T^-jf-triple (T, W) is called a pre-mixed twistor D-module, if GrJ^(T) G MT(A", w) for each w. Let 
MTW(X) denote the full subcategory of pre-mixed twistor _D-modules in the category of filtered 7?.-triples. It 
is equipped with auto equivalences SP''?(T, W) = (T, W) ® (l4{—p,q),yv). Recall the following lemma in [IS] 
(and [5B]). 

Lemma 7.1 The category MTW(Ar) is abelian. Any morphism f : (7i, W) — > (72, W) is strict with respect 
to the weight filtration. I 

Let F : X — s- y be a projective morphism. Let (T, W) e MTW{X). The 7^-triple F^T is equipped with 
an induced filtration W, i.e., WkiF^T) are the image of F^{'yVk-iT) — > Fi^{T). The following lemma can be 
found in [SD] essentially. 

Lemma 7.2 (F^T^W) G MTW(Y). 

Proof If r e MT{X, w), we have aheady known that F^T G MT(r, w + i) (gS], gS], [5B]). According to gS], 
we have a spectral sequence 

E~'''+' = F^ Gvf'iT) =^ F^T. 

Because F^ Gif {T) G MT(y,w + i + j), we have £'~'^*+^ e MT(r, w + i + j), and the spectral sequence 
degenerates. I 
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Some abelian categories Let MTW(X, •) denote the category of (T, W) € MTW{X) with a morphism 
: (T, yV) — > (T, W) ^T{—1). Morphisms are naturally defined. It is clearly an abelian category. For w G Z, 
let MTN(X, ?«) C MTW(X, •) be the full subcategory of objects (T, W, N) such that W = M{N)[-w]. 

Lemma 7.3 The category MTN(X, is abelian. Let {Ti,yV , N) be objects in yiTN{X,Wi) with wi > W2, and 
let F : (Ti, W, N) — ^ (7^, W, N) be a morphism m MTW(X, •). Then, F = 0. 

Proof It is easy to deduce the first claim from Lemma 17.11 As for the second claim, because the induced 
morphism Gr^(F) is 0, we obtain = by Lemma [7. II I 

Let MTW(X,«)i''^'' C MTW(X,«)*^i be the full subcategory of the objects {T,W,L,N) such that 

Gr^(r,W,iV) e MTN(X,«;). 

We obtain the following lemma from Lemma [7.31 

Lemma 7.4 The category MTW(X, •)^^^^ is abelian. Any morphism (Ti, W,L,iV) — > {T2,yV,L,N) is strict 
with respect to L. I 

7.1.2 Admissible specializability for pre-mixed twistor ZJ-module 

For a given holomorphic function g, let MTW'P(X,g) C MTW{X) denote the fuU subcategory of {T,L) e 
MTW(A') which are admissibly specializable along g. We obtain the following lemma from Proposition l6.8l 

Lemma 7.5 Let {T,L) G MTW(X). We have {T,L) e MTW^{X,g), if only if the underlying U-modules are 
filtered strictly specializable, and satisfy the conditions (PI -2) in Definition \4:.27[ I 

For {T,L) G MTW^^{X,g), we have the filtrations of V'ff,a,«(T) and 4>g{T) naively induced by L. They are 
also denoted by L. Let W denote the filtrations of V's,o,m(T) and (f>g{T) obtained as the relative monodromy 
filtration of J\f with respect to L. 

Lemma 7.6 {^g^„^uiT),W, L,Af) and {(t>g{T),W, L,Af) are objects m MTW {X , m)^^^^ . 

Proof We have only to show that {tpg,a,u{T), W) and (0g(T), W) are objects in MTW(Ar), which follows from 
the canonical splitting Gr'^ ~ Gr'^ Gr^. I 

Proposition 7.7 MTW^P(A,g) is abelian. 

Proof Let {%,L) e MTW'^{X,g) (i = 1,2). Let / : {Ti,L) — > {T2,L) be a morphism in MTW(A'). We 
have (Ker(/),L), (Im(/),L) and (Cok(/),i) in MTW(Ar). Let us show that they are admissibly specializable 
along g. We have the induced morphism of filtered 7?.-triples {'ipg,a,u{LjTi), L) — > (^iljg^a,u{LjT2) , L) , which is 
compatible with J\f. Hence, we obtain a morphism [ipg,a.u{LjTi),W) — > {ilJg,a.u{LjT2),W^ in MTW(A). In 
particular, the cokernel of il^g,a.u{Ljf) is strict. Similarly, the cokernel of (f>g{Ljf) is strict. Hence, LjKer(/), 
Ljlm(/) and ij Cok(/) are strictly specializable along g. Because ipg^a,u{LjKeT f) — > ?Ag,a,i,(Ker /) is a 
morphism in MTW(Ar), the cokernel is strict. Similar for (pg. Therefore, we obtain that (Ker(/),L) is filtered 
strictly specializable along g. Similarly, (Im(/),i) and (Cok(/),L) are filtered strictly specializable along g. 

By Lemma l7.41 we obtain that ipg^a,u{f) are strict with respect to L, and we obtain that the weight filtrations 
of '!/'g,a,«(Ker /), %l)g^a,u{Cok. f ) and '0g_a^„ (Im/) give the relative monodromy filtrations of A/" with respect to 
the naively induced filtrations L. Similar for (f)g. Hence, (Ker(/),i), (Cok(/),i) and (Im(/),i) are admissibly 
specializable along g. I 

Let (r,L) G MTW"P(X,g). Recall Proposition SSOl We have the following object in Glu(MTW(X), 
which is filtered S'-decomposable: 

(si^Vg,_,(r),L) (0f (r),L) (E"-Vg,-,(r),i) 

We also have the object in Glu(MTW(A)«i, S): 

We remark that L(f)f'\T) is obtained as the transfer of Lipg^^siT). 
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7.1.3 Admissible specializability and push- forward 

Let F : X — > y be a projective morphism. Let gy be a holomorphic function on Y . We put gx '■— F~^{gY)- 
Let (r,£) e MT^PiX^gx). 

Lemma 7.8 We have F*{T,L) e MTW"P(y, .gy). 

Proof Let W denote tlie relative monodromy filtration ^Jgx,a,u{T) and (j)gx{T)- We have (V'sx,a,ti(T), M^) G 

MTW(X) and {(t)gAT),W) G MTW(X). They induce filtrations of (vJg^,„,„(r)) and {(jjg^iT)) , which 

are also denoted by W^. We have {F^'{^gxMAT)),W) S MTW(y) and (F^' {(j^g^iT)) ,W) S MTW(y). In 
particular, they are strict. Hence, we obtain that Fif{T) is strictly specializable along g with ramified exponential 

twist, and we have ipgy ,a,uF'T — F'lpg^ ^a.uT and ipg^F'T — F'cpg^T- Because the complex 

F;^gx,a,u{LkT) F;^g,.,AL,T) F;^3,,„,„(i,r/ifer) 

is exact, we obtain that F'{T) is filtered strictly specializable. 

The morphism {ipg^a,uLjF^ (T), W) — > {'4)g,a,u Grj' F^{T),W) is a morphism in MTW(r), and hence it is 
strict with respect to W. Recall that the filtration W on -0g „ „ Gr^ F*(T) is equal to M{N)[j]. Hence, the 
filtration W on 4'g,a.uF' [T) is equal to the relative monodromy filtration. Similarly {ipgF*{T, L), N) has a 
relative monodromy filtration. Therefore, F*{'T,L) is admissibly specializable. I 

7.1.4 Gluing along a coordinate function 

Let t be a coordinate function. Let (T, L) G MTW"P(X,i). We have {i^t-s(T),W,L,Af) in MTW(X, 
Let (Q, W) G MTW(X) with morphisms 

^'■^°{i^t.-siT),W) — ^ {Q,W) — ^ S0'-i(V^t.-5(r),W^) 

such that (i) — V o u, (ii) Supp Q C {t — 0}. We obtain an 72.x-triple T' Glue(T, Q, m, v), as explained in 
Subsection l4.2.4l Let us observe that it is naturally equipped with a filtration L such that (T', L) G MTW(X). 
Recall that "ipt.-siT) is equipped with the naively induced filtration L. Wc obtain a filtration of Q obtained as 
the transfer of Lipt,-s{T) with respect to {u, v), which is also denoted by L. Note that S(°)(T) has the naively 
induced filtration L, and the natural morphisms (Tpt^\T),L) — > (pf\T),L) — > (tP[^\T),L) are strict with 
respect to L. Then, we obtain a filtered 7?,-triple (T', L) as the cohomology of the following complex: 

{4'\t),l) > (s(")(r),i)®(Q,L) > {4"\r),L) 

By construction, Gr^(T') are strictly S'-decomposable along t. The components whose support is contained in 
{t — 0} are isomorphic to direct summands of Gr^(Q). The components whose support is not contained in 
{t ~ 0} are isomorphic to direct summands of Gr|^(T). Hence, they are objects in MT{X,w), i.e., {T',L) G 
MTW(X). Moreover, by construction, it is easy to observe that (T',i) G WlW^{X,t). 

In particular, (T, L) is reconstructed as the cohomology of the following complex in filtered 7?,-triples: 

{A'\T),L) > (0(o)(r),L)®(s(o)(r),i) > {A°Kr),L) (76) 

7.1.5 Localization 

The case of coordinate function Let t be a coordinate function. Let {T,L) G MTW(X, t)''P. We apply 
the gluing construction in Subsection 17. 1 .41 to some special cases. We obtain a filtered 7?.-triple {T[lt],L) as the 
cohomology of the following: 

(^(i)(r),i) > (s(")(r),L)®(^(i)(r),7v,L) > {A'Kr),L) 
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We obtain a filtered 7?.-triple {T[*t] , L) as the cohomology of the following complex: 

{4,<^^Ht),l) > (s(o)(r),L)® (V'(°Hr),iv,L) > {^(°\t).l) 

By LemmaEH we have (T, L)[*t] := (T^, Z) G MTW{X, typ for 

Lemma 7.9 We have natural morphisms (T,L)[H] — > {T,L) — > {T,L)[kt] in MTW(X,i)^P. 
Proof We have the following: 

(V,(i)(r),Z) (^«(r),Z) > {^^'Kr)X) 



-[ 

-I 

Hence, we have the following: 

{^^'\T),L) - 

-\ 

-I 



1 

(*'»'(T),t) - 

1 

(v/"'(r),L) - 



(^(o)(r),L) 



(^(o)(r),i:) 
(v^(o)(r),L) 



— > (7^(o)(r),A^.i) 

Then, we obtain the claim of Lemma 17.91 I 
We have the following characterization. 

Lemma 7.10 Let * ^ * or !. Let {T,L) e MTW'P(X,t). Assume that T[*t] = T as an Ux-triple. Then, we 
have {T,L) ~ (r,i)[*t] m MTW(X). 

Proof Let us consider the case 7k- =!. The other case can be argued similarly. By the assumption, we have 
iji^\T) ~ (/-("^T) as 7e-triples. Hence, {i}[^\T),W) — > {(t)f\T),W) is an isomorphism in MTW(X). We 

obtain that the naively induced filtration of (j}i\T) is the same as N\L under the isomorphism. Recall that 
{T,L) is reconstructed as the cohomology of (|76)) . Hence, we obtain that {T,L) ~ {T,L)[\t]. I 

Similarly, we obtain the following lemma. 

Lemma 7.11 Let -k = * or \. Let {Ti,L) £ MTW^P{X,t) [i — 1,2). We have natural bijective correspon- 
dence between morphisms (7i,L)(*t) — > {T2, L){H) as filteredTZxi'^t) -triples, and morphisms (7i,L)[*t] — 
(7^,L)[*i] as MTW(X). 

Proof Let F : {7i, L){*t) — > {T2,L){*t) be a morphism. It naturally induces a morphism {^t-s{Ti), L^ — > 
{'tpt-s{T2),L). It gives a morphism {ijt-siTi),W) — > (V"* -d(7^), VF) in MTW(X). By the assumption, 
we obtain {(j)t{Ti),W) — > ((/)t(72), VF) in MTW(X). Because the naively induced filtrations L on (f>t{Ti) are 
obtained as the transfer of L of ^Jt,-s{Ti), we obtain (0i(7i),i) — > [(f>t{T2), L) . Hence, F is compatible with 
L, i.e., we have F : {Ti,L) — > (72, i). I 

Corollary 7.12 Let {%,L) e MTW''P(X,i) (i = 1,2). We have natural bijections: 

HomMTW(x)((Ti,-/-)M, (r2,L)H]) ~ HomMTW(x)((7'i,i), {T2,L)[H]) 

HomMTW(x)((ri,L)[!i], (r2,L)[!i]) ~HomMTW(x)((ri,i)[!t], (r2,L)) 
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General case Let g be a holomorphic function. Let tg : X — > X x Ct be the graph of g. We obtain 
bg^ (T, L) [kt] in MTW(X x C*, tf^ . It is not clear if there exists a filtered 7^x-triple (T', Z) such that ig| (T', Z) = 
bg^{T,L)[-kt\. If it exists, it is uniquely determined up to canonical isomorphisms, and denoted by {T,L)[-kg\. 
We obtain the following from Lemma [Y. 11 1 

Lemma 7.13 Let -k ^ * or \. Let {%,L) e MTW'P(X,g) {i = 1,2) such that Ti[kg] ^ %. We have a 
natural bijective correspondence between morphisms (7i, L){*g) — >■ {72, L){*g) as filtered TZx{*g) -triples, and 
morphisms {Ti,L) — > (72, as MTW(X). In particular, if moreover 7i{*g) — T2{*g), the isomorphism is 
extended toTi —Ti- I 

Lemma 7.14 Let {T,L) e MTW{X). If{T,L)[kg] (* = *, !) exists, we have {T,L)[kg] e MTW'P(X,g). We 
have natural morphisms 

(r,i)[!g]— >(r,i)^(r,i)Kg] 

m MTW'P(X,g). I 
We also have the following. 

Corollary 7.15 Let {%,L) £ MTW'P(X,g) (i = 1,2). Assume that there exist {%,L)[*g] for i = 1,2 and 
-k = *, !. We have natural bijections: 

HomMTW(x)((7'i,L)[*g], {T2,L)[*g]) ~ HomMTW(x) ((71, i), {T2,L)[*g]) 

HomMTW(x)((7'i,L)[!5], (T2,£)[!g]) ~ HomMTW(x) ((71, i)[!g], (7^,i)) 



7.1.6 Integrable case 

An integrable pure twistor _D-module of weight w is an integrable 7?,-triple T such that (i) it is a pure twistor 
D-module of weight w, (ii) it has a polarization, which is integrable as a morphism T — > T* (EiT{—w). A 
morphism of integrable pure twistor D- module of weight w is defined to be an integrable morphism for integrable 
7?,-triples. Let MT'"'(X, w) denote the category of integrable pure twistor I?-module of weight w. 

An integrable filtered T^x-triple {T,L) is called an integrable pre-mixed twistor D-module, if Gr^(T) G 
MT'"'(X, w) for each w. A morphism is defined to be an integrable morphism of filtered 7?.-triples. Let 
MTW'"*(X) denote the category of integrable pre-mixed twistor Z?- modules. The following lemma is easy to 
see. 

Lemma 7.16 The category MT'"*(X) is abelian and semisimple, and MTW'"*(X) is an abelian category. 

Proof The first claim can be shown as in the non-integrable case. The second claim immediately follows from 
the first one. I 

The following lemma is an analogue of Lemma 17.21 

Lemma 7.17 Let F : X — > Y be a projective morphism. For T G MT™*(X, w), we have F^T G MT'"*(r, w + 
i). For (r, W) e MTW'"*(X), we have {F^T, W) G MTW'"*(y). I 

For a given holomorphic function g, let MTW'"* (X, g) C MTW'"*(X) denote the full subcategory of 
iT,L) e MTW'"*(X) which are admissibly speciahzable along g. As in Proposition O MTW'"*"P(X, g) is an 
abelian category. We remark that the naively induced filtrations on ipg,a,u{T) and 4>g{T) are integrable. The 
induced nilpotent morphisms are integrable. Hence, the relative monodromy filtrations are also integrable. 

Let t be a coordinate function. Let {T,L) e MTW'''*"P(A:, i). We have {^t,-s{T),W) in MTW'"*(X) with 

the naively induced filtration L and the integrable morphism A/" : [^t,-s{T), W) — !• {i^t-s{T), W) ® T(— 1). 
We have W = M{Af; L). Let {Q,W) & MTW'"*(X) with integrable morphisms 

Si'0(V^t._,(r),M^) — ^ {Q,W) S"-i(^t,-5(T),W^) 
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such that {i) N' — V o u, (ii) Supp Q C {t = 0}. As explained in Subsection 17.1.41 we have constructed 
Glue(T, Q,u,v) with the weight filtration L in MTW^^{X,g). Note that the naively induced filtrations L of 
ip^^^T) and its transfer L to Q are integrable. The naively induced filtration L of E^''^{T) is also integrable. 
Hence, we have {G\ne{T,Q,u,v),L) £ MTW'"*(X). In particular, we have the following. 

Lemma 7.18 For {T,L) e MTW'"*(X), we naturally have {T,L)[*t] e MTW™*(X), and the morphisms 
[T, L)[lt]^ [T, L) [T, L) [*t] m MTW'"* {X). I 

Let 5 be a holomorphic function on X. The following lemma is an analogue of Lemma [7331 

Lemma 7.19 Lef*=*or!. Lef (7^, i) e MTW"*"P(X, .g) (i==l,2) such that Ti[*g] = %. We have a natural 
bijective correspondence between morphisms {Ti, L){*g) — > (Ti, L){*g) as filtered integrable TZx{*g) -triples, and 
morphisms {7i,L) — > {72, L) as MTW'"'(X). In particular, if moreover Ti{*g) — T2{*g), the isomorphism is 
extended to 7i — T2 ■ I 

The following lemma is an analogue of Lemma 17.141 

Lemma 7.20 Let {T,L) e MTW"''(X). If {T,L)[*g] (* = *,!) exists in MTW'"*(X), we have {T,L)[*g] e 
MTW'"* {X, g) . We have natural morphisms (T, L) [\g] — > [T , L) — > (T, L) [★g] in MTW'"* (X, 5) . I 

The following is an analogue of Corollarv l7.15l 

Lemma 7.21 Let {Ti,L) e MTW'"*''P(X, g) {i = 1,2). Assume that there exist {%,L)[kg] for i = 1,2 and 
-k = *, !. We have natural bijections: 

HomMTW-'(-f)(('^i'-^)N]> iT2,L)[*g]) ~ EoinMTW'"Hx){{Ti, L), {T2,L)[*g]) 

RomMTW"''{X){{Ti, L)[\g], {T2,L)[lg]) ~ HomMTW»'(-Y) (C^i' i72,L)) 

I 

7.2 Mixed twistor D-module 

7.2.1 Definition 

We define mixed twistor £>- module by using an Noetherian induction on the support. 

Definition 7.22 Let (T, L) be an admissibly specializable pre-mixed twistor D -module. It is called mixed twistor 
D-module at P, if the following holds. 

• Let Xp be a neighbourhood of P in X . Let g be a holomorphic function on X p such that SwppT g^^{0). 
Then, (■(/^g,a,«(T), Af(7V; L)) fa e C[t~^],u e RxC) and {(j)g{T), M{N; L)) are mixed at P. 

If {T, L) is mixed twistor D-module at any P £ X , it is called mixed twistor D-module. I 

Remark 7.23 In this paper, we consider only graded polarizable mixed objects. I 

7.2.2 Some basic property 

Let MTM{X) C MTW(X) denote the full subcategory of mixed twistor D-modules on X. 
Proposition 7.24 MTM{X) is abelian. 

Proof Let Map* (Z>o, Z>o) be the set of maps p : Z>o — !• Z>o such that p{n) = except for finitely many 
n. We use the order on Map*(Z>o, Z>o) given by pi < p2 if and only if pi{io) < P2{io) for io = maxji | pi{i) 7^ 
P2i^)}. 

Let P £ X. Let Xp be a small neighbourhood of P. For a closed analytic subset F C Xp, let p(F, i) be the 
number of the i-dimensional irreducible components. We obtain p(F) £ Map*(Z>o, Z>o). Let MTMr(^p) C 
MTM(Xp) denote the full subcategory of mixed twistor Z?-module {T,L) whose supports are contained in F. 
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Let F : {Ti,L) — > (7^,L) be a morphism in MTMr(Xp). We have KerF, ImF and Cok(F) in MTW(Xp). 
They are admissibly specializable. Let 17 be a holomorphic function on Xp such that Supp(T) ^ g~'^{0). We 
have the induced morphism V'g,a.«(-F') '■ 4'g,a,uiTi) — > '4'g.a,u{T2) in MTMpng-i(-o)(X). By the hypothesis of 
the induction, we have Kei ipg^a,u{F), Im V'g,a,«(-P) and Cok V'g,a.«(-F') in MTMrng-i(o)(^)- We have a natural 
isomorphism Kei^g^aA^) - V's,a,«(Ker F) in MTW(X), and hence vJg,a,„(Ker F) £ MTM{X). Similarly, we 
can show that 0g(KerF) e MTM{X). Hence, we obtain that (KerF, L) G MTM(X). Similarly, we obtain 
(ImF, L) e MTM{X) and (CokF, L) e MTM{X). I 

Proposition 7.25 For {T,L) e MTM{X), {T,L)* and j*{T,L) are mixed twistor D -modules. 

Proof We have only to use a Noetherian induction. Note the compatibility of Hermitian adjoint and Beilinson's 
formalism. I 

Proposition 7.26 Let F : X — > Y he a projective morphism. For {T,L) e MTM{X), we have F^{T,L) e 
MTM(y). 

Proof By Lemma [7.81 F^{T,L) is admissibly specializable. Let P eY. Let gy be a holomorphic function on 
y, such that SuppF^^r ^ 5y^(0). We put gx F-^igy). Let {T,L) e MTM{X). By applying the hypothesis 
of the induction to ipgx ,a.u{T, L) and 4>g^(T , L), we obtain that 4'gY,a,uF^{T, L) and (f)gYF^{T, L) are objects 
in MTM(r). Hence, we obtain F^{T, L) e MTM(r). I 

Let (. : F C X be a closed immersion. Let MTMy(X) C WIM{X) be the full subcategory of (T,F) e 
MTM(X) such that SuppT C Y. We obtain a functor if : MTM(r) — > MTMy(X). 

Proposition 7.27 The functor t| : MTM(y) — > MTMy(X) is an equivalence. 

Proof We may assume that X = A" and Y = {zi = 0}. We use a Noetherian induction on the support. 
Let {T,L) G MTMy(X). Because {T,L) is filtered strictly specializable along zi, we have a filtered TJ-y-triple 
(To, L) such that (T, L) = t|(7o, L). By Lemma [4. 301 (To, L) is admissibly specializable. Let 5 be a holomorphic 
function on Y such that SuppTo (^t g~^{0). We extend 5 to a holomorphic function on X by the pull back via 
the projection X — > Y. Then, we have 

'-tV'g,a,«(T, L) ~ 1pg,a,ul'^{T, L), t'^(f>g{T, L) ~ (t)gLj{T, L). 

By definition, il)g^a,ui'\ij' , L) and (j)gL^{T, L) are objects in MTM(X). Hence, by the hypothesis of the induction, 
tpg,a,u{T,L) and (j)g{T,L) are objects in MTM(F). Thus, we are done. I 

Remark 7.28 The forgetful functor Sdr from MTM(X) to the category of holonomic D-modules is faithful. 
Indeed, let F : (7i,F) — > {T2,L) be a morphism in MTM(X) such that S|£)p(F) = 0. By a result in the pure 
case, we obtain Gr^(F) = 0. By the strictness, we obtain F = 0. I 



7.2.3 Integrable case 

An integrable pre-mixed twistor _D-module is called integrable mixed twistor D-module, if the underlying 
pre-mixed twistor F»-module is a mixed twistor D-module. Let MTM'"'(X) C MTW"*(X) denote the fuU 
subcategory of integrable mixed twistor _D-modules. The following proposition can be shown by a Noetherian 
induction as in the case of Proposition 17.241 

Proposition 7.29 MTM'"'(X) is abelian. I 

We mention some basic property. 
Proposition 7.30 Let {T,L) e MTM'"*(X). 

• For any open subset U C X , a holomorphic function g on U , {il'g,a,u{'T), M{J\f; F)) and (^(f)g{T), M{J\f; L)) 
are also objects in MTM'"*(X). 
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• [T,L)* and j*{r,L) are objects m MTM'"'(X). 



• For a projective morphism F : X 



Y, we have F^{T,L) e MTM'"*(r). 



I 



Let i : r C X be a closed immersion. Let MTM^*(X) C MTM'"*(X) be the full subcategory of {T,L) e 
MTM'"*(X) such that SuppT C Y. We obtain a functor Lf : MTM'"'(r) — > MTM^^{X). 



8 Infinitesimal mixed twistor module 

It is basic to study a mixed twistor _D-module with normal crossing singularity. In this section, we shall study 
its infinitesimal version, which is infinitesimal mixed twistor structure. In the Hodge case, it was done in |22j . 
Our main purpose in this subsection is to explain the twistor version of the statements in |22' . 

8 . 1 Preliminary 

8.1.1 Mixed tvifistor structure 

Let X be a complex manifold. Let (T, W) be a filtered object in the category of smooth 7?.x-triples, i.e., is a 
finite complete exhaustive increasing filtration indexed by Z. It is called a variation of mixed twistor structure 
on X, (or simply a mixed twistor structure on X,) if each Gr^(T) is a polarizable pure twistor D-module of 
weight w. It is called pure of weight w, if Gr^ = unless m — w. The category of polarizable pure twistor 
structure on X is denoted by PTS(X, w). It is abelian and semisimple. For Ti G PTS(X, Wi) with wi > W2, any 
morphism 7i — > T2 in the category of 7?.-triples is 0. The category of mixed twistor structure on X is denoted 
by MTS(X). It is an abehan category. For any morphism F : {Ti,W) — > {T2,W) in MTS(X), F is strictly 
compatible with the filtration W. 

Remark 8.1 It might be more appropriate that the above object is called graded polarizable variation of mixed 
twistor structure. We omit to distinguish it, because we consider only graded polarizable ones. I 

The category MTS(X) is naturally equipped with tensor product and inner homomorphism. It is also 
equipped with additive auto equivalences S^''^ given by the tensor product of U{-~p,q). 

Remark 8.2 A mixed twistor structure (T, W) is often denoted just by T, if there is no risk of confusion. 
For a filtration L of a mixed twistor structure T in MTS(X), S^'''?(T, L) and (l]^'^(T), i) are also denoted by 
{T,L) (i)U{—p,q) and (T <^ U{—p, q), L), respectively. If p = q, they are also denoted by {T^L) ®T{q) and 



Lemma 8.3 Let (T, i) be a mixed twistor D-module on X. Assume that the underlying D-module is a flat 
bundle. Then, (T, L) comes from a variation of mixed twistor structure. 

Proof We may assume X — A". Let T = {Mi,M.2,C). The 7?.x-niodules M.i are smooth. By using a flat 
frame, we can check that the pairing takes values in the sheaf of continuous functions on S x X which are 
C°° in the X-direction. By successive use of ipz^^-s, we obtain that its restriction to 5' x {P} can be extended 
to holomorphic function on C^. Hence, we obtain a pairing of A^i|cjxJf ^nd cr*A^2|c*xx valued in the sheaf 
of C°°-functions on x X which are holomorphic in the C^-direction. Hence (T, L) comes from a smooth 
7?.-triple. Because the w-th graded piece corresponds to the pure twistor £)-module of weight w, we obtain that 
(T, L) comes from a variation of mixed twistor structure. I 

8.1.2 Reduction 

We shall use the following lemma implicitly. 



Lemma 8.4 Let {T,W) G MTS(X) with subobjects {%,W) C {T,W) {i = 1,2). If Gr^ (Ti) = Gr^ {T2) in 
Gr^(T), then we have 7i = 72- 



Proposition 7.31 The functor t| : MTM(y) 



MTMy(X) is an equivalence. 



I 




I 
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Proof Consider F : {Ti,W) — > [T, VF)/(7^, W). If Gi^ {F) = 0, we have F ^Q, which imphes the claim of 
the lemma. I 

Let {{T,W),L,N) e MTS(X)«i'"". We put r(°) := Gr'^(r). It is equipped with naturally induced 
filtrations and L^"'. We also have an induced map TV*") : (r(°\ VF^"') — > (T^"), l^^")) «) T(-l). Thus, 

we obtain ((r("\ W^'")), iV(°)) in MTS(X)*^i^"i. 

Lemma 8.5 {^{T,W),L,N^ has a relative monodromy filtration, if and only i/ ((T^°\ A^^"^) has a 

relative monodromy filtration. 

Proof Let M' be the filtration of (T, W) in MTS(X), given by Deligne's inductive formula for N . The induced 
filtration M'(o) on {T^°\W^°^) satisfies Deligne's inductive formula for N^^K Note Gr^(M)('') ~ Gr^"" (M^'')). 
Thus, we are done. I 

Let MTS(X)^'^^ denote the full subcategory of MTS(X)^''"'', whose objects have relative monodromy 
filtrations. 

Lemma 8.6 The category MTS(X)^'^^ is equipped with tensor product and inner homomorphism as in Propo- 
sition]^^ 

Proof By using Proposition 16. 4[ it can be reduced to the case A — Vectc- I 
8.1.3 Some conditions for the existence of relative monodromy filtration 

Let {T,L) be a filtered smooth 7?.x-triple. Let N : T — > T <E)T{—1) be a morphism such that N ■ Lk{T) C 
Lk{T) i^T{—l). Because Gt^{T,L,N) is graded, it has a relative monodromy fihration W^(Gr^(r)) in the 
category of 7?.;is:-triples. Assume the following: 

• (Gr^(r),I^) is a mixed twistor structure on X. 

Proposition 8.7 Assume that, for each P € X, there exists a subset Up C such that (i) \Up\ = oo, (ii) 
(A^i, i, A^)|(>j P) G Vect^^^ for any A G Up. Then, T is equipped with a filtration W{T) such that (i) {T,W) 
is a mixed twistor structure, (ii) W is a relative monodromy filtration of {T,L,N) in MTS(X). 

Proof We have only to consider the case X is a point {P}. The set Up is, denoted just by U . Because Gr^(T) 
is a mixed twistor structure, the pairing C of A^i and M2 is non-degenerate. Hence, we can regard T as a 
vector bundle V on P^, obtained as the gluing of and a*M.2- 

Lemma 8.8 // {V, L, N)\(^x,p) G Vect^^^ (i = 1, 2) for any X g P^, then V is equipped with a filtration W{V) 
such that (i) {V^W) is a mixed twistor structure, (ii) W is a relative monodromy filtration of {V,L,N). 

Proof Let M{N\\] L\\) denote the relative monodromy filtration of {V,L,N)\\. For each fc G Z, the rank of 
Mk{N\x\ L\y() is independent of A € P^. Then, we obtain that it depends on A continuously, from Deligne's 
inductive formula (j66|) and (|67l). Thus, we obtain Lemma [8.81 I 

According to the lemma, we have only to show that {V, L, N)\x G Vectp'^^ for any A G P^. We use an 
induction on the length of the filtration. We assume that (i) V = Lk{V), (ii) the claim holds for Lk-i{V), 
and we shall show that the claim holds for V. We consider the morphisms (|69| for {V,L,N)\x G P^)- The 
assumption implies that ([69l) for A G C/ vanishes. Note that the both hand sides for A G P^ in (|69| give vector 
bundles on P^. Hence, by the continuity, we obtain the vanishing of (|69| for any A G P^. Thus, Proposition 18.71 
is proved. I 

Corollary 8.9 Suppose that X is connected. Assume that, for a point P G X, there exists a subset Up d Cx 
such that (i) \Up\ — 00, (ii) [Aii, L, N)\(^x.P) G Vect^^^ for any A G Up. Then, T is equipped with a filtration 
W{T) such that (i) (T, W^) is a mixed twistor structure, (ii) W is a relative monodromy filtration of (T, L, N) 
mMTS(A:). I 
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The following lemma can be shown more easily. 

Lemma 8.10 Let {{T,W),N,L) e MTS(X)*^'''"'. Assume that, for each P e X, there exists Up G Ca such 
that (i) \Up\ — oo, (a) {M.I, L, N)\(^x.P) G Vect^'^^. Then, there exists a relative monodromy filtration M {N ; L) 
mMTS(X). I 



8.2 Polarizable mixed twistor structure 
8.2.1 Statement 

Let X be a complex manifold. We consider an abelian category A = MTS(X) with additive automorphisms 
EP''?(r) = T®U{-p,q). Then, for any finite set A, we obtain the abelian category MTS(X, A) := MTS(X)(A) 
as in Subsection inXH For an object (T, W, N) e MTS(A:, A), we set N{K) := ^^.^^ Nj. 

An object {T,W,N) e MTS(X, A) is called a (w, A)-polarizable mixed twistor structure, if (i) W = 
M(7V(A)) [w], (u) there exists a Hermitian adjoint S : T — > T* (8)r(-w) of weight w, such that ip(T, W, N, S) 
is a (w, A)-polarized mixed twistor structure for each point Lp : {P} — >■ X. Let 7'(Ar, w,A) C MTS(Ar, A) 
denote the full subcategory of {w, A)-polarizable mixed twistor structure on X. The following proposition is 
essentially proved in [3S] , based on the results in the Hodge case in [S] , [5] , [7] and [21] . We will give an indication 
in Subsection 18.2.21 

Proposition 8.11 The categories V{X,w,A) satisfy the property PO— 3 in Subsection \6.'6.1[ 

We state some complementary property. First, we give remarks on the ambiguity of polarizations. 

Lemma 8.12 Let (T, W, AT) G V{X,w,A). If it is simple, i.e., there is no non-trivial subobject, then a polar- 
ization of (T, W, N) is unique up to constant multiplication. 

Proof Let Si [i — 1,2) be polarizations of {T^WN). They induce an endomorphism of (T, VF, AT) in 
V{X,w,X). Because {T ^W, N) is simple, it is a scalar multiplication, which implies Si = a 5*2 for some 
a G C. Because they are polarizations, we obtain a is a positive number. I 

According to Proposition 18. 11 [ (T, W, N) G V{X, w, A) has a canonical decomposition 

iT,W,N)c^^{%,W,,N,)®U,, (77) 

i 

where (i) {Ti,Wi, Ni) 9^ {Tj,Wj,Nj) for i ^ j, (ii) each {Ti,Wi, Ni) is irreducible, (iii) Ui are vector spaces. 
(We regard a vector space as a constant pure twistor structure on AT.) We take a polarization Si of each 
(Ti,Wi, Ni), which is unique up to positive multiplication. We argue the following proposition in Subsection 
[8X31 

Proposition 8.13 Any polarization of (T, W, N) is of the form S'i (JD hi, where hi are hermitian metrics of 

Some operations Let {T'^''> ,W^'\ N'-^'^) G Vi^X, Wi,A) {i = 1, 2). We have the induced filtration Wonf 
T*-^' ^T*-^' , and (T, W) is a mixed twistor structure. We have the induced morphisms Nj :— A^j^' ® id + id ®Nj'^^ 
for j G A. It is easy to observe that (T, W, N) G V{X, wi + W2, A). In this situation, (T, W, N) is denoted by 

(r(i),w^(i),ArW)(8(r(2),iy(2),Ar(2)). _ 

Similarly, for (T,W,N) G ViXjWjA), we have the induced filtration W on T T^, and the induced 
morphisms Nj -Nj. Then, {T,W,N) G 'P{X,~w,A). It is denoted by {T,W,Ny. 

Recall the operations j* and 7*^ on TS(Ar). It naturally induces operations on MTS(Ar, A), and it preserves 
ViX,A,w). 
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8.2.2 Proof of Proposition \8A1] 

The property PI clearly holds. Let us show P2. We have only to consider the case |A| = 1 and X = {P}- 
Let {%,W,N) G V{wi,A) with wi > Wa- A morphism F : {Ti,W,N) — > {T2,W,N) induces TNIL(F) : 
TNIL(ri,iV) — > TNIL(r2,^) on A*(i?) for any R > 0. If i? is sufficiently smah, TmL{V„N) are pure of 
weight Wi, and hence we have TNIL(F) = 0. It implies F = 0. Hence, P2 holds. 

The property PO We prepare some lemmas. 

Lemma 8.14 Let {Tt,W,N) e MTS(X,A) {i = 1,2). We have 0^^! sCT^, W^, A^) e V{X,w,K) if and only if 
{%,W.N)eV{X,w,K) {i = l,2). 

Proof If Si are polarizations of (7i,M^, Af), Si ® S'2 is a polarization of ^{Jl^W^N). If S" is a polarization 
of ®(7i,W^, AT), we have the induced Hermitian adjoint Si of 7i (i = 1,2), given by Ti — > ® j=i 2 7; — ^ 
75* ® T{—w) — > Ti ® T{—w). It is easy to check that Si are are polarizations of {%, W, N). I 

Let (T, W, N, S) be a {w, A)-polarized mixed twistor structure. Let {V , W , N') C (T, VF, N) be a subobject 
in the category MTS(A", A). We assume that the monodromy weight filtration M(iV'(A)) on T' satisfies W = 
M {N' {X)j[w]. Let T" be the kernel of the composite of the following morphisms: 



It induces a subobject (T", W" , N) C (T, W, N) in the category MTS(X, A). 

Lemma 8.15 We have T' H T" = 0. Namely, we have a decomposition which is orthogonal with respect to S: 

(T, W, N) = (r', W', AT') ® (r", W", TV") 
In particular, {T'^W'^N') and [T" ,W" , N") are polarizable. 

Proof We have only to consider the case | A| = 1 and X = {P}- We have the induced morphism TNIL(T', N') C 
TNIL(r, A^) on A*(i?). If R is sufficiently small, both TNIL(r,A^) and TNIL(r',A^') are pure of weight w, 
and the pairing S induces a polarization of TNIL(T; N). We have the orthogonal decomposition TNIL(T, N) — 
TNIL(r', N') © TNIL(r', N')^. We obtain V n T" = 0. I 

Lemma 8.16 The category V{X,w,A) is abelian and semisimple, i.e., PO holds. 

Proof Let F : (Ti, W, N) — > {T2, W, AT) be a morphism in ViX, w, A). We have the kernel, the image and the 
cokernelin MTS(A:, A), denoted by (Ker F, VF, AT) , {lmF,W,N), and (CokF, M^, AT). Let us show that they are 
{w, A)-polarizable mixed twistor structure. We have only to consider the case w — 0. It is easy to show that the 
filtrations W on KerF, ImF and CokF are equal to A/(A^(A)). By Lemma TS. 15) they are (0, A)-polarizable 
mixed twistor structures. Hence, 'P{X,w,A) is abelian. 



Let (r, W, AT) G V{X, w, A), and let (T', W', TV') C (T, W, TV) be a subobject in V{X, w, A). By Lemma[835] 
again, we have a decomposition (T, W, TV) = (T', W', TV') © (T", W", TV") in r{X, w, A). Hence, Vi^X, w, A) is 



r 



s 



semisimple. 



I 



Property P3 Let (T, W, N) er{X,w,A). For / C A and aeR^ 



wc put N{a) := J2 



a-t Ni. 



Lemma 8.17 




In particular, P3.1 holds. 
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Proof We have only to consider the case that X is a point. The claims are known in the Hodge case (0). 
The twistor case can be easily reduced to the Hodge case. (See [35]). I 

We take • e A, and put Aq A \ •. We put {Tt^\w^^^^) := Grf ^^'^(T, W). Let TV^^^ denote the tuple of 
morphisms Nf^ : T^^'> — > T^.^^' (E)T(-l) induced by Nj ( j = A \ •). 

8.18 {V^^\w^^\n''^'^) e V{X,w + k,Ao). A polarization can be naturally induced by and a 
polarization of {V, W, TV). 

Proof We have only to consider the case that AT is a point. By considering Gr^, we can reduce the issue to 
the Hodge case, where the claim is known by the work due to Cattani-Kaplan-Schmid and Kashiwara-Kawai. 
(See [B], [7] and [IJ.) It is also easy to use their argument in our case. I 

Let {V'^^\W'^^\ N^"^^) Aenotet\ie\xn.&ge oi N, : {V,W,N) — > (T/, VK, iV)®T(-l) in the category MTS(A:, A). 
The following lemma is the twistor version of a result in |7] and [24] . 

Lemma 8.19 (Proposition 3.126 of [35j) {V^'^\W^'^\N'^'^^) e 'P{X,w + l,K). A polarization can be natu- 
rally induced by N, and a polarization of {V, W, TV). I 

We set V'^^^ := E^'^V^^). We have naturally induced morphisms 

Si.O(T/) — ^ T."-\V) 

Lemma 8.20 Let * e Aq. We have the decomposition Gr^'^(^*)(t/(3)) ^ Im Gr*^*^'^ (m) ® KerGr*^(^-^(?;). 

Proof It follows from Proposition 3.134 of [3S]. I 

We obtain P3.2 by an inductive use of Lemma [8.181 with Lemma [8. 171 We obtain P3.3 from Lemma [8.191 
and Lemma 18.201 Thus, the proof of Proposition I5TTT] is finished. I 



8.2.3 Proof of Proposition \8A3\ 

The restriction of S to (V^ (g) Ui) (g) a* {Vj ® Uj) induces a morphism {Vi,Wi,Ni) (g) Ui — !• (Vj, Wj,Nj) (g Uj in 
V{w,A). It has to be if i 7^ j. Hence, ([77| is orthogonal with respect to S. By using Lemma [8. 151 we obtain 
that a polarization S of {V, W, TV) is of the form S = ^ Si (g hi. I 



8.3 Infinitesimal mixed twistor module 
8.3.1 Definition 

We have the category of filtered objects in MTS(X, A), denoted by MTS(X, A)'*^ We consider a twistor version 
of infinitesimal mixed Hodge module introduced by Kashiwara |22j . 

Definition 8.21 Let {T,W,L,N) e MTS(X,A)f^i. 

• It is called a variation of A-pre-infinitesimal mixed twistor module on X, or simply a K-pre-IMTM on X, 
if Gv^{T,W, N) is a (w , A) -polarizable mixed twistor structure on X. 

• It is called a variation of A-infinitesimal mixed twistor module on X , or simply A-IMTM on X , if moreover 
there exists a relative monodromy filtration M{Nj;L) for any j G A. I 

If we do not have to distinguish A, we use "IMTM" instead of "A-IMTM" . The full subcategory of A-IMTM 
(resp. A-pre-IMTM) in MTS(X,A)*^^ is denoted by M{X,A) (resp. A^p™(X,A)). Note the following lemma, 
which follows from Lemma 16.161 and Proposition 18.111 

Lemma 8.22 M'^^°{A) is an abelian category. Any morphism F : {T^^\W,L,N) — > {T^'^\W,L,N) in 
A^p'°(A) is strict with respect to L. I 
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Remark 8.23 The definitions of IMTM and pre-IMTM are not given in a parallel way to those of infinitesimal 
mixed Hodge module (IMHM) and pre-IMHM in |22| . For pre-IMHM, the weight filtration W is given only for 
Gt^{T). For IMHM, the existence of relative monodromy filtration M (^N(J); is assumed for each J C A. 
But, it was proved in Theorem 4.4.1 of |22j that, for a given pre-IMHM, if Mi^Nj] L) exists for each j £ A, then 
M{N{J);L) exists for each J C A. I 

The following lemma is a weaker version of Proposition 18.421 below. For simplicity, assume that X is 
connected. 

Lemma 8.24 Let {T,L,N) e TS(X,A)*^^ Assume the following: 



Gri{r,N)eV{X,A,w) 



RMF 



• For a point P £ X, there exists Up C Ca such that (i) \Up\ = oo, (ii) (A^i, iV(A), L)|(a,p) € Vect^ 
and {Mi,Ni,L)\(^x,P) G Vectp'^^ for any XeUp. 

Then, (T, W,L,N) eM {X, A) . 

Proof Applying Proposition 18.71 to {T, L, N{A)), we obtain the existence oi W = Af(iV(A);L), and we have 
{T,W,N) e MTS(A:,A). By applying Lemma ISlOl to {{T,W),N^,L) {i e A), we obtain the existence of 
M{Ni]L). Hence, {T,W,L,N) eM{X,K). I 

Corollary 8.25 Let {T,W,L,N) e MTS(X,A)^^ Assume the following: 

• For a point P £ X, there exists Up C Ca such that (i) \Up\ = oo, (ii) (A^i, A^i, L)|(a.p) G VectJJ'^^ for 
any A G Up. 

Then, (T, W,L,N) <£ M{X,k). I 
8.3.2 Statements 



We state some basic property of IMTM. We will prove the following theorem in Subsections I8.3.4H8.3.9I 
Theorem 8.26 The categories A^(X, A) have the property MO— 3 in Subsection Vi.'6A\ 

We state some complementary property. We have naturally defined dual and tensor product on the category 

mts(a:,a)*^^ 

Proposition 8.27 The dual and the tensor product preserve M.{X,K) and M.^'"^{X,K). 

Proof The claims for A-pre-IMTM are clear. We have only to care the existence of a relative monodromy 
filtration. For the dual, it is clear. For the tensor product, it follows from a result due to Steenbrink-Zucker 
(see Proposition l6.5p . I 

We have naturally defined functors j*, *, and 7*„j on MTS(Ar, A)*''. The following proposition is clear. 

Proposition 8.28 They preserve M{X,K) and M'P''''{X,K). I 

8.3.3 Canonical filtrations 

We reword the construction and the results in Subsections 16.2.41 and [675.101 Let {T ^W,L,N fC) G M.{X,K). 
Take an element • G A, and put Aq A \ •. Let L := M{N,; L). By considering the morphisms 

Ei."(r,w^,Z,iVAo) i]"-i(r,M^,Z,iVAj yp^-\t,w,l,n^,) 

we obtain the filtration N,^,L of 'S'^'^^ {T ,W, L, N \g) in the category of Ai{X, Aq). Similarly, by considering 
the morphisms 

Ei'0(r,w^,L,ArAj Ei.o(r,vF,Z,A^Aj E"-i(r, w,Z,ArAj 
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we obtain the filtration N,<L of T,^'°{T,W,L,NAg) in the category of A^(X, Aq). According to the property 
M3 of Theorem [OH {T.^''^{T,W),N,^L,Na) and {j:'^'°{T,W), N,iL, N a) are A-IMTM. In particular, 

(T, W, N,,L, ATa) := SO'i (S°'-i(r, W),N,,L, N^) 

(r, W, N,,L, Na) S-i'"(Si'"(r, VK), iV.,i, ATa) 

are A-IMTM. 

Remark 8.29 We can also deduce that they are A-IMTM, by the reduction to the Hodge case using Gr^. The 
Hodge case was shown in }22j. I 

We obtain the following as a special case of Proposition 16.361 

Proposition 8.30 Let {T,L,N) G M.{X,k). Let i,j € A be distinct elements. Let *{i),-k{j) e {*,!}• Then, 
we have iV,;^(i)(A'j-^(j)L) = ^j){Ni^(^i^L) . I 

We use the notation Nj^,Nj\L (/ n J = 0) in the meaning as in Subsection 16.3.101 

Canonical prolongations We repeat the construction in Subsection 16.3.11] for this situation. We have the 
category ML(MTS(X, A)) as in Subsection lOIBl Let (T, L, N) e M{X, A). For a decomposition K1UK2 = A, 
we have an object T[*KilK2] G A/L(MTS(Ar, A)) given as follows. For / C A, we set Ij /n Kj. Then, we 
put T[*Ki\K2]i ■■= Sl-^'^l.-l-filT". It is equipped with a filtration Ni^]Nj^^L. For / U {i} C A, morphisms guj 
and fiji are given as follows: 

_ r id e A2) , _( (ie A2) 
\ N, (i e Ai) J'''' - \ id e Ai) 

8.3.4 Property M2.2 

The claims for Ml and M2.1 are clear by definition. Let us consider M2.2. 

Proposition 8.31 Let {T,W,L,N) e M{X,A). For any subset J <Z A, we put N{J) J2jeJ^3- 

• There exists a relative monodromy filtration M(^N{J); L^ . We denote it by M{J;L). 

• Let I d J d A. Then, M{J;L) ^ M(N{jy,M{l:L)y 

Note that M{I;L) is also a relative monodromy filtration of "^^^j OiNi {a G IR.>o)- 

Proof In the Hodge case, it was shown in [22]. The twistor case can be reduced to the Hodge case, by 
considering Gr^(T) and using Lemma 18.51 I 

We take • G A, and put Aq := A \ •. 

Lemma 8.32 Let {T,W, L, N) be a A-pre-IMTM. Assume that there exists a relative monodromy filtration 
M = M{N,-L). Then, (T, W, M, Na„) is Ao-pre-IMTM, where TVaq = {N, | i G Aq) . 
// (T, W, L, N) is an A-IMTM, (T, W, M, Na„) is an Aq-IMTM. 

Proof The first claim follows from the canonical splitting Gr^^ ~ Gr^^ Gr^ and Lemma 18.181 The second 
claim follows from Proposition [83T] I 

Let (T, W, L, N) G M{X, A). For a decomposition A = Aq U Ai, wc obtain an object in MTS(X, Aq)^': 

res^„ (r, W, L, N) := (T, W, M(Ai; L), Na„) 

Here, A/'a,, := [Nj \j G Aq). We obtain the following corollary by an inductive use of Lemma 18.321 with 
Proposition 18.311 

Corollary 8.33 res^^^ (T, W, L, TV) is a Aq-IMTM on X . I 

Thus, we have proved the claim for M2.2. For any / C A, we obtain a functor resj : Ai{X,A) — > A4{X,I). 
We naturally have resj o res^ — resj. 
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8.3.5 Property MO 

We consider MO for M{X,K). It is clear that (i) any injection $ : A — > Ai induces M{X,K) — > M{X,Ki), 
(ii) we naturally have 'P{X,w,K) C M{X,K). 

Let us show that M{X, A) is abelian. Let F : (T, W, L, N) — > {V , W, L', N') be a morphism mM{X, A). 
According to LemmaEll we have (KerF, W, L, TV), (ImF, W, L, N), (CokF, W, L, N) in XP''=(A). It remains 
to show that there exist relative monodromy filtrations M{Nj;L) on them for any j £ A. For that purpose, 
we have only to show that F is strict with respect to M{Nj]L). Fix j S A, and we put Aq :— K \ {j}. Let 

TV = (iV, I « e Ao) and Jv' {N[\i £ Aq). Because 

{T,M{Nf,L),N) {r,M{N'^;L'),N) 
is a morphism in Ai^'^'^ {X , Aq) , we have the desired strictness. Thus, we proved the claim for MO. 

8.3.6 Property M3 

We state the property M3 in this situation. We will prove it in Subsections I8.3.7M8.3.9I Let A be a finite set. 
Fix an element • G A, and we put Aq := A \ •. Let (T, W, L, Na) e IMTM{A). We have (T, W, L, ATaJ := 
ves\^{T,W,L,NA) in Ao). Let (T', W", Z, TV^J G M{X,Ko) with the following morphisms 

I]i'0(r,iy,Z,ArAo) iT',W,L,N'A„) j:°-Hr,w,L,NA„) 

in A^(A', Ao), such that v o u — N,. We set N', :— u o v, and the induced tuple N^g U {N',} is denoted by 
N'a- According to Corollary 16. 121 we have a filtration L of T' in A^(Ar, Ao), obtained as the transfer of L(T) 
by (u,f). We will prove the following proposition. 

Proposition 8.34 {V,W,L,N'a) is a K-IMTM, i.e., the categories M{X,X) have the property M3. 

8.3.7 Transfer for pre-IMTM 

As a preparation, let us address a similar issue for pre-IMTM. We consider (T, V7, L, ATa) G 7MP''°(A) and 
(T', W, L, A^aJ G MP'^^Ao) with morphisms in 7WP''=(Ao), 

Ei'0(r,VF,Z,AfAo) {r,W,L,N'A„) ^"-\t,wXnao) (78) 

such that V o u = N,. We have a unique filtration L of (T', W, L, Naq) in 7WP'°(Ao) obtained as the transfer of 
L(T) by (u, v). We set 7V^ := u o z;, and the tuple N'^^ U {N',} is denoted by AT'^. 

Lemma 8.35 {V,W,L,Na) G XP'''=(A). 

Proof Because Gr^(iV^) — on KerGr^(z;), the induced filtration L on KerGr^(i;) is pure of weight fc, 
i.e., Gr^ = unless j ~ k. Hence, (Ker Gr^(i;), A/"ao) is naturally isomorphic to a direct summand of 
Gr^ Gr^(T', ATao). By the canonical splitting in Subsection 16. 1.2[ Gr^ Gr^(T', A^Ao) is naturally isomorphic 
to a direct summand of Gr^ (T' , ATaq ) . Hence, we have (Ker Gr^(w), AfA^) G 'P{X,k,Ao). 

We regard N, : T — > T^^T. We have (im Gr^(iV,), Gr^ A^a) G V{X,k + 1,A), according to P3.3 in 
Proposition 18. Ill Because Gr^('i;) induces the following isomorphism 

(imGr^(u), Gr^(Ar:,)) ^ Ei'0(lmGr^(iV.), Gr^ ATa), 

we have (imGr^(u), Gr^(Ar^)) G V{X,k,K). Thus, we obtain that [V ,W,L,N'f^) G A1P''=(A:, A). I 

For the proof of Proposition I8.34| it remains to show the existence of relative monodromy filtrations 
M{N'j-L{V)) for jG Ao. 
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8.3.8 Existence of relative monodromy filtration in a special case 

Let 2 {1,2}. Let {T',W,L,N') e M^'"'{X,2) and {T,W,L,N) e M{X,2)- Assume that we are given 
morphisms in MTS(X)'5i'"" 

(Si'0(r,l^),i,iVi) {T\W,L,N[) — ^ (E0'-i(r,W^),L,7Vi) 

such that ii) V o u — N2 and u o u = N2, (ii) (T,T';u,v;L) is filtered S'-decomposable, (iii) (T',i, ^^2) ^ 
MTS(X)^'^P. By Proposition mi u and w give 

^^'°{T,W,M{N2;L)) {T\W,M{N!^;L)) J:°'-\T,W, M{N2; L)) 

The following lemma is based on an argument in |50| . 

Lemma 8.36 Under the assumption, {T' ,W, L, N') is a 2-IMTM, namely, there exists a relative monodromy 
filtration M{N[;L). Moreover, M{N[;L) is obtained as the transfer of AI{Ni; L) by {u,v). 

Proof We put W^^^ := M{Ni;L). Then, we have (T, W^^^\N2) G M{X, 1) and W = M{N2] W^^^^). We have a 
unique filtration W'^'^^ of T' obtained as the transfer of VF*^^^ (T) with respect to (u, v). It satisfies the conditions 
(Al) W(T') = M{N'2;W^^^), (A2) {T ,T' \u,v;W^^'^) is filtered S'-decomposable. We shah show that W^^\T') 
gives M{N[;L). 

Let us show that (T', W^(i\ A^a) is a 1-IMTM, i.e., (Gr^*' V', A^a) ^ 7'(A,w,l). On KerGr^*"w, the 
filtration W is pure of weight w by construction. According to P3.3 in Proposition 18. Ill Im Gr^* ' m is a 
polarizable mixed twistor structure of weig ht w. Hence, {V ,W'^^\ N!2) is 1-IMTM. 

Put {Tk,n,W) U{T,W)IL^{T,W) and {Tl^^,W) := Lk{T' ,W) / Lm{T' ,W) in the category MTS(X). 
They are equipped with the induced filtrations L and the induced tuple of morphisms TV and N' . Then, we have 
(rfe,™,M^,L, AT) € M{X,2) and (T^! PF, L, TV') e XP'-°(X,2). The induced morphisms u : Si'^Tfe,™ — ^ T^f^ 
and V : Tl ^ — > TP'~^'Tk,m satisfy the assumptions (i) and (ii). Hence, by the above argument, we obtain a 
filtration W^^\TI J with which (T^',™, W^, A^a) ^ M(A,1). 

Let us consider the exact sequence — > Lk-i{T' ,W) — >■ Lk{T' ,W) — > Gr^(T',Vl^) — > 0. The arrows 
are morphisms in 7M(1). In particular, they are strict with respect to M^^^-*. 

Note that M{N[)[k] on Grfe(r') satisfies the condition (Al) for W^'^K It also satisfies (A2) according to 
P3.3 in Proposition [5TT] Hence, the induced fihration M^^^) on Gr^(T') is the same as M{N'-y)[k]. Then, we 
can conclude that W^'^^ gives M{Ni;L) on T. I 

Remark 8.37 For a 2-IMTM {T,W,L,N), we have A^2*M(TVi;L) = TVf(iVi; TV2*L) for ★ = Indeed, we 
can deduce it in our situation from Lemma [8.361 Alternatively, by considering Gi^ , we can also reduce it to 
the Hodge case shown in \22\ . I 

8.3.9 End of the proof of Proposition [Oil 

Let us return to the situation in Section 18.3.61 According to Lemma 18.351 we have only to show the existence 
of M(TVj;iT') for j e Ao. We have only to consider the case that X is a point. Put Ai := Aq \ {j}. We 
set TVai := {Ni\i e Ai) and TV^^ := {N^\i e Ai). We obtain smooth 7^-triples TNILai (T, TVaJ and 
TNILAi(r',TVAj on (C*)^i with filtrations L. We take a point lp : {P} — > (C*)'^^ , which is sufficiently close 
to the origin (0,...,0). We set Tp := ip TNILa^ (T, TVa^ ), which is equipped with the induced filtration L 
and the morphisms Nj,N, : Tp — > T^^Tp- Similarly, we put Tp := tp TNILa^ (T', TV^J equipped with the 
induced filtration L and the morphisms Nj, : Tp — > T~^Tp. We can apply Lemma [8. 361 to {Tp,Lp, Nj,N,) 
and {Tp, Lp, TVj, N^), and we obtain a relative monodromy filtration AI {N'^; L{Tp)). By construction of TNIL, 
we obtain a relative monodromy filtration AI {N'^; L{T')) ■ Thus, the proof of Proposition 18.341 is finished. I 
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8.4 Nearby cycle functor along a monomial function 
8.4.1 Beilinson IMTM and its deformation 



Recall Beilinson triple in Subsection [231 We use the same symbol to denote the pull back via a morphism X to 
a point. It is naturally equipped with the weight filtration W given by Wki}""'^) = ®_2i</c -^(*)' ^"^^ (1°'^, W) is 
a mixed twistor structure on X. The tuple W, L, Nj) is a 1-IMTM on X, where L = W. For any c G R^, 
let c Nj denote the tuple (ci Ni\ie h). We obtain (F'^, W^, L, c A^i) e (X, A). Let ip = e K) he a tuple 

of holomorphic functions on X. We set I^J;^ := Dcf,^ W^, i, ciVi) in X(X,A). 

8.4.2 Statement 

We will omit to denote the weight filtration of mixed twistor structure. Let (T, i, N) e M.{X, A). Let m £ Z>o- 
We obtain the following A-IMTM on X: 



For any subset / C A, we put Nj Yiiei ^'-'^ * = *7 '^^ have the filtrations Nii,L on Il'^^T- Let M be 
a sufficiently large integer. We have an induced morphism of A-IMTM: 

Ni : i]i^i^"(n^^^r, NnL, iv) ^ (n^^^T, iV,,L, iV) 

The cokernel in M{X,A) is denoted by (V'^^,<^(r)/, £, iV) . 

On the other hand, the filtration L of (T, AT) naively induces a filtration on H^^^T given by Lk {^m^pT) = 
^m,ipLkiT) in M{X,A). It induces a filtration of tpm,cp{T)i in A^(A:, A). They are also denoted by L. 

The morphism Nf : P''' — > T^^P'*" naturally induces a morphism ^pm,ip{T)i — > T^^ilJm.ip{T)i, which is 
also denoted by Nf. We shall prove the following theorem. 

Theorem 8.38 We have L = M{Nr,L)[l\ on ■0^1<p(r)/. 

The Hodge version of this theorem appeared in [50:. We obtain the following as a special case. 

Corollary 8.39 We have L = M{Nr, L)[l] on V'^^^<^(r)A. I 

8.4.3 Variant 

Let C A be non-empty. For m e Z^'q, we obtain {U^^^T, L, N) := (T, i, AT) 1'^^^ in M{X, A). We have 
the induced morphism in Ai {X, A) : 

On the cokernel ipm,ip{T)K, we have the induced filtration L and the tuple TV so that (ipm_ip{T)K, L, is 
a A-IMTM. It is also equipped with the naively induced filtration L. We have a naturally induced morphism 
Ni : ipi?.]^iT) — > ^^^^(T) ®T(-1) in M{X,A). 

Corollary 8.40 We have L = M(Nr,L)[l]. 

Proof By using TNIL^fc, we can reduce it to Corollarv 18.391 I 

8.4.4 Reformulation 

Let I' := I U {i}. We have the following commutative diagram: 

y;|/| + 1.0TTa.b j- y;|/'|.0TTa,6 j- y\I\-lY,a,b j- 



Ni 



Nj, 



Ni 



y^l-\I\Tja^b J- ^- y vO -|/'|TTa,b j- vO -|/|-lTTa.f' T 
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Hence, we obtain naturally induced morphisms: 

can : Ei'°vW^(r), ^ ^^X{T)r var : ^(^)^(r)/- T.'-'i^^JT)l 

The tuple := (V'^'!<p(T) i\l ^i) with the fihration L is an object in Af L(MTS(X, A)) . (See Subsection 

EXnifor the category ML(MTS(X, A)) .) Indeed, it is obtained as the cokernel of (H^^^T)! — > (H^^^T)* in 
AfL(MTS(A:,A)). 

On the other hand, the filtration L naively induces a filtration of iJm.ipiT) in A'/L(MTS(Ar, A)) , which is 
also denoted by L. The previous proposition can be reformulated as follows. 

Theorem 8.41 We have L = M{N;L)[l] on %p'^^^{T). 
8.4.5 Proof 

We have only to consider the case that L is pure of weight w, i.e., (T, W, N) g V{X, w, A). Moreover, we may 
assume w = 0. We have the weight filtration M{Ni) on each ipm,ip{T)i, which is preserved by can and var. 
Hence, we obtain a filtration M{Ni) on ipm^ipiT). We have only to show that M(7Vi)[l] — L. We may assume 
that X is a point. We have only to consider the case that (pi ^ (i G A). 

According to Corollary 3.132 of [35], (V'm (T)/, {N, Nf)) is a (1, ALJ{»})-polarizable mixed twistor structure. 

Hence, (V-^^ (T)/, Af (iVi[)[l], 7V) is a A-IMTM For /' = lU{i}, according to Lemma H^Ol the following is 5- 
decomposable: 

Namely, (V-^^CT), A//(iVi[)[l]) is an object in A//i(MTS(A)) . 

Let / C A. On V^^T")/, we have the relative weight filtrations Af (7V(/); Af(A'i)[l]) and M{N{I)\L). To 
show M{Ni)[l] = L, we have only to show M {N M {Ni)[l]) = M{N{I);L) on V'^^IT)/ for any / C A, 
according to Theorem 15311 If / = A, both Af(iV(A); Af(A^i)[l]) and M{N{A);L) are the weight filtra- 
tion of the mixed twistor structure. Let us consider the case J := A \ / ^ 0. We take Q S C"^, which 
is sufficiently close to the origin. We have a (0, /)-polarizable mixed twistor structure TNIL j.q(T) with 
Ni := {N, e /). Let m/ {m,\i e /). On V^^^, (TNILxQ(r))^, we have M {N{I);W{N)[l]) = M{N{I);L). 
The underlying 72.-modules of i^m{T)i and ip^j (T'NILj^q{T)i) are naturally isomorphic. Therefore, we have 
M{N{I); M{Ni)[l]) = M{N{I); L) on ^^^(r)/, and the proof of Theorem [HH] is finished. I 

8.5 Twistor version of a theorem of Kashiwara 

Let iV,L,N) e MTS(A:, A)fii. We assume the following: 

• For each w, we have GitiV,L,N) e ■p(A:,u;,A). 

• For each P E X, there exists a subset Up C C\ such that (i) \Up\ — oo, (ii) for any A € [/ and for i g A, 
we have {Mi,L,N,)ip e VectJ?'"^. 

The following proposition is a twistor version of Theorem 4.4.1 of [22) . 

Proposition 8.42 {T,L,N) is a A-IMTM, i.e., there exists a relative monodromy filtration of (T,L,N{A)). 
8.5.1 A purity theorem (Special case) 

Let {T,W,L,N) be a 2-IMTM. We have morphisms N, : {T.^'"T,L) — > TP^-^{T,N„L) {i = 1,2). They 
give N, : Si'OLfc(r) Y.°^-\N„Lk-iT) , i.e., : Lk{T) ~^ T'^ N„Lk-i{T). Similarly, we have : 
Nj^LkiT) — > T^'^Nj^N,^Lk-^i{T). Then, we obtain the following filtered complex H in MTS(X): 

The cohomology group (If) with the induced weight filtration ly is a mixed twistor structure. 
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Lemma 8.43 Gif = unless j <i-l. 

Proof It can be reduced to the Hodge case in [35]. I 
Remark 8.44 The purity theorem can be proved in a more general situation. I 

8.5.2 Proof of Proposition [87421 

We have only to consider the case that X is a point {P}- By using TNIL, we can reduce the issue to the case 
A = {1, 2}. We regard (T, L) as a filtered vector bundle on P^, denoted by {V, L). We may assume V = Lq[V). 
By an inductive argument, we may assume that the claim holds for (L_iV,i,7V). According to Lemma [8.24) 
we have only to show the existence of relative monodromy filtration for Ni\x + N2\x on (V, L)\x for any A e Up. 
Then, we have only to apply the argument in Section 6 of [21], with Lemma [8.431 I 

8.6 Integrable case 

8.6.1 Integrable mixed twistor structure 

Let X be a complex manifold. Let (T, W) be a filtered object in the category of integrable smooth 7?.x-triples. 
It is called an integrable variation of mixed twistor structure on X, (or simply an integrable mixed twistor 
structure on X), if Gr|^(T) is integrable polarizable pure twistor £)- module of weight w. It is called pure of 
weight w, if Gr^ = unless m — w. The category of integrable mixed twistor structure on X is denoted by 
MTS™ (X). It is an abelian category. It is equipped with tensor product and inner homomorphism. It is also 
equipped with additive auto equivalences S^''' given by the tensor product U{—p, q). 

8.6.2 Integrable polarizable mixed twistor structure 

We consider an abelian category A = MTS'"'(X) with additive automorphisms T,P''^{T) — T ®U{~p,q). Then, 
for any finite set A, we obtain the abehan category MTS'"*(X,A) := MTS'"*(X)(A) as in Subsection 16.1.11 
An object (T, W, AT) g MTS'"*(A', A) is called an integrable (w, A)-polarizable mixed twistor structure, if (i) 
W = M[N{K))[w]^ (ii) there exists an integrable Hermitian adjoint S : T — !• T* ®T{—w) of weight it;, such 
that tp(T, VF, A/", 5) is a (it;, A)-polarized mixed twistor structure for each point Lp : {P} — > X. The full 
subcategory of integrable (w, A)-polarizable mixed twistor structure is denoted by P'"*(X, w, A). The following 
is an analogue of Proposition 16.41 

Proposition 8.45 The categories 7""*(A", w. A) satisfy the property PO— 3 in Suhsection \&.'i.\[ 

Proof As for PO, we have only to repeat the argument in the ordinary case. The other property in the 
integrable case can be reduced to those in the ordinary case. I 

As in the case of V{X, A, w), any object in 7'™*(Ar, A, w) has the canonical decomposition, and its polarization 
is unique up to automorphisms. The category 7""*(Ar, A, w) is equipped with tensor product, dual, j* and 7*j„. 

8.6.3 Infinitesimal mixed twistor module 

We have the category of filtered objects in MTS'"*(X, A), denoted by MTS'"*(X, A)*^'. Let {T,W,L,N) G 
MTS(X,A)*^^ 

• It is called an integrable A-pre-IMTM on X, if Gr^ (T, IF, A/') is an integrable (w, A)-polarizable mixed 
twistor structure on X . 

• It is called an integrable A-IMTM on X, if moreover there exists a relative monodromy filtration M {Nj; L) 
for any j € A. In other words, (T, W, L, N) is an integral A-IMTM, if (i) it is an integrable pre- A-IMTM, 
(ii) it is a A-IMTM. 

The full subcategory of integrable A-IMTM (resp. integrable A-pre-IMTM) in MTS(X,A)''' is denoted by 
7W'"*(X, A) (resp. A^'"'p''=(X, A)). The following lemma is obvious. 
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Lemma 8.46 A^'"*p''°(A) is an abelian category. Any morphism F : {T^'^\W,L,N) — > {T^^\W,L,N) in 
y^mtprcj'^-j is strict with respect to L. I 

Proposition 8.47 The categories M.{X,K) have the property MO— 3 in Suhsection \Q.?>.\\ 

Proof We give only an indication. Let us consider MO. It is clear that (i) any injection $ : A — > Ai induces 
A^''^*(X, A) — > Ai), (ii) we naturally have A) c A). Let us show that A) 

is abehan. Let F : (T, W, L, TV) — > {V , W, L', TV') be a morphism in A). We have (Ker F, W, L, TV), 

(ImF, W^, L, TV), (CokF, VF, L, TV) in M{X,A). They are naturally integrable smooth filtered T^x-triples, and 
objects in 7W"'p'^°(A', A). Hence, they are naturally objects in A^'"*(A', A). The claims for Ml and M2.1 are 
clear by definition. Let us consider M2.2. Let (T, W^,L,TV) € A^'"*(X,A). By M2.2 for M{X,A), we have 
the filtration M{Ai;L) and the object res^^ (T, W^, TV) in A4{X, Aq). We can show that it is naturally an 
object in Aq), by using Deligne's formula for relative monodromy filtration and Kashiwara's canonical 

decomposition, and we obtain M2.2. To argue M3, let us consider the situation in Subsection 18.3.61 with 
integrability. Let {T,W,L,Na) e X'"*(A). We have res^^ (T, M^, L, TVa) =: (T, W^, L, TVaJ in A^'"*(A:, Aq). 
Let {T',W,L,N'j^J e A^'"*(X,Ao) with morphisms as in ^ in A^'"'(X,Ao), such that vou = N,. We set 
TV^ :=uov, and the induced tuple TV^q U {N^} is denoted by TV^. We have a fihration L of V in A^™*(X, Aq), 
obtained as the transfer of L{T) by {u,v). By M3 for M{X,A), {V ,W, L, N'j^) is a A-IMTM. By repeating 
the argument for Lemma [8.351 we obtain that it is an integrable A-pre-IMTM, and hence it is an integrable 
A-IMTM. I 

Remark 8.48 Although we do not give the statements of the integral version of Theorem \8.58\ and Proposition 
I8.42^ they can easily be reduced to the ordinary case. I 

9 Admissible mixed twistor structure and variants 

In this section, we study admissible variation of mixed twistor structure, which is rather straightforward gener- 
alization of admissible variation of Hodge structure, studied in |22) and [5 5) . 

9.1 Admissible mixed twistor structure 

9.1.1 Mixed twistor structure on {X,D) 

Let X be a complex manifold, and _D be a simply normal crossing hypersurface of X with the irreducible 
decomposition D = UieA ^i- ^or / C A, we set Dj := Hie/ and Dj := Dj \ Uj^j ^j- 

An object {T,L) e TS{X,D)^^ is called a variation of mixed twistor structure on {X,D), or simply mixed 
twistor structure on {X, D), if its restriction to X — I? is a mixed twistor structure on X — D. Let MTS(X, D) C 
TS{X,D)^^ be the full subcategory of mixed twistor structure on {X,D). It is an abelian category. 

9.1.2 Pre-admissibility 

A mixed twistor structure (T, L) on {X, D) is called pre-admissible, if the following holds: 

(AdmO) For each w, Gr^(T) is obtained as the canonical prolongation of a good wild polarizable variation of 
pure twistor structure of weight w. 

(Adml) T is a smooth good-KMS 7?.jf (^/jj-triple, and the filtration L is compatible with the KMS-structure. 

Let us consider the case AT = A" and Z? = ULii^* = 0}- Let (T, i) G MTS{X,D) be pre-admissible. For 
M e (M X C)^, we obtain 4/;„(T) G TS{Di), which is equipped with a tuple of morphisms Af = {Afi \ i = 1, . . . , £). 
It is also equipped with the filtration L in the category of TS{De) by (Adml), which is preserved by JVi. 
Thus, we obtain [kp.^{T , L),J\f) in T'ti(Di_,e_f\ For any point bp : {P} — > Di, we set {^u{T, L),Af) := 

L*p{^u{T,L),J\f). IfTisunramified, we have (V«,a(T, i). A/") inTS{De^,if^ for m e (MxC)^ and a G Irr(r,|). 
We also have (4A„,„(r, L), AT) L*p{^^,^iT, L),J^) . 
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9.1.3 Admissibility in the smooth divisor case 

Let us consider the case that D is smooth. Let {T,L^ G MTS{X,D) be pre-admissible. Let Mi {i ~ 1,2) be 
the underlying Tlx(*D}-^odulcs of T- We have the induced bundles GuQ-Mi (m G R x C) on I? by taking Gr 
with respect to the KMS-structure. It is equipped with the endomorphism Res(I])). Let N denote the nilpotent 
part. It is also equipped with the induced filtration L by (Adml). Then, T is called admissible, if moreover 
the following holds: 

(Adm2) on {Gu{QMi), L) has a relative monodromy filtration. 
The following lemma is a special case of Proposition [9?5] 



Lemma 9.1 Let (T, L) e MTS(X, D) be admissible. Assume X = A" and D = {zi^O}. For each ueRxC, 
i^PuiT), L,J\f) is a l-IMTM on D. If T is unramified, for each u G R x C and a G Irr(D), (ij)a,u{T), L,U) is a 
1-IMTM onD. 

Proof We have only to consider the unramified case. By the compatibility of the filtration L and the KMS- 
structure, (Gr^ ^/'(^^„(T), A/") comes from Gr^(T). Hence, it is polarizable. I 

Lemma 9.2 We can replace the condition (Adm2) with the following condition: 

(Adm2') There exists U C Cx with \U\ = oo such that we have (GuiQMi), L,J^) G Vectp'^^ for any 
{X,P)eUxD. 

Proof It follows from Proposition 18 . 71 and Lemma [9?T] I 



9.1.4 Admissibility in the normal crossing case 

Let X be a complex manifold, and let D be a simple normal crossing hypersurface of X. 

Definition 9.3 Let [T^L) G MTS(X, Z?) be pre-admissible. It is called admissible, if for any smooth point 
P € D, there exists a small neighbourhood Xp of P such that T\Xp is admissible in the sense of the smooth 
divisor case. I 

The following lemma is clear. 

Lemma 9.4 Let T G TS(X, D) come from a good wild polarizable variation of pure twistor structure of weight 
w. Then, it is an admissible mixed twistor structure on {X,D). I 

Proposition 9.5 Let (T,L) G MTS{X,D) be admissible. Let P G Dj. We take a coordinate around P. 

• For It G (R X C)^, the induced {^ijju{T, L), N i) is an I-IMTM. 

• If T is unramified around P, for any a G lrr{T,P) and for any it G (R x C)"'^, (Va.uCl^i ■^) |P "is an 
I-IMTM. 

Proof We have only to consider the unramified case. If A is generic, Ni\\ {i G /) have relative monodromy 
filtrations. Then, the claim follows from Proposition 18.421 I 

9.1.5 Category of admissible MTS 

Let MTS'"^'^{X,D) C MTS{X,D) be the full subcategory of admissible mixed twistor structure on iX,D). It 
is equipped with additive auto equivalences S^'"^ given by the tensor product with U{—p,q). 

Proposition 9.6 The category MTS""^"" {X , D) is abelian. 
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Proof Let F : (TuL) — > {T2,L) be a morphism in MTS'"^"' {X , D) . We have (Keri^,L), {lmF,L) and 
(Coki^, L) in MTS(X, D). We shall show that they are objects in MTS'''''"(X, D). If L is pure, it follows from 
the theory of polarizable wild pure twistor Z?-niodules. 

Let us consider the mixed case. Because F is strict with respect to L, we have Gr^KerF ~ KerGr^F, 
Gr^ImF ~ ImGr^F and Gr^CokF ~ CokGr^F. Hence, (AdmO) is satisfied for KerF, ImF and CokF. 
Let us check (Adml— 2). By (AdmO), we have already known that KerF, ImF and CokF are smooth good 
7?,x(*_D)-triples. We may and will assume that D is smooth. (See Corollarv 15.61 ) 

Let us consider the regular singular case. For any m e M x C, ?/;„(F) : ipuOi, L) — > tpuiT2, L) is a morphism 
in MTS(D). Hence, the cokernel is strict with respect to A. Then, we obtain that F is strict with respect to 
the KMS-structure, and KerF, ImF and CokF are equipped with KMS-structure. We obtain the existence of 
relative monodromy filtration, because the category of 1-IMTM is abelian. Thus, we are done in the regular 
singular case. 

Let us consider the good irregular case. We may assume that % are unramified. Let A^^.c (c — 1, 2) be the 
underlying 7?.x(»£))-modules of %. We have the irregular decomposition 

oelrr(ri) 

Let Fi : M.2.1 — > A^i.i and F2 : — > M.2,2 be the underlying morphisms of F. It is easy to see 
that F^|p is compatible with the decompositions. We have natural isomorphisms Ker(Fc)|g = Ker(F^|p), 
Im(Fc)|p = Im(F^|.g) and Cok(Fc)|.p = Cok(F^|g). Hence, Ker(Fc), Im(Fc) and Cok(Fc) are good smooth 
7?.x(*_D)-niodules, and we have 

Irr(KerF) C Irr(ri), Irr(Im F) C Irr(ri) n Irr(7^), Irr(CokF) C Irr(7^). 

There exists an open dense subset D' C D such that, for any P e D', the restriction of the union Irr(7i)Ulrr(72) 
on a small neighbourhood Xp of F is a good set of irregular values. Let n : X — > D be the natural projection. 
We have an induced morphism Gr^' (Fc) on Cx x 7r~^(F''), obtained as the reduction with respect to the Stokes 
structure. By using the fiatness and Hartogs property, we obtain an induced D-flat mor phism Gr^'(Fc) on X . 
Its restriction to V is naturally identified with F^^^. Thus, we obtain Gr^*(F) : Gr^'(ri) — > Gr^*(7^). By 

using the result in the regular singular case, we obtain that the cokernel of iJja.uiF) : ■0a,ji(7i) — > il'a.u{T2) are 
strict. Hence, we obtain that F is strict with respect to the KMS structure. We also obtain the existence of 
the relative monodromy filtration of the nilpotent part of the residues. I 

In the proof, we have shown the following. 

Proposition 9.7 Let F : 7i — > T2 be a morphism in MTS*"^™ (X, Z?) . Then, F is strictly compatible with 
respect to the K M S -structure. I 

Let X = A" and D — [jl^i{zi — 0}. As noted in Proposition 19. 5( we have a functor 

^„ : MTS^'*'"(X,F') — ^ M{De,£). 
We obtain the following corollary from Proposition 19.71 

Corollary 9.8 The functor kpu is exact. I 

Let TV : (T, W) — > (T, W) (g) T(-l) be a morphism in MTW^'*'"(X, D). The monodromy weight fihration 
of is a filtration in the category of MTS'''^'"(-'^; D). It induces a fihration of V«(T, W) inM{Di,£), denoted 
by ^uW{Af). We also have the induced morphism ^u{Af) : — ^ H^u{T) ®T{~1). Because kp^ is exact, 
we obtain the following corollary by Deligne's inductive formula for monodromy weight filtration. 

Corollary 9.9 PFe have ^^W{U) = W{^^{M)). I 
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9.2 Admissible poleirizable mixed twistor structure 

9.2.1 Definition 

Let A be a finite set. We set MTS*^'"(X,£), A) := MTS'"^'^{X,D){A). 

Unramified case Let (T, W, Na) be an object in MTS''''™(X, D, A), which is unramified. It is called {w, A)- 
polarizable, if the following holds. 

Rl There exists a hermitian adjoint S : {T,W, N\) — > (T, W, JVa)* ® T{—w) of weight iv, such that 
(T, W, Na, S)ix\D e r{X \ D, w, A). 

R2 For any P e D°j, a £ lrr{T)\p and w e (M x C)^, the tuples (Vo,«(T), A^'/ua) |p with Va,u(5') are 
{w, A U 7)-polarized mixed twistor structure. 

Lemma 9.10 The second condition is independent of the choice of S in the first condition. 

Proof Let Si {i = 1,2) be polarizations of (T, W, N) as in the first condition. Assume that the second condition 
is satisfied for 5*1. Let us show that it is also satisfied for 82- There exists a decomposition {T, N)^x\d = 
0(7j, JV) which are orthogonal with respect to both Si, and 5*117-^. = aj ■ S2\Tj for some aj > 0. We have the 
endomorphism F of F induced by Si {i — 1,2), and Tj = Kcr(F — aj). It is extended to endomorphism of T. 
Let P e Dj. Wc have the induced endomorphisms ^ipa.u(F) on Va,u(T)|p. It is a morphism in the category 
of polarizable mixed twistor structures. Hence, we obtain that F — a are strict for any a G C. Then, the 
decomposition T\x\d = ® 7j' extended to T = ® 75'> compatible with the KMS-structures. Then, the claim 
is clear. I 

Ramified case Let {J',W,N a) be an object in MTS'''^™(X, £), A), which is not necessarily unramified. It is 
called {w, A)-polarizable, if the following holds: 

• It is locally the descent of an unramified admissible {w, A)-polarizable mixed twistor structure. 

• There exists S : {T, W, Na) — > (T, W, Na)* <»T{-w) such that (T, W, Na, S)\x\d is a polarized mixed 
twistor structure on X\D. 

9.2.2 Category of admissible variation of {w, A)-polarizable mixed twistor structure 

Let V{X,D,A,w) C MTS'"^™(A:, D, A) denote the full subcategory of admissible (w, A)-polarizable mixed 
twistor structure on {X, D). 

Proposition 9.11 The categories V(X, D, A,w) have property PO— 3. 

Proof The claims for PI— 2 are clear. Let us show PO. Let F : (7i, W, Na) — > {T2, W, Na) be a morphism in 
V{X,D,A,w). We have {KevF,W,NA), ilmF,W,NA) and (Cok i^, H^, ATa) in MTS'^"(X, L>, A). We choose 
polarizations Si for {%, W, Na)- Wc have the adjoint f ^ : (T2, W, N) — > (71, W, N), which induces splittings 
Ti = Ker f © ImF and 7^ = Imi^ © CokF in MTS'"^™(A:, D, A). The decompositions are compatible with the 
filtrations W and the tuple of morphisms N. Hence, we obtain that ViX, D, A, w) is abelian and semisimple. 

Let us show P3.1. For Ai C A, we have the filtration M(Ai) := M(A''(Ai)) of {T,W) in the category 
MTS'''*™(X,D). Let A2 C Ai. On X\D, M{Ai)\x\d is a relative monodromy filtration of N{Ai)\x\d with 
respect to M{A2)\x\d- Hence, it is easy to observe that M(Ai) is a relative monodromy filtration of A^(Ai) 
with respect to M(A2). 

Let us consider P3.2. Let A = Aq U Ai be a decomposition. We put L := M (Ai), which is a filtration of 

(T, W, Na,) in WYS^^^iX, D, Aq). 

Lemma 9.12 Gr^(T, W, Na,) is an object in V{X, D, Aq, w-\-k). 
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Proof Its restriction to X \ Z) is an object in \ D, Aq, w + k). Let 5 be a polarization of (T, W, N\). 
We obtain a polarization of P GtI:{T,W, N \g) induced by S and N{Ai). If T is unramified, we have natural 
isomorphisms ■0a,ii Gr^(T)|p — Gr^ iJa,u{T)\p for each P. Hence, we obtain that Grj^{T, L, Na„) is an object 
mr{X,D,Ao,w + k). I 

Let us show P3.3. Let {T,W,N) be an object in V{X,D,A,w). Let • g A. We have the induced object 
(ImTV., W, Na) in MTS'''^"'(X, D,A). 

Lemma 9.13 It is an object in ViX, D, A,w + 1). 

Proof Its restriction to X \ Z? is an object in ViX \ D, A,w + 1). A polarization S for (T, W, Na) and N, 
induces a polarization for (Im A',, W, Na). If T is unramified, we have 

'ipaA^^N,)ip ~ Im(^V^„,„(Ar.)|p). 

Hence, the claim follows from Lemma [mi I 
Let * e A \ •. We have the following induced morphisms in MTS'"*'"(X, Z?, A \ 

Its restriction to X\D is S'-decomposable by Lemma [8.201 Then, (|79l) is S'-decomposable. Thus, the proof of 
Proposition 19 . Ill is finished. I 

We have a complement, which is easy to see. 

Lemma 9.14 

• Let{r,W,NA)^V{X,D,A,w). Then, its dual {T , W, N a)"^ is an object in ViX, D, A, -w). 

• Let {%,W,Na) [i = 1,2) be objects m V[X, D , A,Wi) . Then, [Ti,W,Na) {T2,W,Na) is an object m 
V{X,D,A,wi+W2). 

• The functors j* , * and 7*^ on MTS^'*"'(A:, D, A) preserve V{X, D, w,A). I 
9.2.3 An equivalent condition 

Let X = A", A = {z^ = 0} and D = ULi A. Let (T, iV) G TS(X,D)(A). Let W := M{N(A))[w]. We 
assume the following: 

• T is an unramifiedly good-KMS 7?.x(*D)"ti'ipl6- 

• AdmO holds for {T,W). 

• (T, N) satisfies Rl— 2 with w. 

Note that W is not assumed to be compatible with the KMS-structure. The following proposition implies that 
the compatibility is automatically satisfied. 

Lemma 9.15 We have {T,W,N) e V{X,D,w,A). 

Proof For a e C^, we put N{a) J2 ^i- We have the endomorphism N{a) of Q^^"'' Mi- 
Lemma 9.16 The conjugacy classes of N{a)\(\^p'^ are independent of{X,P) G Ca x AT. 
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Proof If we fix a point P E X \ D, they are independent of A, because of the mixed twistor property. If we fix 
A ^ 0, they are independent oi P E X\D because of the flatness. Hence, we obtain that they are independent 



If we fix P G -D, they are independent, because of the mixed twistor property. 

Let us consider the regular singular case. If we fix a generic A, they are independent oi P E X. Hence, we 
are done. 

Let us consider the unramifiedly good irregular case. We have Gr^*(QaVb) with Gr^*(iV(a)). By using the 
previous consideration, for generic A, we obtain that the conjugacy classes of Gr^'(iV(a))| (x.p) arc independent of 
P E X. By considering the completion, we obtain that the conjugacy classes of GT^*'{N{a))\(^x,P) and N{a)\(^x,P) 
are the same. Thus, we are done. I 

We obtain the following lemma. 

Lemma 9.17 The weight filtration M{a) of N{a) is a filtration by suhhundles of Q^^^^Mi- In other words, 
M{a) is compatible with the K AI S -structure. I 

In particular, W — A/(iV(A))[w] is compatible with the KMS-structure. The existence of relative mon- 
odromy filtration follows from the property of polarizable mixed twistor structures. Thus, Lemma 19.151 is 
proved. I 

9.2.4 Specialization 

Let X = A", A = {zi = 0} and D = ULiA- Let {r,W,NA) E V{X,D,A,w). We obtain Vt.(T) E 
TS{Di,dDj) with the induced morphisms TVa. We also have the naturally induced morphisms Nj. We set 
Naui := Na U Ni. Let L(V«(r)) M(iV(A U 7)) [«;]. 

Proposition 9.18 We have (V^(r), W, Naui) E V[Di,dDi, KUl,w). 

Proof By an inductive argument, we have only to consider the case / = {i}. We have two natural filtrations 
of hjjuiT)- One is induced by W. The other is obtained as the monodromy weight filtration of iV(A). By 
Corollarv 19.91 they are the same. Because L is the relative monodromy filtration of N{A U {i}) with respect 
to W, we have natural isomorphisms Gr^(V«(T)) ~ Gr^ Gr'*'(V„(r)) ~ Gr^(V„(Gr'^ T)). Hence, according 
to [38], we obtain that (V'm(T),I') satisfies AdmO. Then, it is easy to check (\pu{T), L, N Au{i}) satisfies the 
assumptions for Lemma [9. 151 Hence, we obtain that (hpuiT), L, NAu{i}) & P{Di, dDi, A U {i}, w). I 

We obtain a functor ^-^^ : V{X, D, A, w) — !• V{Di, dDj, A U /, w), which is exact. 

Corollary 9.19 Let {T,W,N) E 'P{X,D,A,w) be unramified. For any u E (R x C)^ and a E Itt{T,I), we 
have (Va.uCl^), A^Au/) are objects inV{Di,dDi,AUl,w). I 




9.3 Admissible IMTM 
9.3.1 Definition 

Let (T, W, L, N) E MTS^'*'"(X, D, Af\ It is called pre- admissible A-IMTM on {X, D) if the following holds: 
R3 We have {T ,W,L,N)\x\d e M{X\D,K), and Gr^, (T, VF, iV) E riX,D,A,w). 



We shall impose additional condition for admissibility. 

The smooth divisor case Let us consider the case that D is smooth. Let (T, W, L, Na) be a pre- admissible 
A-IMTM on {X,D). Let A4i be the underlying smooth 7?.x(*_D)-modules, which is equipped with the KMS- 
structure. It is called admissible, if the following holds: 

R4 The nilpotent endomorphisms iV on {Gu{Q-Mi), L) {i — 1,2) have relative monodromy filtrations. 



of (A,P) e Ca X {X\D). 
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Lemma 9.20 Let X = A" and D = {zi = 0}. 

• For u e K X C, the tuple {ipuiT, L), Nau,) is (A U •)-IMTM on D. 

• If T is unramified, for each a G Irr(T) and it G M x C, the tuple {i^a,u{T, L), N\u») is (A U •)-IMTM on 
D. 

Proof We have only to consider the unramified case. By the compatibility of L with the KMS-structure, 
Gr^('^(,_„(T), N Aut) comes from Gr^(T, N). Hence, it is a {w, A U •)-polarizable mixed twistor structure. By 
the assumption, TV, has a relative monodromy filtration. For generic A, N^\x (i € A) has a relative monodromy 
filtration. Then, the claim follows from Proposition l8.42l (We can also deduce it directly from Lemma [8. 101 ) I 

We can also deduce the following lemma from Proposition 18. 42[ (or easier Lemma r8.10p . 
Lemma 9.21 We can replace the above admissibility condition with the following: 

• There exists U C Ca with \U\ — oo such that we have (^Qu{QMi), L, € Vectc'^"^ for any (A, P) G 
U X D. I 

The normal crossing case Let us consider the case that D is normal crossing. A pre-admissible A-IMTM 
(T, W, L, Na) on {X, D) is called admissible, if the following holds: 

• For any smooth point P G D, there exists a small neighbourhood Xp of P such that (T, W, L, N\)^Xp is 
admissible in the sense of the smooth divisor case. 

The following proposition is an analogue of Proposition 19.51 

Proposition 9.22 Let P G D°j. We take a coordinate around P. 

• ForuG{Rx C)', the induced (Vm(V^), Naui) is a {AU I)-IMTM on Dpj. 

• If T is unramified around P, for any a G Irr(D,P) and for any u G (R x C-Y , {^4'a,uO'),L,NAui) is a 
{KUI)-IMTM on Dpj. I 

The following lemma is obvious by definition. 

Lemma 9.23 An admissible mixed twistor structure is an admissible A-IMTM with trivial morphisms. An 
admissible {w, A)-polarizable mixed twistor structure is an admissible A-IMTM. I 

9.3.2 Category of admissible variation of IMTM 

Let Mix, D, A) C MTS^'^'"(X, D, Af^ denote the fuU subcategory of admissible A-IMTM on (X, D). 
Proposition 9.24 The categories M.{X,D,A) have the property MO— 3. 

Proof The claim for Ml is clear. Let us consider MO. Let F : {Ti,W,L,Na) — > {T2,W,L,N a) be a 
morphism in M{X,D,A). We have (Ker F, VF, TVa), {IuiF,W,Na) and (CokF, W", ATa) in MTS'''^™(X, D, A). 
Because F is strict with respect to L, they are equipped with naturally induced filtrations L in the category 
^rpgadm (.^^ A) . We also obtain Ker Gr^ F = Gr^ Ker F, Im Gr^^ F = Gr^ Im F and Cok Gr^ F = Gr^ Cok F. 
Hence, (Ker F, H^, L, ATa), (Im F, M^, F, TVa) and (Cok F, VF, L, TVa) are pre-admissible. To check the admissi- 
bility, we may assume that D is smooth, and that 7^ are unramified. Then, we have 

^„,„(KerF) ~ Ker^„,„(F), V^a,u(ImF) ~ Im^„,„(F), V^„,„(CokF) ~ CokV^a,„(F). 

The isomorphisms are compatible with the filtrations W , L and a tuple of morphisms N a, and the nilpotcnt 
part N, of Res(D). Hence, we obtain the existence of the relative monodromy filtration of N, with respect to 
L. Thus, we obtain that A^(X, F), A) is abelian. 
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Let us consider M2. The claim for M2.1 is clear. Let A = AqU Ai be a decomposition. Let (T, W, L, A/'a) G 
A/i{X,D,K). Let us show that the existence of a relative monodromy filtration of iV(Ai) with respect to L. 
We assume the induction on the length of L. If L is pure, there is nothing to prove. Assume that T = LqT ^ 
and that the claim holds for L_iT. We construct a filtration L of T in the category MTS^'^™(A', D) by 
Deligne's inductive formula. Its restriction to X — D is the relative monodromy filtration of N{Ki)\x-D with 
respect to L\x~d- Then, we obtain that i is a relative monodromy filtration of iV(Ai) with respect to L. 

Because Gr^(r, W, Nao) - Gr^ Gt^{T, W, Nao), (T, W, L, A/'a J is pre-admissible. To check the admi^ibility 
of (T, W, L, Nao), we may assume that D is smooth and that T is unramified. We have the filtration of ipa,u{T) 
induced by L, which is also denoted by L. Then, we can observe that L = M{N{Ai); L) on '4'a,u{T). Hence, 
the nilpotent part of Res(D) has the relative monodromy filtration with respect to L, and {T,W, L, Naq) is 
admissible. It is denoted by resA^ (T, W, L, TVa). 

Let us consider M3. Let • e A, and put Aq := A \ •. Let (T, W, L, Na) be an object in M{X, D, A). Let 
(T', W, L, Nao) be an object in A4{X, D, Aq) with morphisms 

j:^-'>res^°{T,W,L,NA) {r,W,L,NA„) res^^" (T, W^, i, A^a) 

in A4{X, D, Aq) such that vou = N,. We obtain the filtration L{T') of {T' ,WtL,N Aq) in the category 
M{X, D, Aq), as the transfer of L{T). We set N, -.^ uo v on T' ■ 

Lemma 9.25 {V,W,L,Na) is an object in M{X,D,A). 

Proof We have the decomposition Gr^V = Im Gr^ u ® Ker Gr^ w. Because ImGr^w ~ E^^o Im Gr^ A^,, it 
is an object in V{X, D, A,w). By using the canonical decomposition, we obtain that KerGr^w is a direct 

summand of Gr^T'. Hence, it is an object in Vi^X, D, Aq^w). Thus, we obtain that Gr^ T' is an object in 
V{X,D,A,w). 

The existence of relative monodromy filtration of Ni (i e A) with respect to L follows from Proposition 
18.341 For the admissibility condition, we may assume that D is smooth and that T and T' are unramified. Let 
N, be the nilpotent part of the residue. The existence of relative monodromy filtration of N, with respect to 
L also follows from Proposition 18.341 I 

Thus, the proof of Proposition 19 . 241 is finished. I 
9.3.3 A remark on nearby cycle functor 

Let us give a remark related with nearby cycle functor. Let 1°'^ be the Beilinson IMTM. For p £ Z>0 7 we consider 

the induced (A U •)-IMTM I^.'p pTVi, Nj) . We obtain a twistor nilpotent orbit I^.'p := TNIL. (l^:p) . Let 

K d i and m e Z^Q. We put g z"^, which gives X \ A — > C* . We put I^'^p := g*I^:p. 

Let (r, i, AT) e M{X, D, A). We obtain (H^'^pT, L, N) := (T, i, AT) (^f^^p G M{X, D, A). Take I C {i e 
A\pi > 0}, and we consider the following morphism in Ai{X, D,A): 

si^i^°(H$^^pr,iv,,i) ^ s"-i^i(H$^^pr,iv,,L) 

The cokernel in A4{X, D, A) is denoted by {ipm,p{T) i , L) . It is equipped with the filtration L as the object in 
Ai{X, D, A). It is also equipped with the filtration L naively induced by the filtration of T- We immediately 
obtain the following lemma from Corollarv 18.401 

Lemma 9.26 We have M{N;L)[1] =L. I 

9.4 Specialization of admissible mixed twistor structure 
9.4.1 Statement 

Let X := A" and D := [JLiU^ = 0}- We put dDi := Ui^/ A n £»/ and Dj := Di \ dDi. Let {T,L) e 
MTS^'^™(A:, D). Assume that T is unramified. 
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For I C 1, a e Irr(T,/) and tt € (R x C)^, we obtain an object (Va,ix(T'), TV/) in TS{X, D,I)^\ Its 
restriction to Dj is an object in Ai{Dj, I). The relative monodromy filtration W — M{N{I); L) of Vo.ix(T)|d° 

is extended to a filtration of Vo,u(T), by Deligne's inductive formula. Thus, we obtain (Va,u(T),VK) in 
MTS(Z)/, 91?/). We will prove the following proposition in Subsection 19.4.31 

Proposition 9.27 (Va,M(T),M^) is admissible. 

For (r,L) e WTS'"^'^{X,D), which is not necessarily unramified, we have G TS(D/,9i?/). It is 

equipped with the filtration W = M{N{I):L). By Proposition i^Zl {'i)^{T),W) € MTS'"^"' {Di,dDi). Thus, 
we obtain an exact functor ^ 

Vix : MTS^'^'^CX,!)) — > MTS'''^"' {D I, dDi). 

The following corollary is clear by Proposition 19.271 and the definition of A4{X, D, A). 
Corollary 9.28 Let (TjW, L, N \) be an unramified object in Ai{X, D, A). 

• For any it G (M x C)^, (V^IT), Nj^ui) are objects in M{Di, dDj, A U /). 

• Assume that T is unramified. For any I C £, u ^ {M. x C)^ and a G Irr(T, /), (Va.itlT), i, ATau/) cltc 
objects in M{Di,dDi,AU I). 

Thus, we obtain an exact functor ^ipu : A4{X, D, A) — > Ai{Dj, dDj, A U /). I 

9.4.2 Some notation 

We have the abchan category Adi ■= MTS'''^™(£'/, dDj). For any finite set A, we put 
Vn,,DrW ■.^V{Dj,dDj,K,w), MdA^) ■^M{Dj,dDj,K) 
Then, {^^^.^^(A)} satisfies the conditions P0-P3, and M.Di{A) satisfy the conditions M0-M3 in Subsection 

We obtain the categories A/Ly^/j^ (Ai, A2) and M' LAdA^i, ^2) as in Subsections 16.3.61 and 16.3.91 We have 
a natural equivalence M LAdi{Ait ^2) — > M'i^/j^ (Ai, A2) as in Theorem l6.31l 

For I<zJ,we have a naturally defined exact functor ^jj : M. Di (A) — > A^/j^ (A U ( J \ /)) given by ''^ j 
where Uq — (—1,0)'^^^ G (M x C)''^^. We have the following commutative diagram of the functors: 

MLAdA^1:^2) MLAdj{Ai,A2U{J\I)) MLAdj{Ai U {J \ I), A2) 

4 4 4 

M'LADr{Ai,A2) M'LAd,{A^,A2U{J\I)) M'L^/,, (Ai U (J \ /), A2) 

The horizontal arrows are exact functors. 

9.4.3 Proof of Proposition [97271 

For simplicity, we assume that D is smooth. 

Proposition 9.29 Let {T,W, L, N\) be an object in MTS(Ar, Z?, A)^' such that (i) L is compatible with the 
K MS- structure, (ii) (T, W, L, TVa) satisfies R3 and R4 in Subsection \9.'S\ Then, it is an object in Ai(X, D, A), 
and hence WI^'^'^"'{X, D, AfK 

Proof We may assume that T is unramified. We obtain that {ipa,u{T, L), Nau») is a (A U •)-IMTM. Let Aic 
(c = 1,2) be the underlying 7?.-modules. We have the irregular decomposition A^^|g = ®aeiri(r) -^c,a- We 
have the corresponding decomposition Wk{Mc)^-p — 0aeiiT(r) ^fe(-^c,a)- We have an C';^.(ao) -coherent sheaf 
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We have the induced fihration L on Grf ' We have the nilpotent endomorphism iV(A) on Grf ' °' Mc- 

Because Grf " Mc^®^ ©„ 

(Ao,«)=a ^u,^} there exists a relative monodromy filtration W — M(^N (A); Z/) 

on Gr^ A^c- 

Lemma 9.30 Qi^°^WmMc is a good-KMS family of meromorphic \-flat bundles, and we have 

W™(Grr°'A^,) =Grr"'(M/™Xe). (81) 

Proof If L is pure, it follows from the assumption R3. We assume L^T — T, and the claim holds for 
(Lfe_iT, W, L, N). The filtration W{Mc) is constructed by Deligne's formula: 

W.,+uMc = W-,+kLk-iMc + iV(A)^ {W,+kLuMc) (82) 

W,+kM, = Ker(7V'+i : M, Xc/W^-»-2+fcXc) (83) 

Assume that we know the claims for W-i-2+kM.c- Then, M.clW-i-2+kJ^c has the induced KMS-structure, 

and we have Grf (A^c/M^-i_2+fcA^c) — Grf A^c/ Grf T4^_i_2+feA^c- The cokernel of the induced 
morphism 

N{Kr : Grf '^"^ ^ Grf'" {MjW.^^.^+kM.) 

is strict. Hence, we obtain that the claim holds for Wi+kJ^c- 

Assume that the claim holds for Wi+k-Mc- The cokernel of the following morphism is strict: 

Gr^ {W-,+kLk-iMc) ® Gr^^ {W^+kMc) ~^ Gr^^ Mc 

Hence, we obtain the claims for W-i+k-Mc- Thus, the induction can proceed. I 

Hence, W is compatible with the KMS-structure, and the nilpotent part of the residue on Gr^j A4c has 
a relative monodromy filtration. Thus, we obtain Proposition 19 . 29l I 

We have used the following standard lemma. 

Lemma 9.31 Let Mi (i ~ 1,2) be unramifiedly good-KMS TZx(*d) -''modules. Let F : Mi — > Ai2 be a 
morphism such that (i) Cok.^a.u{F) are strict for any a and u. Then, F is strictly compatible with the KMS- 
structure, and Keri^, Im_F and Cok_F are naturally induced KMS-structure. Moreover, we have natural iso- 
morphisms ^|j.«(Keri^) ~ KerV'a,u(^), ^a,ti(Iin-F) — Im'0|j.„(_F), and ijja.uiGokF) ~ Cok'0|j.„(_F). I 

Let (r, L) e MTS^'*'"(X, D). We obtain R3 for (V«(T), W^, L, N i) from Corollary [931 with CoroUaryHH 
For the remaining conditions, we may assume that dDi is smooth. We obtain R4 from Proposition l9.22l Then, 
applying Proposition I9.29"! we obtain the claim in the mixed case. I 

9.5 Integrable case 

9.5.1 Admissible mixed twistor structure 

An object [T,L) e TS'"'(X, Z?)*^' is called an integrable mixed twistor structure on {X,D), if (i) the underly- 
ing filtered smooth 7?.jf (*£))-triple is a mixed twistor structure on {X,D), (ii) each Gr^(T) has an integrable 
polarization. Let MTS'"*(X, D) C TS'"'(X, Z?)*"' denote the corresponding fuU subcategory. It is an abelian 
category. 

An object (T,i) G MTS'"*(X, £>) is called admissible, if (i) the underlying object in WIS{X,D) is admis- 
sible, (ii) for each w, Gr^(T) is obtained as the canonical prolongation of a good wild integrable polarizable 
variation of pure twistor structure of weight w. Let MTS'"* (X, Z?) C MTS'"*(A:, Z?) be the corresponding 
full subcategory. We immediately obtain the following from Proposition 19. 61 

Proposition 9.32 The category MTS'"''''^"(X, D) is abelian. I 
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The following lemma is an integrable analogue of Lemma 19.41 

Lemma 9.33 Let T G TS{X,D) come from an integrable good wild polarizable variation of pure twistor struc- 
ture of weight w. Then, T € MTS"*'''^'"(X, D). I 

The following proposition can be reduced to Proposition [9?5l 

Proposition 9.34 Let {T,L) G MTS'"*'''^'"(X, D). Let P e Dj. We take a coordinate around P. 

• For u G (M X C)^, we naturally have (Jtlju{'T,L),Nj^^p is an integrable L-IMTM. 

• If T is unramified around P, for any a G Irr(T, P) and for any it G (K x C)"'^, (Va,M(V, £), AT) |p is 
naturally an integrable I-IMTM. I 

Let us consider the specialization as in Subsection 19.4.11 Let X = A" and D = Ui=i{-2^i = 0}- Let 
{T,L) G MTS'"*^'*'"(X,i:>). Assume that T is unramified. For / C £, a G Irr(r,/) and m G (R x C)^, we 
have (Va,^(T), W) in MTS'"^'"(D/, 51?/). It is naturally a smooth filtered 7^Jf,(*I^,)-triple. We can check that 
Gr^(^Va,u(7~)) has an integrable polarization. Hence, we obtain the following. 

Proposition 9.35 We naturally have (Vcj,u(T), VK) in MTS'"'^'^™(i:i/, aD/). I 

9.5.2 Admissible polarizable mixed twistor structure 

We set MTS'"*^'^'°(X,i:>,A) MTS'"*^^'°(X, i:')(A) for a finite set A. Let {r,W,N) G MTS'"' ^^™(A, D, A). 
It is called (ly, A)-polarizable, if (i) the underlying object in MTS'^'^™(X, D, A) is (w, A)-polarizable, (ii) it has 
an integrable S : {T,W,Na) — > {T,W,Na)* (»T{-w) such that {T,W, Na, S)\x\d is a polarized mixed 
twistor structure on X \ D. 

Let r''''\X,D,A,w) C MTS"*'''^'"(A,D, A) denote the full subcategory of admissible (w, A)-polarizable 
mixed twistor structure on (A, D). The following is an integrable analogue of Proposition 19. Ill 

Proposition 9.36 The categories V"^^ {X , D , A, w) have property PO— 3. I 

The following is an analogue of Lemma 19.141 and easy to see. 

Lemma 9.37 

• Let (T, W, TVa) G V'^^X, D, A, w). Then, its dual (T, W, Na^ is an object in V'^^X, D, A, -w). 

• Let {Ti,W,NA) {i = 1,2) be objects in V''''\X, D , A,Wi) . Then, {Ti,W,Na) {T2,W,Na) is an object 
in V'''\X,D,A,wi+W2). 

• The functors j* , * and 7*„^ on MTS'"*'"^'"(A, D, A) preserve P'"'(A, D, w,A). I 

Let us consider the specialization as in Subsection 19. 2. 41 Let X — A", Di = {zi = 0} and D ~ Ui=i ^i- Let 
(r, W, Na) G r'"'\X, D, A, w). We obtain V«(T) G TS'^'^Di , dDj) with the induced morphisms TVa. We also 
have the naturally induced morphisms Nj. We set Naui ■= Na U Nj. Let L(Vix(T)) := M(A^(AU I))[w]. 
The following proposition is an integrable analogue of Proposition l9.18l 

Proposition 9.38 We have {^^u{T),W, Naui) e V'''^\Di,dDi,AU I,w). I 

9.5.3 Admissible IMTM 

Let (T, W, L, N) G MTS'"*^'^'"(A, D, Af\ It is called an integrable admissible A-IMTM, if (i) it is an admissible 
A-IMTM, (ii) Gi^{T,W,N) has an integrable polarization. Let A^'"*(A, Z?, A) C MTS'"'''''"(A, £>, A) denote 
the full subcategory of integrable admissible A-IMTM on (A, D). We can easily deduce the following proposition 
from Proposition 19 . 241 

Proposition 9.39 The categories A^™*(A, £), A) have the property MO— 3. I 
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The following is an integrable analogue of Corollary 19. 281 
Corollary 9.40 Let {T,W,L,Na) be an unramified object in M™^{X,D,K). 

• For any it G (M x C)^, (^^^(T), L, Naui) are objects m M''^\Di,dDi, A U /). 

• Assume that V is unramified. For any / C it € (M x C)"'^ and a £ Irr(7~, /); (Vo,m(7~), i, ATau/) are 
objects m M"'\Di,dDi,KUl). 



Thus, we obtain an exact functor V-u : M"^\X, D, A) — > M'^'^Di, dDj, A U /). 
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10 Good mixed twistor D-module 

10.1 Good gluing data 
10.1.1 An equivalence 

Let X := A" and D := — 0}. Let H = Uigifi-^i — 0} for some K C £. We consider categories 

(&i{X,D,*H) {i = 0,1) given as follows. (If H ^ they are denoted by ©^(X, We omit to denote 

the weight filtration for objects in MTS'''^™(I?/, 9-D/). The argument in this subsection can work also in the 
integrable case. In the following, V-6 is denoted by ijji. For / = (ii, . . . , im), the composition ■0^^ o • • • o ipj^^^ is 
denoted by ipj. 

Category &o{X,D,'t<H) Objects of ©o(A:, £>, are tuples of Ti G yiTS'"^'^{Di,dDi) {I <Z i\ K) with 
morphisms in MTS'''^'°(L»/i, az?/,) 

El." res; (^.(T/)) Tn res^ (V-^CT/)) 

for i i\ {lUK) such that fj i ogj ^ = Ni. For j,k G | \ (/Uif), we impose the commutativity of the following 
diagrams: 



Ti 



flj.k 



^2,0 



9lk,j I 

Tijk 



(84) 



flj.k 



■>Pj{fi,k) 



i'kigi.j) 



(85) 



For T^') = (r/^) e (3o{X,D,*H) {i = 1,2), a morphism F : T^^^ — ^ T^^^ in i8o{X,D,*H) is a tuple of 
morphisms Fj : Ti^^ — !■ 7}^^'' in MTS^'^™(D/, 513/) such that the following diagram is commutative: 



„(1) 



Fii 



(86) 



^^'°(^.(rf^) 



f(2) 

(2) Jj.' ^ 



(1)- 



For an object 7" = (7/) in ©o(A', -D, *i7), each 7/ is equipped with a tuple of morphisms AT/ = {Ni | « e /), 
given by TV^ := o /^\, 
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Category &i{X,D,*H) We consider objects {T,£) in (8o{X,D,*Hf^ such that (i) {Ti,C,Ni) e MdAI) 
for each I C £\K, (ii) the tuple [^pi{Ti), Tif, gi^i, fi^, C) is filtered S'-decomposable. Let £>, be the 

full subcategory of such objects in '3q{X, D, 

Proposition 10.1 The forgetful functor : <8i{X, D,*H) — > &q{X, D,*H) is an equivalence. 

Proof Let us show the essential surjectivity. Let T E 'SoiX, D, *H). For each / C J, we have 

uy'' (V,7\/(r/),Ar,7y) e Md.AJ\I). 

The tuple (Uy^ | / C J) with the following induced morphisms for I2 C h in AAd,{J \ h) give an object in 
Afi'yti3^(J): 

I]IM/.l,o(,es^U.(^G/))) ^^(./) ^ E"-I^A/.l(resA^j(^(^))) 

By Theoreni l6.31[ we have the corresponding object in M LAd 7 (J) ■ Hence, we obtain filtrations L^'^^ of (Ti) 
mMTS'"'^'^{Dj,dDj) ioi- 1 C J such that {^j\i{Ti),L^'^\N j) is an object in A^£), (J). In particular, we obtain 
a filtration L^"^^ of Tj, and {Tj , L^"'\ N j) g Aiuj[J). By using the commutative diagram (I5(7|) . we obtain that 
L^^^ on 7/ induces L'-'^-' on tpj\i{'Ti). Hence, the tuple (L^'''' (Tj) | J C gives a filtration £ of 7" in the category 
€o{X,D,*H)^^, and {T,C) is an object in 0i. Thus, we obtain the essential surjectivity. 

The fully faithfulness of * follows from those for MLAdj (I) — > ML' Ad, (/)■ I 

By definition, we have the forgetful functor ©^(X, D) — > Q5^{X, D, denoted by T 1 — > T{*H). 
10.1.2 Canonical prolongment 

Let K = Ki U K2 be a decomposition. We have the functor [*Ki\K2] : &o{X, D,*H) — > (3o{X,D) given as 
follows. Let T= iTi,gi^tJi,t) G &o{X,D,*H). For / C we put 

The tuple is equipped with the following morphisms in Adh 

Si,Ores^^,fz) la^l^!^ fi, -^fi:^!^ S°--ires^(^.7}) ^ ^) 

Ei'0res^(V^,7}) ^^^i^ili^ f/. res^ (^,7}) ^ ^1) 

Ei^Ores^(^.f/) fu ^^^^^^ SO-i res^ (V.f/) € TC^) 

Thus, we obtain an object T[*Ki\K2] in (8o{X,D), and a functor [*KilK2] : <6q{X,D,*H) — ^ <&q{X,D). We 
have the induced functor [*Ki\K2f^ : (So(^, ^5, ^i?)''' — > (&AX,Df\ 

We have the corresponding functor [*i4ri!i4r2] : &i{X, D,*H) — > &i{X,D) given by 

<3i{X, D,*H) —5-^ (So{X,D,*H) ^*'^'-^'\ (3o{X,D) &i{X,D) 

Let (T,/:) e <&i{X,D,^H).JNe have T[*-ftri!i^2] e ©o(-'^,£')- It is equipped with two naturally induced 
filtrations. One is the filtration £ of (T,£)[*i4ri!i<r2] €&i{X,D). The other is the filtration £ of T[*iv:i!i4:2]^' e 
e2{X,D)^K Note that they are not the same in general. The latter is called the naively induced filtration. 

We obtain the induced functor [*Ki\K2] : ©o(^,-D) — > <&q{X,D) given by T 1 — > {T{*H))[*Ki\K2], and 
the corresponding functor [*Ki\K2] : ©i(X, Z?) — !■ D). 

Lemma 10.2 We have the natural transformations ^.K] — > id — > [*K] as functors on Q5i{X,D). 

Proof The claim is clear in the case i = 0, which implies the claim in the case i = 1. I 
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10.1.3 Nearby cycle, vanishing cycle and maximal functors 

Let g = 2*", where m £ Z^g. Let T = {Ti Ji,^, gi^^) G i3q{X,D). We have T{*H) e <3o{X,D,*H). Let 
U^T{*H) = (Tiji,i,gi,i) be an object in e5o(^, D, *H) given as follows, ioi I C £\ K and i e £\ {K U I): 

fi := Ti ® Si^>,(7i) f/, S°'-V.(7}) 

(See Subsection iXl for I^'' with A = 0.) We set Wl'^T := {Wg'^T)[kK] e <&oiX,D) for * = *,!. Then, we 

define W^^^T £ ®o{X,D) as the kernel of H'^^'^T — > Hgi^'V for a sufficiently large iV. In particular, we 
obtain the following objects in &n{X^ D): 

We define (j^g^T G 25o(-'^, as the cohomology of the complex in ^^{X, D): 

T[\K] -^T®Ef ^T ^ T[*K] 
We can reconstruct T G &i{X, D) as the cohomology of the complex in D): 

v-^r ct>fT®^fT r (87) 

The following lemma can be checked by direct computations. 
Lemma 10.3 

1. The functors ijjg^^ Sg'^-' and (p'f'^ are exact. 

2. If T[*K] = T, then ~ ^fH. If T[\K] = T, then ~ i^^pT. I 
We have the corresponding functors for 0i(X, _D), denoted by the same notation. 

Lemma 10.4 If {T,L) G &i{X,D) is pure, ijjlpT' — > 't'f'^T — ^ ''pf^T' is S -decomposable. 

Proof We have only to consider the case that T is obtained as the image of T[!^] — > T[*^], where T comes 
from a wild variation of polarizable pure twistor structure on X. By the claim 1 in the previous lemma, the 
induced morphism 4''g'''T[li\ — > 4>g'''T is surjective, and 4>f''T' — > 'f'pTl*^ is injective. Then, the claim 
follows from Lemma [10.31 I 

Let iT,L) G <Si{X,D). We have two kinds of filtrations on ipgCT) and 4)f\l'). One is the naively 



induced filtration i, when we consider as functors on <5f){X,D) . The other is the weight filtration L as 
the objects in <di{X,D). We have the naturally induced morphism N : 4'g'\T) — ^ 4>^g\'T) ®T[—1) and 
N ■.^g{T)-^4^g{T)®T{-l). 

Proposition 10.5 We have L = M{N; L) on ipgT and (j)g^T. 

Proof The claim for iigT follows from Lemma [9. 261 Let us consider (j^g^'T. We have only to consider the case 
L is pure. Then, we have the decomposition ip^g'^T = Imcaug ® Ker var^. We obtain the relation L = M{N] L) 
on Imcaug from the claim for i^gl'. We have the decomposition 7" = 7~i ©Kervar^, where 7"i has no subobject 
whose support is contained in g^^(O). Hence, we have L = L on Kervar^, and we obtain the claim for (jif^T. I 

Note that we can reconstruct the filtration L oiT from (|87p with the naively induced filtrations L of ^^f'T 
(a — 0, 1), S^pT and (jyf^T. We can also reconstruct L of 7" from ((87)) with the filtrations L of ip^T (a — 0, 1), 
■~f^T and 4"^^" as objects in ©i(X, D). 
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10.1.4 Gluing along a monomial function 

Let g be as above. Let T G lSi(X, D, *H). We have and in &i{X, D). Let T' G <Si(X, D) such 

that 7}' = if / n -ftr = 0. If we are given morphisnis 

such that vou is equal to the natural niorphisni ip^g^'T — > ipg^'^T. Then, we obtain Glue(7~, 7"'; u, v) G Q5i{X, D) 
as the cohomology of 'ipg^'^T — > Sg*^-*?"® T' — > ijj^g'^l'. Let L^^^ denote the filtration of Glue(7~, 7"'; m, u) as 
an object of ©i(X, D). 

We have the naively induced filtrations L on 'E^-g'^T and ip'f^T. We have the filtration L of T' obtained as 
the transfer of L(^'ipg{'T)) . Then, we obtain a filtration L^^^ of Glue(X, T'; u, v) with which Glue(T, 7"'; u, v) G 
<&i{X,D). 

Lemma 10.6 We have L^^) = L^^\ 

Proof We apply the procedure in Subsection 110.1.31 to (Gluc(7~, 7"'; u, v), L*^^-') . The naively induced filtration 

L on (1)'^°^ Glue(r, T' ; u, v) ~ T' is the same the filtration obtained as the transfer, by Proposition 110.51 Then, 
the claim of the lemma follows. I 

10.2 Good pre-mixed twistor D-module 
10.2.1 Local case 

Let X = A" and D = ULii-^i = 0}. We have the category D) in Subsection nO.l.ll We use a symbol V 

to denote an element of &i{X, D). We may regard it as a filtered object in the category C{X, D) in Subsection 
15.6.11 Then, we obtain a filtered 7?.x-triple ^x(V), as in Subsection 15.6.21 

Lemma 10.7 ^'a'(V) is a pre-mixed twistor D-module. 

Proof We have only to show that, if V is pure of weight w, \I'x(V) is a polarizable wild pure twistor D-module 
of weight w. We may also assume that gi^i are surjective, and fi^i are injective. There exists J G i such that 
(i) V/ = unless I D J, (ii) Vj ^ 0. By using the result in Subsection 15.61 we obtain that "^xiV) is strictly 
S'-decomposable along any Zi {i — !,...,£). On the other hand, we have a wild pure twistor D-module T 
of weight w such that 1{*D(J'^)) — Vj. Because both 1 and 5'x(V) are strictly S'-decomposable along Zi 
{i = !,...,£), we obtain that T = *x(V). I 

Definition 10.8 Let MTW^°°'^ {X , D) be the full subcategory o/ MTW(X), whose objects are isomorphic to 
*x(V) for some V G <Si{X,D). An object in MTW^°°'^ {X , D) is called good pre-mixed twistor D-module. I 

It is independent of the choice of the coordinate (zi, . . . , z„), by using the isomorphism in Lemma 12.291 (See 
Lemma 15.321 ) 

By definition, ^'jf is essentially surjective. It is also fully faithful according to Lemma 15.311 Hence, 
gives an equivalence D) — > MTW^°°'^{X, D). 

Proposition 10.9 Let g = z'^ for some m G Z^j^Q where K C £. The following holds: 

• For V G <8i{X, D), T :~ "^xO^) is admissibly specializable along g. Moreover, there exists T[*g] in 
MTW^°°'^{X,D), and we have T[*g] ~ *x(V[*5i]) as good prolongment ofT{*g). 

• We have natural isomorphisms in MTW^°°'^(X, £>).• 

^gAT)^^XOi;gAV), Sg{T)c^^XOSg{V) <l> g{T) ^ X O Cj, g {V) (88) 

• In particular, we have L = M{N; L) on (j)gT and i)gT , where L denote the filtrations as objects in 
yiTW^°°'^ {X , D) , and L denote the naively induced filtrations. 
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Proof Let us begin with the fohowing lemma. 

Lemma 10.10 (i) T ~ ^ xi^) o-i^e strictly specializable along g as TZx-triple, (ii) T[kg\ (* = *,l) exist as 
TZx -triple, (Hi) we have the isomorphisms (j88p as TZ-triples. 

Proof Let us consider the case V = V[*/! J] for V € MTS'''*'"(X, D). We set Iq:=I\K and -h J \ K. By 
Proposition 15.161 the 7?.x(*. 9) -triple J])(*.g) is strictly specializable along g, and J])[*g] ~ 

*x(V[*/o!Jo*i^]) as 7^x-triple. Moreover, we have *x (V® J]) [*g] = ^x{V <S)Pg''[*Io^-Jo*K]) 
as 7?.x-triples. Hence, (^x(V'[*/! J])) as an 7?.x-triple exists, and it is given as follows: 

E^°\^x{V[*nj])) ^Kcr(^^x{V ^l-^^^[*IoW-K]) ^ vi/^(V ® I;^^"[*/o! Jo * if])) ^ (V[*/!J])). 

Similarly, we have ipg"''' (\I'a'(V[*/! J])) ~ xiJjg"'\v[*IlJ]). Let V be obtained as the cohomology of the following: 

^x{V[*IoW-K]) «'x(s(°^V[*/!J]) ® *x(V[*/!J]) «'x(V[*/o!Jo * A^) 

It is naturally isomorphic to ^>xi(l)g^^V[*IlJ]), which is strict. Hence, we obtain that \I'x(V[*/! J]) is strictly 
specializable along g, and P ~ 4°^'I'x(V[*/! J]) ~ «'x(4°^(V[*/! J])). We can compute V'ff,u(*x(V[*/! J])) as 
above, and ^g,„*x(V[*/! J]) ~ ^'xV'g.t.CVi*/! J]). 

A general V G 0i{X,D) is expressed as the cohomology of a complex V^, where V"^ = 

®k,^k,[*IkMk,]- We have ^'x(V) = H^'fxiV')). We have V^g*x(V') ~ *xV^g(V'), and the cohomology 
of the complex *x^g(V°) ^ *xV's(V^) ^ ^xV'glV^) is strict. Similarly, we have 4>f^'^x{V") ~ ^'jf4°^(V'), 
and the cohomology of the complex ^'x'/'g^^lV") ^ *x4°^(V^) is strict. Hence, we obtain 

that *x(V) = i?^(5'x(V*)) is strictly specializable along g, and we have natural isomorphisms V'g,«^x(V) — 
^xV'g,«(V) and (/)g°''^'js:(V) — '^x4'a^\v)- In particular, the following morphisms are isomorphisms: 

can : ^'^'^^(V [!<?]), ^ 4°%^ (V [!<?]) var : (/.f *x(VM) ^ <)*x(VM)- 

Hence, we obtain that ^'x(V)[*.g] — ^'x(V[*.g]). Thus, we obtain Lemma HO. 101 I 

Let Vi — > V2 be a monomorphism in i3i{X,D). Then, 4'g,u'i'x{Vi) — >■ ipg,u'^x{V2) is identified with 
^x4'g,u{Vi) — > ^x'0g.u(V2), whose cokernel is strict. Applying this strictness to the weight filtration of V, 
we obtain that 5'x(V) is filtered specializable along g. Then, the isomorphisms V'3,«^x(V) — "^xi^g.uiV) and 
(j>g'i'x{V) — ^'x0g(V) are compatible with the naively induced filtrations. Hence, we obtain that 'i'xiV) is 
admissible specializable by Proposition [T(l5l We obtain '^x{V)[*g] ~ ^'x(V[*.g]) in MTW^°°'^{X, D) from the 
above results. I 

10.2.2 Global case 

Let X be a complex manifold with a normal crossing hypersurface D = IJieA ^i- 

Definition 10.11 Let MTW^°°'^ {X , D) be the full subcategory of MTW{X), whose objects T satisfy the fol- 
lowing: 

• For any point P G X , we take a small coordinate neighbourhood [Xp] zi, . . . , z„) such that Dp := XpHD = 
Uti{^^ = 0}. Then, Tlx, G MTW^^^" {X p , D p) . 

An object in MTW^"""^ {X , D) is called a good pre-mixed twistor D -module. I 

We obtain the following proposition from Proposition llO.91 

Proposition 10.12 Let T G WYW^°°'^{X,D). Let g be a holomorphic function on X such that g~^{{)) C D. 

• T is admissibly specializable along g. There exist T[*g] in MTW^°°'^ (X, D) for ★ = !. 
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• Vg,«(T), Sg(r) and^'^HT) are objects in MTW^°°'^ {X , D) . 

• Let L denote the weight filtrations of tpg^uT and 4>gT as objects in MTW^°°'^{X, D). Let L denote the 
filtrations of ^g_uT and (j)gT naively induced by the filtration ofT. Then, we have L^M{N;L). I 

Let V e MTS'"^"'\X,D). Let A = / U J be a decomposition. We have an object V[*/!J] e MTW^°°'^ {X , D) 
satisfying the following condition. 

• Let P be any point of D. Let {Xp, zi, . . . , z„) be a small coordinate neighbourhood around P such that 
Dp := D n Xp = lJi=i{^i — 0}- We have the decomposition £ = Ip Li Jp induced by A = / U J. We put 
Vp := V|x^, which induces Vp[*Ip\Jp] in &i{Xp,Dp). Then, we have V[*/!J]|Xp - Xp(Vp[*IplJp]). 

Such V [*/!,/] is unique up to canonical isomorphisms. We obtain the following corollary from Proposition ll0.9l 

Corollary 10.13 Let g be a holomorphic function on X such that .g^^(O) ~ Uie/f-^' -'ome C A. Let 
V e MT?,'^'^'''{X,D). 

• V[*/! J] is admissibly specializable along g. 

• There exists (V[*/! J]) [^g] in yVTW^°°'^ [X , D) , and we have the following isomorphisms as good prolong- 
ment of T: 

{V[*I\J])[*g] ~ V[*(/Uii:)!(J\is:)], (V[*/!J])[!.g] ^ V[*{I \ K)\{J \J K)] 

I 

10.2.3 Gluing 

Let X be a complex manifold with a simple normal crossing hypersurface D. Let be a holomorphic func- 
tion on X such that Di := g'^iO) C D. Let T G MTWS°°'^(X, D, We have Vg^^T) and eI''\T) 
in MTW'^°°'^{X,D). They are equipped with the filtrations L as objects in MTW^°°'^ {X , D) . They are also 
equipped with the naively induced filtrations L. 

Let V € MTWS°°'^iX,D) whose support is contained in _Di. Assume that we are given morphisms 

in MT'W^°°'^ {X , D) such that v o u is equal to the natural morphism ^g^^'T — > ^j'^g^T- Then, we obtain 
Glue(r,r',u,w) in MTWS°°'^(X, L>) as the cohomology of the complex ^^'t — > E^^T^V — ^ 4"'^- It 
has the filtration L^^'> with which Glue(r, T', w, G MTWS°°'^ {X , D) . 

We have the filtration L of T' obtained as the transfer of L of i^giT). Then, we obtain a filtration L^^^^ of 
Glue(T, T', u, v). We obtain the following lemma from Lemma [10.61 

Lemma 10.14 W'e /lawe = L(2). | 

10.3 Good mixed twistor D-module 
10.3.1 Statement 

Let X be a complex manifold. Let be a normal crossing hypersurface. We shall show the following theorem. 
Theorem 10.15 A good pre-mixed twistor D-module is a mixed twistor D-module. 

After the theorem is proved, good pre-mixed twistor Z3-module is also called good mixed twistor Z3-module, 
and MTW*5°°'^(X, D) is also denoted by WYM^°°'^{X, D). 

In particular, for a given admissible mixed twistor structure on (X, £)), we have its canonical prolongation. 
Namely, let V G MTS'*'^™(X, Z?), and let D = UieA the irreducible decomposition. For a decomposition 

A = / U J, we have the good mixed twistor _D-module V[*/! J]. 

We also show the following, which is a special case of Proposition 111.81 
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Proposition 10.16 Let {T,L) G MTWS°°'*(X, £)). For any holomorphic Junction f on X, we have {T,L)[*f] 
(★ = *,!) in MTM(X). Moreover, if f~^{0) = g^^{0) for some holomorphic function g, we have a natural 
isomorphism (T, L) [*/] ~ (T, L) [kg] . 

10.3.2 Preliminary 

Let V e MTS'"^'^{X,D). Let Dq be a hypersurface of X. Let (p : X' — > X be a proper birational morphism 
such that D' := ^-^(DUDo) is normal crossing. We obtain an object V := ip*{V){*D') € MTS'''*"'(X', D'). 

Let D = DiU D2 be a decomposition into normal crossing hypersurfaces with codimDi O D2 > 2. We put 
D'2 -.^ ip^^{D2), and let Z?' = D[ U -Dj be the decomposition with codimD'^ r\D'^>2. We put D'{ := .^"^(Di), 
and let D' = D'{ U be the decomposition with codimD'/ n D'^ > 2. Note that D'{ C I^i and D'^ C I^a- 
We have a natural morphism V^L)'/!!?^'] — > V'i^D'^lD'^] in MTWS°°'^(X', D'). We shah prove the following 
lemma in Subsection 110.3.51 

Lemma 10.17 We have natural morphisms in MTW{X) 

(p^V'['fD'{lD'^] — > V[^Di\D2] — > ip^V'[*D[lD'2] 

which induces natural isomorphisms (pjV ~ V(*I?o) — <y5tV". 

// one of Di is empty, V[*Di\D2] is the image of the morphism ifi^V'l^D'llD'^] — > ififV'[¥D'-^\D'^ in 
MTW(X). 

10.3.3 Admissible specializability of good pre-mixed twistor D-modules 

Let V e MTS'''^"^^,^)- We have V[*L'] G MTWS°°'^(X, D) for ★ = 
Lemma 10.18 Let f he any holomorphic function on X . Let ★ &e * or \. 

• V[*D] is admissibly specializahle along f . 

• There exist {V[kD])[*f] and (V[*L>])[!/] in MTW'P(X,/). 

Proof We set := f^^{Q), and we take (p : X' — ^ X as in Subsection [10.3.21 We set Di := D and D2 := 
if ★ = and Di —% and D2 := D \i -k =\. We use the notation in Subsection 110.3.21 According to Proposition 
110. 12[ V'[*D'i\D'2\ and V'[*I?"!I?2] ^'''^ admissibly specializable along tp* f . According to Lemma [7.81 we have 
tf^jV'[*D'^\D'^ and tf^jV'[*D'(\D'2] are admissibly specializable along /. By Lemma [10.1 71 and ProDOsition l7.7[ we 
obtain that V[*r'] is also admissibly specializable along /. It is easy to see that Lp^jV'[^D'i\D'2\ gives (V[*-D])[*/], 
and that p^V[*D'l\D'i] gives {V[kD])[\f]. Thus, we obtain LemmaHUHl I 

Corollary 10.19 Let g he a holomorphic function such that g~^[0) = D. Then, ^']f'V[kD] and 'E.^g^V^kD] are 
admissihly specializahle along any holomorphic function f on X . I 

Lemma 10.20 T € MTW^""*^ ( A, D) is admissihly specializahle along any holomorphic function f on X . More- 
over, there exist T[kf] (★ = *,!) in MTW"P(A, /). 

Proof We have only to consider the case A = A" and D = {j\^^{z, = 0}. For T G MTW*5°°'^(A, D), we put 
Pi{T) dimSuppT, and let P2{T) denote the number of / C such that |/| +dimSuppT = n and (f>i{T) ^ 0. 
We set p{T) := [pi{T), P2{T)) G Z>o x Z>o. We use the lexicographic order on Z>o x Z>o. 

We take L C £ such that |/| + dimSuppT = n and 4>i{T) 7^ 0. We put h :— Yiiei" ^i- Then, T can be 
reconstructed as the cohomology of the complex: 

Because p{^l^^T) < p{T) and p{4'\'^^T) < p{T), we can apply the hypothesis of the induction. Applying 
Corollary to we obtain T G MTW"P(A, g). Thus, the proof of Lemma [1020] is finished. I 
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10.3.4 Proof of Theorem 110.151 and Proposition 110.161 



Let X be a complex manifold. Let H he a normal crossing hypersurface of X. We consider the following claims. 

P{n): The claim of the theorem holds for T G MTW^°°'^{X, H), if dim Supp T < n. 

We show P{n) by an induction on n. Assume that P{n — 1) holds. 

Let us consider the case that X = A" and if = [jLii^r = 0}. Let V G MTS'''^™(X, iJ), and let us show 
that T — V[*H] is a mixed twistor D-module. We have already known that T is admissibly specializable. 
Let g be any holomorphic function on X. We take a projective birational morphism tp : X' — > X such that 
H' ip-^{HUg-^{0)) is normal crossing. We obtain V := ip*{V) mMTS'"^"'{X' , H'). We put H[ ~ ifi^^iH), 
and let H!^ be the complement of H[ in H' . We obtain Ti := V'[IH!2*H[] and T2 V'[*H'] in MTW^°°'^{X', H'). 
We put g' := 'p*{g)- By the hypothesis of the induction, 

(l)g{Tl), (pg{T2), i'g^aATl), V'g,a,u(7^) 

are mixed twistor Z3-modules. By Lemma [10. 171 we have T — Im(<y9|(7i) — > f^iH))- We obtain 

i'g,a,uiT) ~ lm(^ipif')pg^a,u{Tl) > f^1pgM,u{T2)^ 

Hence, we obtain 4>g{T) and '4'g,a,uiT) are mixed twistor £)-modules. Hence, we obtain T = V[*H] is a mixed 
twistor _D-module. Similarly, we obtain that V[!iJ] is a mixed twistor _D- module. 

Let us consider the case that X — for N > n, and H = IJi=i{^j — 0}- We set iJ[„] U|/|=Ar-n -f'^^ ' 
where Hi = Hi. Let T G MTW5°°'*(X, H) with SuppT C Let us show that T G MTM(X). We use 
an induction on the number fc(T) of the n-dimensional irreducible components of the support of T. The case 
fc(T) = follows from the hypothesis of the induction. We take I C £ with |/| = N — n such that 0/T 7^ 0. Let 
g :— Yli\j Zi. By the hypothesis of the induction, we have (j)^g^\T) , 4'g^\T) G MTM{X). By the result in the 
previous paragraph, we obtain that Sg°^(T) G MTM{X). Because we can reconstruct T from (j)f\T),ipg^\T) 
{a — 0, 1) and Sg°''(T), we obtain that T is a mixed twistor D-module. Thus, the proof of Theorem 110.151 is 
finished. 

We can observe that (T[*£'])[*/] and {'T[*D])[lf] in Lemma flO.181 are mixed twistor Z?-modules, by their 
construction and Theorem llO.151 It follows that T[*/] (* = *, !) in Lemma [10.201 are mixed twistor D-modules. 
Thus, the proof of Proposition 1 1 . 1 61 is finished. 

10.3.5 Proof of Lemma 110.171 

Let us return to the situation in Subsection 110.3.21 Let Ai be one of the smooth 7?,x(*£')-modules underlying 
V. Let M' := ip* M (g) O x ) . We put Di^ P^HOa), and D'^ (p-HD). Let M[ := (^Z?^) and 

Lemma 10.21 Ai is naturally isomorphic to the image of ipt^M^ — > ip^^Mi. 

Proof By the construction of A^i, we have a naturally defined morphism Ad — > cpjA^'j. For A 7^ 0, we have 
a naturally defined morphisms f^^4'2 — > M.^. Hence, we obtain ip^Ai'2 — > A4. 

Let Ao ^ and P G Do\D. If we take a small neighbourhood W around (Ao, P), we have an isomorphism of 
with a natural 7?. a' -module Ox on U. Hence, it is easy to observe that M\u is the image of <f^Ai'2 — > '^t-^'i 
on U. We obtain that A^|c*xx is the image of iy9fA^2 — > ff-^'i on x X. Because the cokernel of 
(/5|A^2 — ^ 'y't-^i is strict, we obtain that Ai is the image of (p^Ai2 — > ip^Ai'i- I 

Let L denote the weight filtrations of M and A4' , induced by the weight filtration of the admissible variation 
of mixed twistor structures. The naively induced filtrations of Ai'^ {i = 1,2) are denoted by L. Let L denote 
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the weight fihrations of induced by the weig ht filtration as objects of WIYf^°°'^{X', D'). They induce the 
weight filtration of tf^J\A[, which are also denoted by L. 

We have the naturally induced morphisms (/?|(A^2,£) — > {A4,L) — > (pjj{A4'^, L). They are clearly strictly 
compatible with the filtrations. 

Lemma 10.22 (p|A^2 — > M — > Vt-^i gives [ifj^M^^L) — > {M,L) — > {if^M'i,L), which is strictly com- 
patible with the filtrations. 

Proof We have the induced morphisms Lfc(^|A^2 — ^ LkA4 — > Lk(pfAi'i for each k. We use an induction on 
k to show that we have natural morphisms (ifc(y3| A^2: — ^ {LkM,L) — > {LkipfAi'ijL), and that they are 
strictly compatible with the filtrations. If k is sufficiently negative, the claim is trivial. Assume the claim in the 
case k—l. Let us look at the induced morphisms Gr^ — ^ Gr^ M. Note that Gr^ <<2tA^2 — Gr^ i^|A^2, 
and the support of Lk-i Grf (p^M2 is contained in Dq. Hence, the induced morphism Gr^ ¥'tA^2 — ^ 
Gr^ M is 0, it implies that the image of Lk~iLk(p^M2 contained in Lk-iM. Let us look at the following: 

Lk-iLkipfM'2 — Lk-iM — ^ Lk-iipfM[ 

The image of LjnLk(p^A42 (™ ^) 6 o a is contained in Lj-nLk(p^A4[. Because b is injective and strict by 
the assumption of the induction, we obtain that the image of LmLkLp^jM^ [m < k) via a is contained in LmM- 
Thus, we obtain (ife(p|A^2,i) — > {LkA4,L). Moreover, it is strictly compatible with the filtrations. 

Because ip^Ai2 — ^ f^-^'i is strictly compatible with L, we obtain that (V,i) — > {ipfA4'i,L) is strictly 
compatible. Hence, the induction can go on. I 

Let Ms := ip^M'i^D'^lD'^] and Ma, := (p^M'[*D'{\D'.^]. Let us consider the case that A = 5r^(0)- We 
have that A^[*£'i] and A^3(*.g2) are admissible specializable along gi, and that ~ M[*Di] and 

■^3(*ff2)[*5i] — A^3(*52). Hence, we have a uniquely determined morphism — > A^3(*g2) induced by 
Ai — !• ip^Ai'i — A^3(*2?), which is compatible with the weight filtrations. We have that A4[*Di\D2] and Ais 
are admissible specializable along 52, and that A4[*Di\D2][\g2] — A4[*DilD2] and A^3[!(72] — A^3- Hence, we 
have a uniquely determined morphism 7W[*I?i!I?2] — > A^3. Similarly, we obtain A44 — > Ai[*DilD2]- By the 
uniqueness, we obtain the global case. Thus, we obtain the first claim of Lemma [10.171 

Let us consider the case Di — 0. For any generic A, the specialization Ai^[*DilD2] is the image of the 
induced morphism (^^4)'^ — >■ (A^3)'^. Then, by using the strictness, we obtain that A^[*£'] — > M3 is 
injective, and that M4 — > M[kD] is surjective, i.e., A^[7*rl?] is the image of Ais — > Ai[*D] — > Thus, 
the proof of Lemma 110.171 is finished. I 



10.4 Integrable case 

Let X be a complex manifold with a simply normal crossing hypersurface D. An integrable mixed twistor 
D-module {T,L) is called good on {X,D), if the underlying mixed twistor Z)-module is good on {X,D). Let 
j^rpjyjintgood^-^^ £)) c MTM'"'(X, D) be the full subcategory of good mixed twistor L>-module on {X, D). 

Let D — Ujg^ D be the irreducible decomposition. Let A = / U J be a decomposition. Let V G 
^rpgintadrnj-^^^^ Wc havc the good mixed twistor D-niodule V[*/!J]. 

Proposition 10.23 We naturally have V[*/!J] G MTM'''^ {X , D) . 

Proof We have only to consider the case X = A" and D = lJi=i{-^i = 0}- Let us check that the weight filtration 
of V[*/! J] is integrable. Let M.i be the T^-x-modules underlying V[*/!J] with the weight filtration W . Let Vi 
(i = 1, 2) be the smooth 7?.x(*D)"niodules underlying V with the weight filtrations L. We put gj := Yii^i ^^"^ 
gj :— Y\i(^]Zi. Because {M.i,W) is obtained as ((Vi, the filtration W is integrable. (See Lemma 

[Till) 

Let us check that Gr^(V[*/!J]) has an integrable polarization. We use the following general lemma. 
Lemma 10.24 Let T G MT'"'(r,u;). Let f be a holomorphic function on Y. Then, each Gr^r[*/] G 
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Proof We have only to consider the case u; = 0. Let S be an integrable polarization of T- Let J\f : ipf^^s (T) — > 
tpf^-s{T) ® T(— 1) be the natural nilpotent niorphism. Note that P Gr^'^^'^ ^pf^-s{T) has the polarization 
naturally induced by S and Af, which is integrable. We have natural isomorphisms 

GrZin^f]) PGtZ^-^'' ^f^.siT), (m>0), Gr^ (Ti* f]) T , Gr)^ (T 0, (m < 0). 

Hence, Gr^(r) G Mr"*(r,m). We also have 

Gr^(r[!/])^PGr,^(-^)Vs,-<5(r), (m < 0), Gro^(r[!/]) ^ T, Gr^(r[!/]) ^ 0, (m > 0). 

Then, the claim of the lemma follows. I 

Let us return to the proof of Proposition 110.231 We have only to consider the case that V is pure of 
weight 0. We set := Gr|f(V[*£]). We have a natural isomorphism Gr^(V[*/!J]) ~ ®^Gt^ {Tn,[lJ]) ■ 
Applying Lemma [10.24[ we obtain that each Gr^(V[*/!J]) has an integrable polarization. Hence, V[*/!J] G 

Corollary 10.25 Let g be a holomorphic function such that g~^{0) C D. Then, ■!/'g,o,«(V[*/! J]), Sg°^ (V[*/! J]) 
and (f>g°'\v[*I\J]) are naturally integrable good mixed twistor D-module on (X,D). I 

11 Some basic property 

11.1 Expression as gluing of admissible mixed twistor structure 

11.1.1 Cell 

Let X be a complex manifold. Let P be a point of X. An n-dimensional cell at P is a tuple {Z,U, (p,V) as 
follows: 

(Cell 1) if : Z — > X is a morphism of complex manifolds such that P e ^(Z) and dimZ = n. We assume 
that there exists a neighbourhood of Xp of P in AT such that (p : (p^^{Xp) — > Xp is projective. 

(Cell 2) U <Z Z is the complement of a simply normal crossing hypersurface Dz- The restriction ip^u is an 
immersion. Moreover, there exists a hypersurface H of Xp such that ip^^{H) — Dz H tf^^{Xp). 

(Cell 3) V e WIS{Z,Dz) satisfying AdmO. 

A function g on A is called a cell function of a cell C — {Z, U, (p, V), if {(p* g)^^ (0) — Dz- If V is admissible, C 
is called an admissible cell. If V is integrable, C is called an integrable cell. 

11.1.2 Expression as a gluing 

Let r e MTM(A). Let P G SuppT. We will shrink A around P. We may have a cell C = {Z, U, (p, V) and a 
cell function g such that T{*g) — ffO^)- We shall prove the following proposition in Subsection II 1 . 1 .fl 

Proposition 11.1 The cell C is admissible. IfT £ MTM"''(A), C is also integrable. 

By Lemma [7.81 and Proposition 110.161 we have (^■f(V)[*(7] in MTM(A). According to Lemma [7.141 we have 

the morphisms (/3|(V)[!5] — > T — > ¥'t(V)[*(?] in MTM(A), and we obtain (0g°''(T), L'-"'^-') as the following 
complex in MTM(A): 

^t(V)[!.g] ~^T(BEg^^{V) ^f{V)[*g] 

We have the filtration Lip^g'^ (T) , naively induced by the weight filtration of T. It is a filtration of (4°^(r), 
in the category MTM(A). 

By definition of mixed twistor D-modulc, we have the relative monodromy filtration L := M{Af; Ltfyf^T), 
with which (4°^(T),P) G MTM(A). 
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Lemma 11.2 We have L = L^^\ 

Proof We have only to consider the case that T is pure of weight 0. Let us consider the morphisms ipg^^ (T) 
4''g'\'T) — "fpg^HT) of 7?.x-triples. We have the foUowing mixed twistor D-niodules: 



i^^Hm), {4>f\TlL), {4>f\r),L('^) 



The morphisms can and var are morphisms in MTM(X), for both the filtrations L and L^^^ for (jig (T). We 
have the decomposition 4>f\'T) — Imcan© Ker var, which is compatible with both L and L^^\ The restriction 
of L to Ker var is pure of weight by definition. Because T — To (B Ker var as pure twistor I?-module, L*^^^ is 
also pure of weight on Ker var. Because can and var are strict with respect to both the L and L'-^\ we have 
on Imcan. Thus, we obtain Lemma [11.2 1 I 

We obtain the local expression of T as the cohomology of the following complex in MTM{X): 

^f\v^V) (^tV) © 0f (r) i^fKv^V) (89) 



11.1.3 Gluing 

Let C ~ {Z, U, (fi, V) be an admissible cell with a cell function g at P. We will shrink X around P. Let 
T' G MTM{X) such that SuppT' C 17^^(0). Assume that we are given morphisms 

^^'Vt(v)^r'^<VtV (90) 

in MTM(X), such that w o u is equal to the canonical morphism ■(/'g^VtC'^) — ^ V's^Vt'^'- Then, we obtain the 
7^-triple (Glue(C, T', m, w), L^^^) € MTM{X) as the cohomology of the following complex in MTM{X): 

V-w^fV 4°VtV e r' — > v^°VtV (91) 

We can reconstruct T' as the cohomology of the complex in MTM{X): 

V?tV[!.9] — ^ Egip^V®G\ue{C,T',u,v) f^^M (92) 

We have a similar expression for an integrable mixed twistor Z?-module as the gluing of an integrable admissible 
cell and the vanishing cycle integrable mixed twistor _D-module. 

Let Lijj^f^ [T) and L'E!f^ ip^^iy) be the filtrations naively induced by the weight filtration of V. Let L be 
the filtration of T' obtained as the transfer of L of il^^f'T with respect to ([TOI) . We obtain a filtration L^'^'^ of 
Glue(C, T', u, w) from (|9ip with the filtrations L. 

Lemma 11.3 We have L^^^ = L^^) Glue(C, T', m, w). 

Proof We have the naively induced filtration L^^^^ of T'. By using Lemma [11.21 we obtain L^^^^ = L on T' ■ 
Then, we obtain L^^) = L^^) Glue(C, T', u, w). I 



11.1.4 Admissibility of cell 

Let T be a mixed twistor £)- module on X. Let Z be the support of T. We have the graded pure twistor 
D-module Gr^(T) — ® Gr^(T), whose support is Z. Let Z^ be an irreducible component of Z. Let P G Zq. 
We study the local property of T around P. We shall shrink X around P. Then, we may have a hypersurface 
H oi X such that (i) Z\H = Zo\H (ii) T\x\h comes from a mixed twistor structure on Zq \ H . (We 
use Proposition 17.271 and Lemma [5751 ) If T G MTM™*(A'), the mixed twistor structure is integrable. We shall 
prove the following proposition, which implies Proposition 111.1] 

Proposition 11.4 There exists a projective birational morphism tp : Z\ — > Zq with the following property: 
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• Hi := ip^^{H) is simply normal crossing. 

• T{*H) comes from an admissible mixed twistor structure on {Zi,Hi). 
If T € MTM'"'(X), the admissible mixed twistor structure is integrable. 

Proof Let us consider the case X = A and H :— {O}. Let T be a mixed twistor _D-module such that 
{T,L)\x\H comes from a mixed twistor structure. Let AAi {i = 1,2) be the underlying 72.x-niodules. Let L 
be the weight filtration of T. Because Gr^ T{*H) is obtained as the canonical meromorphic prolongation of a 
wild variation of polarizable pure twistor structure, Gr^ {Mi){*H) are good 7?.x(*//)-niodules. Hence, Mi are 
also good 7?,x(*^f)-niodules. If we take an appropriate ramified covering (p : {X2,H2) — > {X,H), we have the 
irregular decomposition ip*{M-i,L)0^ — ^{Mi^a, L). Because {M-i,L) are admissibly specializable, each Mi 
has XMS-structure compatible with the filtration L, and the condition (Adm2) in Subsection l9.1.3l is satisfied. 
Hence, T{*H) comes from an admissible mixed twistor structure. If T is integrable, then the admissible mixed 
twistor structure is integrable. 

Let us consider the general case. We take a projective birational morphism ip : X' — > X such that (i) the 
proper transform Zq of Zq is smooth, (ii) H'^ :— Zq H' is normal crossing (where H' := (p^^{H)), (iii) each 
Gr^(7~) comes from a good wild variation of polarizable pure twistor structure on (Zq, Hq). 

Let L be the weight filtration of T. We have the filtered 7?.jf/(»/f/)-triple {T',L) obtained as the lift of 
{T,L), as in Lemma [2.91 (We use Lemma [2.101 in the integrable case.) By CoroUarv 111.71 below, it comes 
from a filtered 72.^' (*iJQ)-triple (V,L), and the underlying T?.^' (*//')-modules are smooth and good. Hence, 
(V,L) e MTS(Z^,i7^), by Proposition [05I Proposition [TOI is reduced to the following. 

Proposition 11.5 (V,i) is admissible. 

Proof First, let us consider the case that dimZp — 1. We may assume X — A" and H = {zi = 0}. Let 
qi : X — > A^ be the projection onto the first component. We may assume that the induced morphism 
F : Zq — !■ A^ is a ramified covering. We have 7i := 'Zit(T) G MTM(A^). By the result in the one dimensional 
case, Vi Ti{*Q) £ MTS'''^'°(Ai, 0). We obtain F*Vi € MTS^'^'"(Z^, 7J^). Because Vi = F^lVo), Vo is a direct 
summand of F*Vi as a filtered smooth 7^^^^(*H,^)-triple. Hence, Vo € MTS'"^™(Z^, i/^) 

Let us consider the general case. Let C be a smooth curve in Zq, which intersects with the smooth part of 
Hq transversally. By using the nearby cycle functor successively as in j38| , we obtain a mixed twistor ZJ-module 
Ta such that (i) the support of %{*H) is ip{C), (ii) the lift of Tz{*H) to C is V\c- Then, by using the result in 
the case dimZQ = 1, we obtain that V\c is admissible. Then, we obtain the admissibility of (V,i). I 

11.1.5 Appendix: Preliminary for the general case 

Let X := A" and D = ULii^i = 0}. Let Z = flllf+il-^^ = 0} and Dz := DD Z. Let {M,L) be a filtered 
7?.x(*-D)-module satisfying the following conditions: 

• {M, L)\c^x(^x\D) comes from a smooth 7?.2\D2"™^odule. 

• EachGr^(7W) comes from a smooth 7?.2(*£)2)-module. 

Let Xi := {zi ^ 0} and Di := [jl^^l^i = 0} n Xi. Let i : Xi — ^ X be the inclusion. Let / : — > M 
be given by the multiplication of Zi. We obtain a 7?.Xi(*Di)-niodule Ker/, which is naturally equipped with a 
filtration L. 

Lemma 11.6 We have a natural isomorphism t-f(Ker/, L) ~ (M,L). We also have Gr^(Ker/) ~ KerGr^(/). 

Proof If L is pure, the claim is trivial. We use an induction on the length of L. Assume that L-iM = and 
LqM 0. By the assumption, LqM comes from a smooth 7?,2(*£)2)"™odule. By a direct computation, we can 



114 



check that the cokernel Cok(/|/^Q^) is naturally isomorphic to Ker(/|iQ^)/A Ker(/|i„^). Hence, a section of 
g S Cok(/|ig^) is 0, if its restriction to X \ D is 0. We have the following commutative diagram: 

LaM > M > M/LqM 

4 4 4 

LqM > M > M/LqM 

We may apply the assumption of the induction to Ai/LoAd. Then, we have only to show that the induced 
morphism 

Ker(/ : M/LqM — > M/LoM) — > Cok(/ : LqM — > LqM) (93) 

is 0. By the assumption, the restriction of to X \ D vanish. Hence, vanishes because of the previous 
consideration. I 

Corollary 11.7 Under the assumption, {A4,L) comes from a filtered smooth TZz^^Dz)'''^'^'^'^^^- ' 

11.2 Localization 

11.2.1 Localization along a function 

Let T G MTM(X). Let / be a holomorphic function on X. Let Lf ■ X — > X x Ct he the graph. Recall that 
we have constructed (t/tT)[*t] £ MTW{X x Ct) in Subsection ITTSl 

Proposition 11.8 

• For * = *,!, we have T[*f] e MTM{X) such that t/t(T'M) ~ {LffT)[^t]. If T E MTM''^\X), we 
naturally have r[*/] G MTM"'\X). 

• lffi\0) = f2\0), we have r[*/i] ~ T[*f2] naturally. 

Proof By the uniqueness, we have only to consider the issues locally. Let P € SuppT. We use the Noetherian 
induction on the support around P. We will shrink X around P in the following argument. Let (Z, t7, if, V) be 
a cell of T with a cell function g at P. We have the expression of T as the cohomology of the following complex 
in MTM{X): 

V'('Vt(v) ^ sf^tiv) ® 0f(r) <Vt(v) 

We have already known the claims for good mixed twistor ZJ-modules. Hence, we obtain the claims for tpg'^^ ip^{V) 

and Sg°''(/9|(V). We can apply the hypothesis of the induction to 4)f\T)- Then, we obtain the claims for T. 
The claim in the integrable case follows from Lemma [7.201 I 

We have naturally defined morphisms T[\f] — > T — > as remarked in Lemma [7. 141 

11.2.2 Localization along a hypersurface 

Let iJ be a hypersurface of X. Let T G MTM(X). By Proposition (TTSl we have T[kH] in MTM(X) with the 
following property. 

• Let P be any point of X. Let Xp be a small neighbourhood around P. We have an expression H = {f ~ 0} 
on Xp. Then, T[^H\x, = T\xA*f]. 

We obtain the full subcategory MTM(X, [*i/]) of (T, L) G MTM(X) such that T = T[kH\ in MTM(X). By 
Proposition [iLSl we have a naturally defined functor: 

MTM(X) — > MTM(X, [★i?]) 

We have naturally defined morphisms T[\H] — > T — > T\*H]. If T is integrable, T[*i?] are also integrable. 
We obtain the following from Lemma 17.131 
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Lemma 11.9 Let -k = * or I. Let % S MTM(X) [i = 1, 2) such that Ti[*H] — %■ We have a natural bijective 
correspondence between morphisms Ti{*H) — > T2{*H) as filtered TZxi*g) -triples, and morphisms 7i — >■ T2 in 
MTM(X). Lf Ti are integrable, we have the bijection of integrable morphisms. I 

Let MTMh{X) C MTM{X) be the full subcategory of mixed twistor D-modules whose supports are con- 
tained in H. 

Lemma 11.10 Let T G MTM{X). We have T[*H] = if and only ifT e MTMh(X). 

Proof The if part is clear. If T[-kH] = 0, we have T{*H) = 0, and hence T G MTM//(X). I 
Lemma 11.11 The functor [-kH] is exact. 

Proof Let tp : Ti — > 72 be a morphism in MTM{X). Let us consider the induced morphism (p[kH] : Ti[*H] — > 
T2[*H]. By using Lemma [3. 181 and Lemma [7.10[ we obtain KeT{ip[kH]) ~ Ker{ip)[kH], lm{tp[kH]) ~ lm{(p)[kH] 
and Cok{ip[kH]) ~ Cok{ip)[kH] in MTM(X). Then, the claim is clear. I 

We have the following. 

Lemma 11.12 Let % £ MTM(X) (i = 1,2). We have natural bijections: 

HomMTM(x)(7![*i?], T2[*H]) ~ HomMTM(x)(7!, 7^[*i7]) 

HomMTM(x)(Ti[!i7], TzilH]) ~ HomMTM(x)(Ti[!i?], T2) 
Similarly, we have the bijections for integrable morphisms, if % are integrable. I 

Proposition 11.13 

• Let F : X — > Y be a projective morphism. Let Hy be a hypersurface of Y . We put Hx ■= F^^i^Hy). 
For T E MTM{X), we have a natural isomorphism (i^|(7~)) — -Ff • 

• For {T,L) e MTM(X), we have a natural isomorphism {T[*H])* ~ {T*)[\H]. I 



11.2.3 Independence from compactification 

Let X be a complex manifold with a hypersurface H . Let F : X' — > X be a projective birational morphism 
such that X'\H' X\H, where H' :^ <P^^{H). 

Proposition 11.14 The push-forward induces equivalences F^ : MTM(X', [*H']) — > MTM(X, [*H]) and F^ : 
MTM'"*(X', — > MTM'"'(X, 

Proof We show only the ordinary case. The integrable case can be argued similarly. We obtain the fully 
faithfulness from Lemma [11.91 Let us show the essential surjectivity. Let T € MTM(X, [*H]). We have the 
filtered 7?.x(*F^)-triple T{*H). We have the corresponding TZx' {*F[')-trip\e 7i, as remarked in Lemma [^7^ We 
have only to show that there exists T' € MTM{X') such that T'{*H') = 71 as filtered 7^x'(*_f/')"*^^P^^^- Since 
the claim is local on X, we fix a point P G H, and take shrink X around P without mention. We take a cell 
C = {Z, U, (fi, V) of (T, L) at P. We may assume that (p : Z — > X factors through X' , i.e., ip is the composition 
oi if' : Z — > X' and F : X' — > X. Let g be a cell function for C. We have H C .g^HO)- We have the 
expression of T as the cohomology of ipg^^ip-^V — > V© i^g'^'' (T) — > ipf'^ipijV. Let g' :— go F. We have the 

mixed twistor D-modules iljg'Lp'j^V[*H'] and Eg'(p'^V[*H'] on X'. By the assumption of the induction, we have 
Q £ MTM{X') such that Q[*i7'] = Q and F|Q (j)gT[*H]. By the fully faithfulness, we have the morphisms 

'tjj^g]^ip\V[*H'] — > Q — > Vg'Vf"'^!*^'] corresponding to Vs^Vt"^!*^] — > <PTT[*H] — > Vs°VtV[*i7]. We 
obtain V e MTM(X') as the cohomology of V'g' Vt — > S^?VtV[*i?'] 2 — > Vg' Vt It satisfies 

r'(*ff') = Ti. I 
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11.3 Twist by admissible twistor structure 
11.3.1 Smooth case 

Let r e MTM{X) and V G MTS(X). We have naturahy defined filtered Te^-triple T V. 

Lemma 11.15 We haveT^V G MTM{X). IfT G MTM'"*(X) and V G MTS'"*(X), then we naturally have 

T®v e mtm'"*(x). 

Proof We have only to use the Noetherian induction. I 

Lemma 11.16 Let F : X — > Y he a projective morphism. For T G MTM(X) and V G MTS(F),, we have 
a natural isomorphism F^(^{'T,W) F* (V,W)) ~ F-^{T,W) ® {V,W). We have a similar isomorphism in the 
integrable case. 

Proof It follows from Lemma [2. 131 I 



11.3.2 Admissible case 

Let r G MTM{X). Let To G MTS^'^'^CX, H). We naturally obtain a fihcrcd 7^x(*H) -triple T(E)To. 

Lemma 11.17 Assume that H = /^^(O) for some function. Then, T ®To is admissibly specializable along f, 
and (T ® 7B)M exists m MTM(X). // T G MTM"*(X) and % G MTS'"' ^'^'"(X, i/), then (T «) 7B)[*/] G 
MTM'"*(X). 

Proof Let P G H. We may shrink X around P. Let us consider the case that T = ip^{V)[kg] (* — *, !) for an 
admissible cell {(p, Z, U, V) with a cell function g. We may assume that f* {fg)^^{0) is normal crossing. Because 

(T® 7o[*5]) [*/] = (^V'l (V (g) (^*7o) [*/], it is a mixed twistor _D-module. We obtain the claims in the cases 

that r is E'-g'\ipifV) or ^"'(y'tV). Then, we obtain the claim in the general case by a Noetherian induction. 
The integrable case can be argued similarly. I 

Proposition 11.18 The filtered TZx{*H) -triple T®To is naturally extended to a mixed twistor Dx -module {T® 
ro)[*iJ]. //r G MTM'"'(X) and To G MTS'"*'''^'"(X, iJ), then we naturally have {T(E)To)[*H] G MTM'"*(X). 

Proof Locally it is given in Lemma [11. 171 We can deduce the global case as the gluing. I 



12 Dual and real structure of mixed twistor L>- module 

12.1 Dual of 7^x-module 
12.1.1 Dual 

Let X be a complex manifold, and let _ff be a hypersurface. Let TV be a left-7?.x(*//)-bi-module, i.e., it is 
equipped with mutually commuting two 7?.x(*_ff)- actions pi (i = 1, 2). The left 7?.x(*_f/)-module by pi is denoted 
by {N,pi). For an 7?.x(*_f/)-module L, let l-Lomnx(.H)^^* ^ ^^^'^^) denote the sheaf of 7?.x(*_f/)-homomorphisms 
L — > (N,pi), which is equipped with the 7?.x(*/f)-action induced by p2- Note that, for a 7?,x(*/f) -complex L, 
we have the naturally defined 7?.x(*ff)-homomorphism 

L' ^nomT^^^^^^{nornnx^,„,{L',NP^-''^),NP^-''-) (94) 

given by XI — > (F i — > (-1)1^1 1-^1^(0;)) . 

Let Qx denote the tangent sheaf of X, and let fi^ := 'Homox{^XiOx) ■ Let px : X — > X denote the 
projection. Recall Qx '■= A • p^9jc, and let ^l]^ :— 'Homox{®x,Ox). We have = \^^p\n\. Its j-th 
exterior product is denoted by Sl;^. In particular, we set ujx ■= OJ^™'^. 
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Recall that we have the natural two 7?.x(*//)-action on TZx(*h) ® ■ "^^^ l^ft multiplication is denoted 
by (.. Let r denote the action induced by the right multiplication. More generally, for a left 7?.jf (*//)-module 
N, we have two induced left 7?.x(*ff) -module structures on N ® 'Rx(*h) ® ^x^- is given by i and the left 
7?.-action on iV, which is denoted by i. The other is induced by the right multiplication, denoted by r. We have 
the C-linear isomorphism : N ® TZx{*h) ® ^x^^ such that o r — £o <i)jv and o £ = r o <i)jv, as in [45] 
and gS]. 

Let Q* be a left-7^x(*H)-iiijective resolution of 0;\:'[rf;is:]. Let be a coherent 7?.x(*H)-niodule. We define 
D'xi*H)M Homn,,^^^ (x, {G' ® Uxi^H) ® ^x'Y') ^ ^xM A'*- • D'^M 
The morphism as in (jl36p with $5. induce an isomorphism M — > Dx{*h) ° x(*h){M). 
12.1.2 Compatibility with push-forward 

Let F : X — > y be a morphism of complex manifolds. We shall construct a trace morphism 

A''- • F^{Ox)[dx] A-^- • Oyidy] (95) 

in D^{TZy) by a standard method. Let 'Dbx/Cx denote the sheaf of distributions on X which are holomorphic 
in A. We set 



We have a natural quasi-isomorphism fl*^ — > Db*^^f,^, and hence an isomorphism TZx^Ox {'^^x/C\) i^^^ — ^x 
in D^{TZx)- By the integration multiplied with (27r-\/— 1)^'^^+'^'^, we have the following morphism of complexes: 

A''- • ^^!2)b^/cj2dx] ^ A"^- • 2)b^/cj2dy] 
Hence, we obtain the trace morphism ((95|) as follows: 



F^Oxidx] F,{nY^x ®nx Ox[dx]) = ^!(®&^/c, ®F-^Oy F-^TZy <^ ujy^)[2dx]) 

by (g) TZy (Xi ujy 

As in the case of 13- modules (see (|142p below), we obtain the following morphism: 

F^{Ox[dx]®F-^Oy {nY<»UJy^)) ^ A''^-'^^03;[dy] ^Oy [Uy ® OJy^) ~ X''^ -^'^nY ® UJy^dy] 

Let be a coherent 7?.x-niodule. We have a natural morphism Lp : F^Dx-M — > DyFifM given as follows 



F^RHoTmi^^{M,TZx <E)ujx^)[dx] — > FRHonm^ i^M,Ox ®F-Wy F-^ [Uy ® ujy^)Ydx] 

FRHomp^in^ (tZy^x TZy^x <»k^ Ox <E>F-iOy F'^TZy ® ^y^)) [dx] 

R'Homn^{F^M, F^{Ox ®F-Wy F-^Uy ® ujy^)))[dx] 

RHomn^ {F^M, {TZy ® i^y^)) [dy] • A'*^"''^ (97) 

The following lemma can be shown by an argument in the proof of Proposition 4.39 of [23] . 

Lemma 12.1 Assume that (i) the restriction of F to Supp is proper, (ii) Ai is good over Y. Then, ip is an 
isomorphism. I 
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12.1.3 Twist by smooth 7?.-module 

Let X and H be as above. Let be a holonomic 7^x(*-ff)-niodulc. Let V he & smooth 7^x(*-ff)-niodule. We 
have the natural isomorphism ®V) ~ Dx(*h){^) ® given as follows. We have two naturally 

induced left 7^-module structure i and r on V"^ '^Ox {T^x{*h) ® ^x^)- Then, we obtain 

Dx(*H){M ® ~ RHomn^^^H) {M ^ V, (7^x(*i^) ® w^')^'") [dx] 

^ RHoniT^.^^H) {M, (1/^ ® TZxi.H) ® cOx'Y'l [dx] (98) 

By $y V , it is isomorphic to 

By <!>e)^(»^), it is isomorphic to R'Homi^^(^.^H) (-^i iT^x{*H) ^ '^^^)^'^) ^ ^^[c^x]- We obtain the desired iso- 
morphism Dx{^H){M o y) ~ Dxi*H){M) o y^. 

12.1.4 Appendix: Double dual 

Let be a smooth 7?.x(*i/)-module. We set := T-Lomox(,ji){-^jOx{*'H)), which is also naturally a smooth 
7?.x(*_ff) -module. Although it is easy to see that A4^ is isomorphic to D'x^^^u^M, let us look at the isomorphism 
more closely, and check the signature of the isomorphism M. c^: D' o D'{A4) D'{A4^) c^: A4. For simplicity 
of the description, we omit to denote 

We have two natural 7?.x-actions i and r on TZx (8i w^^. We have an TZx (8) 7?.x-homomorphism 

c : {Tlx o e;^*) o {Tlx (S) e;^*) — >nx(E) ui^^idx] 

given as follows: 



C(Pi (8ri,P2 Otz) 



(-l)l-=l£(Pl)r(P2)Ti AT2 (|ti| + \t2\ = dx) 

otherwise 



If there exists a holomorphic coordinate {zi,. . . , Zn), and if tj = 3j such that hU I2 = {1, . . . , n}, we 

have C(Pi O n, P2 O T2) = (-l)l^=IPi *P2 n A T2. 

Lemma 12.2 C is a morphism of complexes. 

Proof We have only to show that C o d(P\ ^ ti (g) P2 (E) T2) = if |ti | + |t2 | = d+1. We may assume that there 
exists a holomorphic coordinate {zi,. . . , Zn), and we have only to consider the case = Aje/j ^j- We have 

n n 

5(Pi O n O P2 O T2) = ^ P3, {L{X-^dz^)Ti) (P2 O T2) + ^(-I)I^^IP (8 n O (P2Si O i,(A-id^i)r2) (99) 

i=l j=l 

Hence, we have the following: 



Cod{Pi^Ti^P2^T2) =^Pi9i*P2®KA-irf0i)nAT2(-l)l^^l+^Pi*(P23i)«'nAt(A-id0i)T2(-l)l^^l+l^^l-' 

j=l i=l 

n 

= ^Pigi*P2 ® (t(A-id^i)n Ar2 + (-l)l^ilri Ai(A-^d^i)^2) (-l)'^^' = (100) 

We have used ti A T2 = 0. Thus, we arc done. I 
We obtain the induced isomorphism of 7?.x-modules 

* : 7^x O"* ^ normzx (^x ©"*, {Tlx 
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given by 1'(P ® r)(Q w) = (-1)1^1 l"l c(Q (g) w, P r). 

Let Cm '■ ^ — > Ox be the natural perfect pairing of the O^'-inodules. We obtain an TZx ® Tlx- 
modules 

C -.{Tlx® e— (g) ® {Tlx ® e^* ® X) — ^ 7^x ® [dx] 

given as follows: 

C(A n x„ P. « « = I (-i)'^^'^(^i) KP.) (n A X.)) (Inl + |..| . dx) 

otherwise 
It is a morphism of complexes. Hence, we obtain the induced isomorphism of 7?.js:-modules: 

-.Tlx^Q^' ® M"" — >nomnx{T^x®Q^' ® M,{nx®LOx^[dx]Y''') 

By the natural quasi isomorphism Tlx ®0^*®A1 we obtain the isomorphism 7W ^ ~ D'J\4 in the derived 

category. We obtain an isomorphism (^^)^^ o ^f^nv : M ~ D' o D'{M) in the derived category: 

Tex ® e— «) 7W *^ -HomK^ (Te^ «) e— ® X^, (Te^ ® uj^y'^'idx]) 

Homn^ (Uomn^ {Ux ® 6- {Tlx ® uj-^Y^"-) , {Ux ® w^i)^'ldx]) (101) 

Here, ^*j^{F) :=Po*^. 

Let $ : TZx ® uj^^[dx] — Tlx ® ^x^[dx\ be the automorphism, which exchanges the actions t and r. It 
induces 

: Tiomn^ {Tlx ® Q^' ® M, {Tlx ® w_^^)^'lrfx]) ^ Tiomn^ {Tlx ® O"* (g M, {Tlx ® ujx^y^idx]) 
It induces the following morphism: 

$* :-HomK^(-HomK^(7ex«)e—(8)X,(7ex«)a;;^^)'''^),(7ex«)w-i)^''^[dx]) =i 

■HomK^ [Uomn^ {Tlx ® O"* (g) 7W, (Te^ ® i^x^Y'''),{Tlx ® i^x^Y'"'[dx]) ^ D' o D'{M) (102) 

The natural morphism (|94p and ()102p give a quasi-isomorphism A : Tlx ® © * ® -M — > D' o D' {M). 
Lemma 12.3 We have A = (— l)''^ (^E*^)"^ o 'i'M'^ in the derived category. 
Proof Let P(X)r(g)x, Qgjw^yG Tlx ® i^x (X" A^- We have the following: 

(*;^A(P(K)T(8)a::))(Q(K)a;(K)?/) = A(P » r)(l'A^(g (g) a; (g) y)) 

= $((-l)l''l «) w «) ?/)(P «) r g) a;)) = $(C(P «) t » a;, Q g) w » y)) 

^ (-l)^^+l^ll"IC(Qg)wg)y,Pg)T®a;) = ((-1)''^^'aiv (P g) r g) x)) (Q ® w ® y) (103) 

Thus, we are done. I 

12.2 Dual and strict specializability of T^x-module 
12.2.1 Statement 

Let X ~ Xq X Ct- Let be a coherent 7?.x-module which is strictly specializable along t. Assume the following: 
(PO) Either (i) M = M[*t] or (ii) M = M[lt] holds. 

(PI) Dxo Gr^'"" M ~ Ti°Dxo Gr^'^"' M, and they are strict. 
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(P2) DM{*t) ~ VP{DM{*t)), and it is strict. 

We shall prove the following proposition in the rest of this subsection. 
Proposition 12.4 Under the assumptions, the following holds: 

• WehaveDM=U^DM. 

• It is strict, and strictly specializable along t. 

• We have DM = {DM)[lt] in the case (i), and DM — {DM)[*t] in the case (ii). 

For the proof of this proposition, we do not have to care the twist with A'^^, and we will omit it. 

12.2.2 Preliminary 

We prepare some general lemmas. 

Lemma 12.5 Let M he a coherent TZx -module. Assume the following. 

• M{*t) is strict 

• M is equipped with a VqTZx -coherent filtration V^^°\M) such that (i) monodromic, (ii) Gr^* °' is strict. 
Then, M is strict. 

Proof Let us show that V^q°^M — > M{*t) is injective. Let / e V^q°^M be mapped to in M{*t). We 
may assume that tf = 0. Assume that there exists a e R such that / € V^''^"'' \ V^^°\ Then, we obtain a 
non-zero element [/] in Gr^* By using the monodromic property, we can easily deduce that [/] = 0, which 
is a contradiction. Hence, we obtain / e V^^°^ for any a G M. We obtain Tlx ■ f & V^o°^ . We have the 
decomposition TZx ■ f = 0j>o ^t^Xo f as an 7?.Xo -module. Then, it is easy to check that TZx ■ f is not finitely 
generated as VoT^-x-module. It contradicts with the coherence of V^°^M. I 

We can show the following lemma by a similar argument. 

Lemma 12.6 Let M be a coherent TZx -module. Assume that (i) it is also VqRx- coherent, (ii) SuppTW c Xq. 
Then, we have = 0. I 

12.2.3 7^Xo[t]- modules 

Let Xq be a complex manifold. Let i be a formal variable. We set ioxa[t\ '■= ^Xo ' dt/X and Tlxoit] '■= T^Xo M(3t)- 
For a coherent 7?.Xo[t] -module M, we set 



Let us compute some specific examples. Let Mo be a coherent strict T^-Xo-module. We set Mo{t,(^t) '■= 
T^Xo[t] ®nxo -^o- For P(i, 9t) G Oc^^t.'dt)^ let R(^P{t,dt)) denote the right multiplication of P{t,dt) on 
Mo{t,Qt}- Let A/" be a nilpotent map on A^o- Let u €Rx C with -1 < p(Ao,'u) < 0. We define B{Mo,u,Af) 
as the cokernel of the injective morphism: 



Dxolt]M Rnomn^^^,^ {M,nx„[t]<» oj 



-1 



)[dx, + l\ 



Xo[t\ 



R{-Btt + e(A, u))+U: Mo{t, S*) 



Mo{t,Bt)- 



For n e Z, we put 




p(Ao,u)+n' 



B{Mo,u,Af) := 



( 




t-"Mo[<]) (n < 0) 
(n > 0) 
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For any 6 e M, we have 60 := max{p(Ao, u)+n <b\ne Z}, a.nd we put V^^°'B {Mo, u,J\f) := V^^°' B{Mo,u,J^). 
By construction, we have t ■ V^^"^ C V^^]' and 3* • V^^°^ C V^^ll If a < p{Xo,u), we have t : vi^"^ ~ V^^^K If 
ci > p(Ao,w), we have St : Gr^* ~ Gr^\,°\ 

Let us compute DB{Aio,u,Af). For simphcity, we assume that Dxo-Mo ~ "H^-Dxo^Oi and it is strict. We 
take an TZxo-bee resolution T" of Mo- We have A/"* : — !> P' which induces A/". Then, B{Mo,u,J\f) is 
naturally quasi-isomorphic to the complex associated to the following double complex: 

R{-dtt + e(A, u))+M':V {t, 3*) V {t, 5*) 

As a right 7?.Xo[t] -complex, DB{Mo, u,N) is quasi-isomorphic to the complex associated to the following double 
complex: 

~^tt + e(A, u) + A"^ : Uomn^^^ {V'{Ma), nx,){t, 9*) nomn^^ {V'{Mo), Tlx,) {t, 3*) 

It is quasi isomorphic to the complex —Btt + e(A, m) + Af^ : DxoMo{t,dt) — > DxoMo{t,St)- As a left 
7?.jCo(<, 3T)-inodule, it is quasi isomorphic to tdt + e(A, u) + J\f^ : iDjCg7V{o(i) 3t) — > DxoMo{t,5t)- Note 
fSt + e(A, u) = dtt + t{X, u + S). Hence, we obtain 

DB{Mo,u,Af)c^B{DxoMo,-u-S,-Af'') 

12.2.4 Filtered free module 

Let X = Xq X Cj. Let 7-" be a free 7?,x-module with a generator e. Let a be a real number. Wo have a filtration 
V given as follows. For n < 0, we put Va+nV ■= t-^'VoUx ■ e. For n > 0, we put Va+nV := J2i+j<n ^IVjV. For 
6 ^ a -I- Z, we put VbV := VcV , where c := max{a + n [ a + n < fe, n e Z}. Such a filtered 7?.-module is denoted 
by 7?.x(e, a). A filtered 7?.-module is called {TZ, V')-frce, if it is isomorphic to a direct sum 0- TZx{ei, Ui). 

We have similar notions for 7?.Xo[t] -modules. Let Q be a free T^x^^tj -module with a generator e. Let a be a 
real number. We have a filtration V given as follows. For n < 0, we put Va+nQ t^"'VoTZxa[t] ' e- For n > 0, 
we put Va+nQ ■= X]i+j<n ^t^jQ- ^or 6 ^ o -f- Z, wc put VbQ := VcQ, where c := max{a + n \ a + n < b, n e Z} . 
Such a filtered 7?.Xo[t] -module is denoted by 7?.jfo[t] (e, a). A filtered 7?.Xo[t]-iiiodule is called (T^-Xq [t] , ^)-free, if it 
is isomorphic to a direct sum ®i T^Xoft] (ci, a^). 

Note that Gr^T?,^ is naturally isomorphic to Ti-Xoit], and we have a natural isomorphism Gr^ TZx{e,a) — 
T^Xo[t]ie,a). If a filtered 7^x-module {C,V) is {■Rx,V)-iree, Gr^(£,y) is (7^Xo [t] , V')-free. 

Strictness Let {Vi,V) {V2, V) {V3, V) be a complex of coherent (7?.x , V^)-free modules. 
Lemma 12.7 Assume that Gr^'Pi — > Gv^ V'2 — > Gv^ is exact. Then, ipi are strict with respect to V. 

Proof The strictness of (^2 is easier. Let us argue the strictness of <fi. We fix a sufficiently small b < 0. Let 

a e K. Let us observe that there exists iV(o) > such that limpi D Vf,^ (^a)T-'2 C fi{Va-i'Pi) . We obtain a 
Vo7?.x-coherent submodule fi^{VbV2)- If wc take sufficiently large N{a], we have (Pi^{VbV2) C Va+N(a)-i'Pi- 
Then, if 6 is sufficiently small, we have t^^'^^VbV2 = Vb-N{a)'P2- Hence, we have fi^ iVb-N{a)'P2) C Va-iVi- 

Take / G VaVi such that (pi{f) € 147^2 for some b < a. By using the exactness of Gr{V,), we can find 
g <= V^a'Pi such that <^i(/ — g) G Vb-N(a)-i'P2- Then, we can find h € Va^iVi such that <pi(/ — 9 — h) = 0, 
i.e., ipi{f) = (pi{g + h). By an easy inductive argument, we obtain that <fi{f) S <^i(V6(7-*i)). I 

Dual We consider the dual of TZx{e, a), i.e., DTZxie, a) ■= T-Lom-ji^ {TZx{e, a),TZx®i^x)- Let G DTZx{e, a) 
be given by e^(e) = 1. Then, DTZxie, a) ~ TZx • e^. A ffitration of DTZxie, a) is induced by the ffitration of 
TZx{e^ , — a— 1). Similarly, we have the filtration oi DTZxa[t]{G, 0) induced by DTZxa[t\{^, a) ~ 7?.Xo[t](e^, — a— 1). 
Hence, we have naturally induced filtrations on the dual of free (T?.^ , V^)-niodules or {TZxa[t\,V). 
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12.2.5 A filtered free resolution 

Let X = Xq X C(. Let A1 be a strictly specializable 7?.x-niodule along t. For simplicity, we assume either (i) 
M = M[*t], or (ii) M = A^[!t]. We shall construct a complex of coherent {TZx,V)-bee modules 

> {Ve+i{M),V) {Ve{M),V) {Vi{M),V) {Vo{M),V) 

with the following property: 

• V,{M.) is a free resolution of M.. 

• The morphisms Pe+i{-M) — > Ve,{M) and Vo{M) — > M. are strict with respect to the filtrations. 

• In particular, Qi^ {V,{M)) gives a free 7?.Xo[t] -resolution of Gr^(A^). 

First, we construct a iJZx, V^)-free module Vo{M.) with a surjection Vo{M.) — > M. 

The case (i) We put ao := min{ — 1 < a < | Gr^' °^ M. o}. We take a generator — (eao,i) of V^i^^^A^- 

Wc take generators Ca of Gr^* °\m) for < a < 0, and wc take lifts — (ea,i) to Va''^°\Ai). Let VoAi 
be the (T?.^ , l^)-free module generated by (oq < a < 0), where a is associated to each ea,i- We have the 
naturally defined filtered morphism {Vq, V) — > {M, V^'^°'>). 

The case (ii) Wc take a generator e_i = of V^\°''Ai. We take generators Ba of Gr^* °\Ai) for 

— 1 < a < 0, and we take lifts Ba = {ea,i) to Va^°\M.). Let VqM. be the (TZx,V)-bee module generated 
by Ba (— 1 < a < 0), where a is associated to each ea,i- We have the naturally defined filtered morphism 

By construction, for each a e K, the morphism 14^0 — Va^°^M. is surjective. By construction, the 

induced morphism Gr^ T'o — > Gr^ " A4 is surjective. Let /Co(A^) denote the kernel of VoiAd) — 5- A4. It 
is equipped with a naturally induced filtration V. By construction, we have t ■ VaJCo{M) C Va-ilCo{M) and 
dfVMM)cVa+ilCo{M). 

• We have t : Vb{ICo{M)) ~ Vb-i{ICo{M)) for 6 < in the case (i), or for < in the case (ii). 

• We have the exact sequence — > Gr^/Co — > Gr^ Pq — > Gr^' °^ A4 — > 0. In particular, we have 
S( : Gr^ /Co — Gr^;^ /Co for 6 > —1 in the case (i), or for 6 > —1 in the case (ii). 

Inductively, for any £ > 0, we can construct filtered 7?.x-modules {Vi{M),V) and {ICi{M),V) with exact 
sequences — > )Ce+i — > Pe+i — > — > 0, such that 

• {Vt{M),V) are free (Te^, ^)-modules. 

• For both Vt and /C^, the morphisms t -.V}, — Vb-i {b < 0) and 3( : Gr^ ~ Glr^^ (& > —1) are isomorphisms 
in the case (i). The morphisms f : 14 ~ l^-i < 0) and 3^ : Grjf ~ Gr^^ (6 > —1) are isomorphisms in 
the case (ii). 

• The morphisms /C^+i — Ve+i and Ve+i — ICf arc strict with respect to the filtrations V. In particular, 
the induced sequence — > Gr^/C^+i — > Gr^ Ve+i — > Gr^/C^ — > is exact. 

We obtain a {TZx ,V)-iiee resolution P,{M) of A^. We have a natural isomorphism 
Gr^ Homn^ {V„nx) ^ UamQ.v (Gr^ P., Gr^ Tlx) • 
It naturally gives a {JZxa[t\,V)-ivee resolution of Gr^ A^. 
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12.2.6 Proof of Proposition ITT^ 

Let Ai be as in Subsection 112.2.1] Let be a {TZx, F)-free resolution of Ai as in Subsection 112.2.51 Let 

us study the dual of Ai by using 7^,(7^). The complexes 

C := Homn^ {V,{M),nx ® ujx) and Gr^(C) = nom^^v (Gr^7'.(X), Gr^ Tlx ® uJx[t]) 

express DM. and D Gr^ Ai , respectively. 

Lemma 12.8 Assume (PO) and {PI). Then, the following holds. 

• n^D Gi^iAi) -DGv^iAi), and it is strict. 

• T/^-^o) is monodromic, and we have t ■ Va^"'' — V^^'^i for a < and dt '. Gr^* ~ Gt^^" for a > —1. 

• In the case (i), the morphism 3* : Gr^^ £)Gr^(A^) — > Gr^* DGT^{Ai) is an isomorphism. In the 
case (ii), the morphism t : Grr D Gr^(X) Gr^i D Gr^(X) is an isomorphism. 

Proof It follows from the computation in Subsection 112.2.31 I 

Let us finish the proof of Proposition ll2.4l By Lemma [12.71 and Lemma ri2.81 the morphisms in the complex 
C is strict with respect to the filtration V. Hence, we have the commutativity Gr^ "H^C ~ Gr^ C. According 
to Lemma [T2T8I we have Gr^ WC = unless « = 0. We also have (WC) {H) = unless i = 0. Hence, we obtain 
n'DA4 =WC = unless i = 0, by Lemma [IMl 

By Lemma 112.81 Gr^ THPDM is strict and monodromic. Hence, by using Lemma 112.51 we obtain that 
T-L^DM is strict and strictly specializable along t. Moreover the induced filtration v'^^°'^ gives a F-filtration. 
By the second claim of Lemma [l2.8[ we obtain {DA4)\^.t\ = DAi in the case (i), or {DAi)[*t] = DM in the 
case (ii). I 

12.3 Dual of mixed twistor D-module 
12.3.1 Statements 

Let us consider the dual for mixed twistor I?-modules. We will prove the following theorem in Subsections 

[m:mo7i 

Theorem 12.9 LetT G MTM(X), andT = {Mi,M2,C) as anUx-triple. 

• 'H^{DMi) ~ DMi, and it is strict. In particular, it is equipped with a filtration induced by the weight 
filtration of T . 

• We have a unique pairing DC of DMi and DM2 such that {DC)\x>' = D[C\x>-) for generic X G S, 
where the latter is defined for non-degenerate hermitian pairings of holonomic D-modules in Theorem 

[mTtI 

• The TZ-triple DT :— (^DMi, DM2, DC) with the naturally induced filtration is a mixed twistor D-module. 

• The dual D gives a contravariant functor on MTM(X), and D o D id. 

• IfTe MTM'"'(X), we naturally have DT G MTM'"'(X). 

Before going to the proof of Theorem 112.91 we give some consequences. 

For r = iMi,M2,C) e MTM{X) and ^ G Z, we set fie{T) = {Mi,M2, (-l)^C). Once we know Theorem 
112.91 we obtain the following compatibility of the dual and the push- forward, from Theorem 114.211 below . 

Theorem 12.10 Let T e MTM{X). Let F : X — > Y be a projective morphism. Then, the natural iso- 
morphisms of the underlying TZy -modules (Lemma Wl.W) give a natural isomorphism DF^T — fijF^-' (DT) in 
MTM(y). I 
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In other words, [e{—j)tpi^ , e{j)(p2) gives an isomorphism F^{DT) — DF^ ■'T, where ipi : ■'DxMi ~ 

DyF^Mi and (p2 ■ F^DxM2 — DyF^^ M2 be the isomorphisms in Lemma [T^TTl and e(m) := (— 
for integers m. 

Proposition 12.11 We have natural isomorphisms D{T*) ~ [DT]* and Dj*T ~ j*DT in MTM(X). 

Proof We have natural isomorphisms for the underlying filtered 7^-modules. We have only to show the 
compatibility of the pairings D{C*) — (DC)* and j*DC — Dj*C. Both of them can be reduced to the claims 
for the D-modules, and easy to check. (See Subsection 114.4.31 ) I 

Proposition 12.12 Let H be a hypersurface of X. We have natural isomorphisms I5(T[*-ff]) — {DT)[IH] and 
D{T[IH]) ~ {DT)[*H] in MTM{X). 

Proof Let us observe that D{T[*H]) ~ D{T)[IH]. We have the isomorphisms of the underlying 72.-modules 
(Proposition 112.4"]) . We have the compatibility of the pairings (see Proposition 114.241 below) . Hence, we obtain 
the isomorphism D{T[*H]) ~ D{T)[IH] as 7?.-triples. It is compatible with the naively induced filtrations. 
Then, the claim follows from Lemma lY. 101 I 

Proposition 12.13 LetV G MTS'"^"' {X , H) . LetT G MTM{X). Then, we have natural isomorphisms D(T (g) 
V[!-ff]) ~ (DT® V)[*i/] and D{T ®V[*H]) ~ {DT ®V)[\H]. 

Proof We have only to consider the case H = %. (See Proposition 1 1 2 . 1 2l ) We have natural isomorphisms as 
in Subsection 1 1 2 . 1 . 3l We have the compatibility of the pairings in Lemma [14.261 below. I 

Corollary 12.14 We have natural isomorphisms D{J1"^'^T) — H^,^^^' '^^^(DT). In particular, we have 

We also obtain D<t)^^\T) ~ <t>f''^ DT . I 

12.3.2 Relative monodromy filtration 

For the proof of the theorems, we shall use an induction on the support of the dimensions. Let A{n) denote the 
claim of Theorem 112.91 in the case dimSuppT < n. 

Assume A{n). Let T € MTM(X). Let W be the weight filtration of T, and let L be a filtration of T in 
MTM(X). Let N : {T,W,L) — > {{T,W) (g>T{~l),L) be a morphism such that W = M{N;L). We have 
D{T, W) = (DT, DW) in MTM{X). It is equipped with the induced filtration DL and the induced morphism 
DAf : D{T, W, L) — !• {D{T, W) (E) T(— 1), DL) . We can show the following lemma by a standard argument. 

Lemma 12.15 We have DW = M {DAf; DL) . 

Proof Let us consider the case Gr^(T) = unless j — w. Wc may assume that w = 0. We naturally have 
Grf ^ DT:^ D Gr^^ T, and the morphism DAf^ : Grf^ DT — > Gr?/^ DT is the dual of Af^ : Grf T — > 
Gr^- T. Hence, it is an isomorphism, and DW on DT is the monodromy filtration of DAf. 

The induced morphism LjDT — > Gr^ DT is strict with respect to DW. Hence, we can deduce that DW 
is the relative monodromy filtration with respect to i. I 

12.3.3 Dual of smooth 7^-triple 

We give a remark on the signature. Let V = (Vi,V2,C) € TS{X). Let V"^ = (Vi^,V^,C"^) be the dual in 

TS(X). We have the isomorphisms $i : ~ DVi {i = 1,2) given by $i(wi) = (\/^A)''^ Vi. We have the 
induced pairing Ci of DVi and DV2. 

Lemma 12.16 We have ^ D{C^) for each Xe S. 



Proof Let Aq G S. We have Ci ((v^A)'*^ /, {y/^\)'^^g) = C"^{f,g) by construction. On the other side, we 
have 



r>(C^'')(((V^A)'^-/)A„,((V^A)'^-.g)_A„) = (-l)'"A;j-(-Ao)-'^-(C^«r(/A„,5-A„) =C^a,5)A„ 
Then, the claim of the lemma follows. 
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12.3.4 Dual of canonical prolongation as 7?^-triples 



Let X be an n-dimensional complex manifold, with a normal crossing hypersurface D. Let V G MTS*^ ™(^, D). 
Let G MTS'''^'"(X,L>) be its dual. We have the description V = (Vi,V2,C) and = (V^^.V^.C^) as 
smooth 7?.x(*_D)-triples. We put :— VJ^D] for We use the symbol V,^ in similar meanings. We have 

the 7^x-triples V* ^ (Vii, V2*,a) and Vi = (Vi* , V21, Ci). We also have the 7^x-triples {V^„V:^^,C'^) and 

Lemma 12.17 Assume A{n — 1). Then, we have natural isomorphisms of TZx -modules DVi\ ~ A'^^Vj^ and 

Proof We may assume that there exists a holomorphic function g on X such that g^^(O) = D. Let Lg : X — > 
X X Ct he the graph. By the assumption A{n — 1), the condition (PI) in Subsection 112.2.1] is satisfied. The 
other conditions (PO) and {P2) are also satisfied. Hence, we obtain that DVi^ = T-L^DVi^ by Proposition ll2.4l 
Moreover, it is strictly specializable along g and we have Z)(Vi* )[!(;] = DVi^,. Because Z)(Vi*)(*g) ~ X'-^V^ 
naturally, we obtain Z)(Vi*) ~ A'^^V^Y- We obtain the other isomorphism in a similar way. I 

Lemma 12.18 V* (* = *, !) have their duals as TZ-triples, and the isomorphisms in Lemma 112.171 induce 
DVi ~ andDV, ~ V/. 

Proof By Lemma [12. 161 we have the coincidence of pairings on {A} x {X\D) (A G S) under the isomorphisms 
of the underlying 7?.-modules. Then, it is extended to DCi\x>- — ^'^^ generic A. It means DV\ exists and 

DVi ~ . We can show the claim for the other in a similar way. I 

We shall argue the comparison of the weight filtrations later. 



12.3.5 Dual of minimal extension in the pure case 

Let {X,D) and V be as in Subsection 112.3.41 Let us assume that V is pure. We set Vi* :— Im(V! — > V*), 
which is a polarizable wild pure twistor I?-module. The underlying 72.x-modules are denoted by Vii* {i = 1, 2). 
Similarly, we obtain a polarizable wild pure twistor D-module with the underlying 7?.x-modules V^^. 

Lemma 12.19 We have natural isomorphisms DVi\^ ~ '^u*- -^^^ dual of Vi^ as TZx-tTiplcs exists, and it is 
isomorphic to the TZx -triple V|^. 

Proof Let Ki denote the kernel of Va — > Va*, and let Ct denote the cokernel of V^i* — > Vi*. By the 
assumption A{n - 1), we have U^DKi = DK^ and VPDC^ = DC,. 

From the exact sequence — !• Ki — > V^i — > Vji* — > 0, we obtain W DVi\^ — unless j — 0, —1. From 
the exact sequence — !• Vji — > Vii* — > Ci — > 0, we obtain W DV^^, — unless j — Hence, we obtain 
WDViu = unless j = 0. We also obtain that n°DV,\^ is the image of U^DVi* — > H°DVi\. Therefore, 
DVi!* — VjY*. By using the uniqueness of pairing, we obtain DV* — Vi^. I 

We have immediate consequences on the dual of the filtered 7?.-modules underlying good mixed twistor 
D-modules. 

Corollary 12.20 Let T G MTM«°°'^(X, D). Let {i = 1,2) be the underlying TZx-modules ofT. Then, we 
have Ti^DAii ~ DAii, and they are strict. Moreover, they are equipped with induced filtrations. I 

Let ip:Ti — ^ 7^ be a morphism in MTM^"""^ {X , D) . Let M'^ and M'/ be the 7^x-modules underlying %. 
We have the underlying morphisms tp' : M'2 — > M'l and (p" : M'l — > M2. 

Corollary 12.21 We have natural isomorphisms K.er Dip' DCokp', lia Dip' = Dlmp' and CokDp' = 
D Ker p' . We have similar isomorphism for p" . I 

We shall use it in the special case. Let g he a holomorphic function such that g^^(O) — D. Let V G 
MTS'"^'^{X,D) with the underlying 7^x(*I3)-modules. For any a,b, we have (H^'^^'V)'' ~ n-b+i.-a+i^w 
MTS'"^'^{X, D). 
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Corollary 12.22 We have natural isomorphisms of TZx -modules DTlgi^Vi ~ n^i*"''^' "'~^^V^ . In particular, we 
have d4"'^V, ~ and DS^'^V, ~ S*""^/. 

Proof Let us consider the natural morphism n°;^V,; — > Ilg^^Vi for a sufficiently large N . According to 
Lemnia ri2.17[ its dual is naturally identified with n^,^^^'^''^^ V/ — > IVg.^^^'~°'^^V'^ . Hence, the claim follows 
from CoroUary[lMTl I 

Corollary 12.23 n^|;+^'"''+ is a dual o/n°;JV as an Tlx -triple. In particular, tpi"-\v) and E'f\v) have 
duals as TZx-triples, and naturally Dij^^\v) ~ Vg'^^^V'') DS^^\v) ~ 4^"^(V^). I 

12.3.6 Dual of the canonical prolongation in MTM 

Let X and D be as above. Let V € MTS'''*"'(X, D). We have already obtained an isomorphism D{y\) ~ V^^ as 
7?.x-triples. We have the filtration DW obtained as the dual of on Vi, and the filtration W of V^. 

Lemma 12.24 They are the same. 

Proof Recall that Vi is obtained as the cohomology of the complex of 7?.x-triples 

where (t>f\v^) ^ V's^^(V). The weight filtration of Vi is obtained from the naively induced filtrations L on 

i/'g°''(V) and Sg°^(V), and the filtration L of 4>^g'^ (Vi) obtained as the transfer of L on ij^'f^iy). 
Hence, D(y\) is obtained as the cohomology of the complex of 7?.-triples 

D^f\v) r'sf (V) ® D4>f\v,) d^jI^Hv), 

and the filtration DW is induced by DL on Dip^°\v), DE'-°\v), and JD0^^^(V!). It is easy to check that DL 
on d4"Hv) and DE^°\V) are the same as naively induced filtrations under the isomorphisms D'il)g°'\v) ~ 
^(-a+i)^^v) j^j^j DE^°\V) ~ 4"^(V^). Because DW on r>Vff"^(V) is AI{DJ\f; DL)[1 - 2a], we obtain DW is 
the canonical weig ht filtration of V'g ""^^^(V"). Hence, DW on D(j)'g"\V\) is the same as the canonical weight 
filtration W of D(j)l°\V\) ~ 4°^(Vy). We obtain that DL on d4"^(V!) is the transfer of L on V's'^^C^'")- and 
hence, DW on DVi is the same as the canonical weight filtration of V^. I 

Corollary 12.25 The induced filtrations of Dip^ff'V ~ "+i)yv £)Sg"''v ~ Sg "-'v^ are the canonical 
weight filtrations. I 

Remark 12.26 In the case of Dtp^f'V , we can also deduce it by using the characterization as the relative 
monodromy filtration. I 

Remark 12.27 For a good mixed twister D-module $(T), we have D^{T) = $(£)r). I 

12.3.7 Proof of Theorem \TT9\ 

To show Theorem ll2.91 we use an induction, i.e., we shall show A{n) by assuming A{n — 1). Let T € MTM{X) 
such that dim Supp T = n. Let P € Supp T. Because the claims are local, we have only to show them for the 
restriction of T to a small neighbourhood of P. We will shrink X without mention in the following argument. 

We take an n-dimensional admissible cell C = [Z, U, <~p, V) of T at P. Let 5 be a cell function. We have the 
expression of T around P as the cohomology of the complex in MTM{X): 

v^«^t(v) 4°Vt(v) ® 0f r — ^ ^(°Vt(v) 

By the assumption A{n~l), Corollarv ll2.25l and the result in Subsection ll2.3.2l we obtain the following complex 
in MTM{X): 

r>Vf '/'t(v) r's(°Vt(v) ® Dc^f^T r>v^iVt(v). (i04) 
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We obtain a mixed twistor I^-module DT as the cohomology. The underlying filtered 7?.x-modules are the dual 
of the underlying filtered 7?. jf -modules of T. Let C\ and C2 denote the pairings of T and DT- By construction, 
C'2|Ar^ = DCi\^x>' for generic A. Hence, we obtain C2 = DC\. 

If T e MTM"*(X), V and are integrable. Hence, by construction, DVs"Vt(V) and US^^VtC^) are also 
naturally integrable. By the hypothesis of the induction, D(j)f^T is integrable. Hence, DT is integrable. Thus, 
the induction can go further. I 

12.4 Real structure of mixed twistor D-module 

12.4.1 Some functors 

Let D^'^™ denote the hermitian dual, i.e., D^^'^^iT) = T* . Formally, we set a* :=Do D^^™ = D^'''"' o D. It 
gives an involution on MTM{X). We have a natural transformation a*oa-* ~ id. We define 7* := j*oa* = a*oj* . 
We naturally have 7* o 7* ~ id. For T = {M',M", C) G MTM(X), we have 

a*T = D{T) = {DM", DM', DC*), ^*T = {j* DM" ,j* DM' ,j* DC*^ 

with the induced weight filtrations. The following lemma is clear by construction. 
Lemma 12.28 

• We have natural isomorphism a* o 7* ~ 7* o a* ~ j* . We also have a* o j* = j* o a* =7* and 
j*o7* =7*oj* =a*. 

• Let V* be one ofa*, 7* orj*. We have natural commutativity v*oD c^i DoV* andu* oD^^™ ~ D^^™oi/* 
by the natural isomorphisms of the underlying filtered TZ-modules. 

• Let F be a projective morphism. The natural timisform DF^ Fi^D for TZ-modules induces F^~f{T) — 
fipOj*F^P{T) andFPa*{T)-fipOa*FP{T), where iJ.p{Mi, M2,C) := (A^i, A^2, (-l^C). We also have 
j* o _Ff = F-^ o j* naturally. I 

Let r = {Mi,M2,C) G MTM(X). Let (pi : F-pDMi ~ DPPMi and (p2 : F(DM2 ^ DF^pM2 
be the natural isomorphisms. Then, {e{p)ip2,e{—p)(Pi^) gives an isomorphism F^a*{T) — a*F^(T), and 
{e{p)j*(p2,e{-p)j*Vi^) gives an isomorphism F^^*{T) j*F^{T). 

The following lemma is obvious by construction. 

Lemma 12.29 Let T G MTM(X) and V G MTS'^'^{X, H). Then, we have the relation ^*{T^V[*H]) ~ 
(7*Cr)®7sn.(V))[*ff]. 



Proof We have naturally j* {{T ® V)[*H]) ~ (j*(r) ®j*{V))[*H], (^(T ® V)[*iJ]j ~ (T* ® V*)[IH] and 
d(jT (8) V)[\H]j ~ (£>(T) 8) V^) [*H], which induce the desired isomorphism. I 

Complex of mixed twistor D-modules Let C(MTM(X)) denote the category of complexes of mixed twistor 
£)-modules. Let iT',S*) e C(MTM(X)). 

• Let r>'^"'"(r*) G C(MTM(X)) be given by D^''"^{T')p = D^'"'"'{T-p) with the differentials = 

£)''°™((5-P-i). 

• Let -D(r*) G C(MTM(X)) be given by D{T*)p = iJ,pD{T-P) with the differentials 

D{SP) = {{-l)PDSl,{-l)P+^DS2''~^). 

• Let j*(r*) G C(MTM(X)) be given by j*{T')P = j*{TP) with the differential j*{d)P = j*{SP). 
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• We define Si{T*Y G C(MTM(X)) by Si{T*Y = 7^+^ with Si{6y = {-ly 

The natural quasi-isomorphisms of the underlying complexes of 7?.-modules give the conimutativity of the 
functors D^orm^ jj ^^gQ j^^^g Q ^horm _ ^hcrm ^ 5^ o D ~ D o and j* O Si Si o j*. 

(See Subsection 114. 6.1] below for the signature.) 

We define the functors 5* and 7* on C{MTM{X)) by a* := D o £)hcrm ~* _ ^-^ ^ ~* r^j^^ natural 
quasi-isomorphisms of the underlying 7?.-modules give SioV* ~ i7* o 5^, where v* is one of j*, 7* or a* . The 
compatibility with the push-forward is reformulated as follows. 

Lemma 12.30 Let F he a projective morphism. We have natural isomorphisms S-poF^(DT) ~ DSpoFj^ ^{T), 
S-p o FP{^*T) ~ a*S-p o Ff (T) and S-p o Ff (7*r) ~ i*S-p o Ff (T). I 

12.4.2 Real structure 

Let T be an (integrable) mixed twistor Z3-module. A real structure of T is an (integrable) isomorphism 
i : 7*T — T such that 7*1 o i = id. A morphism of (integrable) mixed twistor Z?-modules with real structure 
is an (integrable) morphism compatible with the real structure. Let MTM(X, M) (resp. MTM'"'(X, R)) denote 
the category of complex of mixed twistor D-modules (resp. integrable mixed twistor _D-modules) with real 
structure. We obtain the following proposition. 

Proposition 12.31 Let T he an (integrahle) mixed twistor D-module with real structure on X . 

• D{T), £)^'''™(T) and j*{T) have natural real structures. 

• Let F : X — > Y he a projective morphism. Then, F^ (T) are equipped with induced real structures. 

• Let H he a hypersurface of X . Then, T[-kH] is naturally equipped with real structure. 



Let V be an (integrahle) admissible mixed twistor structure on {X, D). IfV has a real structure, {T'S5V)[-kH] 
is also equipped with an induced real structure for ★ = I 



Corollary 12.32 Let g be any holomorphic function. Then, ipg°'\'T), 'E^'g^T and (fi'g'^T are naturally equipped 
with a real structure. Moreover, i^a,a,g(T') ® ^a,-a,g{T) (0 < a < 1/2) and 'ipa,b/2,g{T) (b € Z) are equipped with 
induced real structures. (See Subsection \2. 1.10\ for the second claim.) I 

Let X be a complex manifold with a hypersurface H. Let MTM{X, [*H],R) C MTM(X,M) be the full 
subcategory of objects (T, l) e MTM{X, M) such that T[*H] = T. We use the notation MTM'"* (X, M) in 
a similar meaning. 

Proposition 12.33 Let F : (X',H') — > {X,H) he a projective birational morphism such that X' \ H' ~ 
X\H. Then, F^ induces equivalences MTM(X', R) ~ MTM(X, M) anrf MTM"*(X', R) ~ 

MTM'"*(X, [*iJ],R). I 

Example Let us look at the smooth 7?.-triple Ux{dx ,0)- It is a mixed twistor D-module according to Theorem 
110.151 It is naturally equipped with an integrable structure. We have the following isomorphism: 

Here, we fix the isomorphism DOx — Xfi^ Ox determined by the condition that its restriction to A = 1 induces 
the isomorphism v in Subsection 114.6.41 Hence, for example, (e(— djc), e(dx)) and {e{dx),^{—dx)) give real 
structures. (We remark the signature in Lemma ll2.3l ) 

Remark 12.34 Let {T,W) G MTM(X,R). For A G S, we obtain a non-degenerate D -triple {Mi^,M2..C^) 
with a real structure. (See Section \\^ below.) In particular, the underlying perverse sheaf of M.^ h'^^ induced 
^.-structure. If [T ,W) is integrable with a real structure, A^2|C*xJf seems to have a unique R-Betti structure 
in the sense of |40| whose restrictions to {A} x X (A G 5') are the same as the above. The real structure should 
be functorial. The details will he given elsewhere. I 
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13 Derived category of algebraic mixed twistor D- modules 



Algebraic mixed twistor Z?-module Let X be a smooth complex quasi-projective variety. We take a smooth 
projective completion X CX such that D = X - X is a hypersurface. We set MTM(X) := MTM(X, [*!?]), 
which is independent of the choice of a projective completion X by Proposition II 1 . 14l An object in MTM(A) is 
called an algebraic mixed twistor D-module on X. Let Z?''(MTM(A)) denote the derived category of bounded 
complexes in MTM(A). Similarly, MTM'"'(A) and D''{MTM''^^{X)) are defined. 

Localization Let H he a. hypersurface of X. We have the localizations : MTM(A) — > MTM(A) and 
[\H] : MTM(A) — > MTM(A) which are exact functors. They induce the exact functors on D^MTM{X). By 
comparison of the Yoneda extensions, for 71 € MTM(A), we have the following natural isomorphisms: 

Ext?^TM(X) {Tl, T2[^H]) ~ Ext?^TM(X) (Ti i^H] , T2[^H]) 

Ext5^rp^(j(-)(7i[!i?],72) — Ext5^-pM(jf) 
We have similar localizations in the integrable case. 

Beilinson functor Let g be an algebraic function on X. We have the exact functors Hg'-^ on MTM(A) 
and 13^ MTM(A), where ★ = *, ! and a,b £ "L. We naturally obtain the exact functors S^"-*, ■f/'g"-' and (jJf'' on 
MTM(A) and L»^MTM(A). We have similar functors in the integrable case. 

Dual and hermitian dual Let T G MTM(A). It is represented by T G MTM(A, We set DxT := 

{DyT)[*D], which gives an object in MTM(A). It is well defined by the compatibility of push- forward and 
dual. Similarly, we obtain D^^'^T in MTM(A). We extend D and £)^"'° on MTM(A) to the functors on 
i:>''MTM(A) as in Subsection HMH 

• We have natural isomorphisms Do D ~ id and uhcrm^^hcrm ^ -^^ ^j^^ ^^^^ DoD'^"'"' = D'^'^^oD. 

• We have natural isomorphisms D{T'[*H]) ~ D{T')[\H] and Dh"'"(r* ~ 

• Let g be an algebraic function on X. We have natural isomorphisms Eg':^{DT') — £>S^j'|^^'^°^^(T*) and 

S^^'!(Z)''''™T*) — (T*). In particular, we have compatibility of the dual and hermitian 

dual with the nearby cycle functor, the vanishing cycle functor, and the maximal functor. 

By comparing Yoneda extensions, we have the following natural isomorphisms: 

ExtMTM(x)(7'i.'^) - ExtMTM(x)(-Djs:7^,-DxTi) 

ExtMTM(X)(7li72) — ExtMTM(X)(-Dx™72,-Dx'™7l)- 

Real structure As in Subsection [12X11 we define 7* := j* o Dhorm ^ ^& MTM(A). We have a natural 

isomorphism 7* o 7* = id. 

• We have natural commutativity 7* o D ~ D o 7* and 7* o uhorm ^ jyherm ^ 

• We have natural isomorphisms j* {T*[*H]) ~ ^* {T')[*H]. 

• Let g be an algebraic function on X. We have natural isomorphisms Eg';^ {j*T') — 7*S°^'!(T*). In 

particular, we have compatibility of 7* with the nearby cycle functor, the vanishing cycle functor, and the 
maximal functor. 
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A real structure of T* E MTM(X) is defined to be an isomorphism k : 7*T* — T* such that 7*k o k = 
id. Let D''{MTM{X),R) be the category of an object in D''MTM{X) with a real structure. A morphism 
(Ti*,Ki) — !■ {T',K2) in D^(MTM(X),R) is a morphism ip : T' — > T' in D^(MTM(X)) such that o ki = 
K2 o 7*(^. The category D^(MTM(X),R) is naturally equipped with localization, Beilinson's functors, D and 
^horm^ The integrable case can be defined similarly. 

Let us look at typical examples. For simplicity, let Z he a projective variety. We have objects Uz{0, dz)[dz] 
and llz{dz,0)hdz] in L»^MTM(X). We fix the isomorphism fiz ■ D{X%Oz) ^ Oz whose restriction to 
A = 1 is given as in Subsection 114.6.41 Then, we have natural real structures (^fiz : D{jiz) ^) oi l^z[dz], and 
{^iz,D{^izr^) oiUz[dz], {D{^iz),iJiz^) oiUz[-dz]. 

External product Let {Ti,L) e MTM{Xi) (i = 1,2). It is easy to show the following lemma. (See [4^, for 
example.) 

Proposition 13.1 7iK72 with the naturally induced filtration L is an object in MTM(Xi XX2). As a result, we 
obtain a bifunctor Kl : MTM(Xi) x MTM(X2) — > MTM(Xi x X2), compatible with the standard external prod- 
ucts H : Hol(Xi) X Hol(X2) — > Hol(Xi XX2). It is naturally extended toM: MTM(Xi) x MTM(X2) — > 
£)''MTM(Xi X X2). The functor can be enriched with real structures and integrable structures. I 

A version of Kashiwara's equivalence Let A be a subvariety of Y , which is not necessarily smooth. Let 
MTMyi(y) be the full subcategory of mixed twistor £)- modules on Y whose supports are contained in A. Let 
D\ MTM(r) be the full subcategory of MTM(r) which consists of the objects T* such that the supports 
of the cohomology 0^ T-CT' are contained in A. 

Proposition 13.2 The natural functor D^M1:Ma{Y) — > Dj^ MTM(r) is an equivalence. We have similar 
equivalences in the integrable case and the real case. 

Proof According to [3], we have only to check the following effaceability: 

• Let Ti E MTMa{Y). For any / E Extj4TM(y) ('^i there exists a monomorphism T2 — > T' in 
MTMa(F) such that the image of / in Extj,iTM(y)(7i,7^') is 0. 

We can show it by using the arguments in Sections 2.2 and 2.2.1 in [T]. I 

Push-forward Let / : X — > F be a projective morphism of quasi-projective varieties. We take a factorization 

X C X Y such that (i) /' is projective, (ii) H ^ X — X is normal crossing. We have a natural equiva- 
lence between MTM(X, [*H]) and MTM{X). Let (T,L) E MTM(X, [*H]) correspond to (T, L) E MTM{X). 
According to Proposition 17.261 we have 

/:(r,£) /|(r,l) E MTM(y), fi(r,L) ■.= fiHrMm) e MTM(y). 

They are independent of the choice of X up to natural isomorphisms. We obtain cohomological functors 
fl,fi : MTM{X) — > MTM(y) for i E Z. We can show the following proposition by an argument in [50] . 

Proposition 13.3 For each ★ =!, there exists a functor of triangulated categories 

f^ : D''MTM{X) — > i:>''MTM(y) 

such that (i) it is compatible with the standard functor f^, : D\^^^{X) — > ^hoi(^)' T'^i induced functor 
H'^{f^) : MTM(A') — > MTM(y) is isomorphic to fl. It is characterized by the property (i) and (ii) up to 
natural equivalence. We have similar functors in the integrable case and the real case. 

Proof We give only a remark. Let T E MTM(X). We take ample hypersurfaces Hi {i = 1, 2) such that Hi 
and Hi D H2 are non-characteristic to T. Then, we have a natural isomorphism T[*HilH2] — T[!i?2 * Hi]. 
Indeed, we have 

TbHi\H2] {T[*Hi\H2])[*Hi] A T[\H2 * Hi] 



131 



By the assumption on Hi, Sdr((i) and Sdr(&) are isomorphisms. Hence, we obtain that a and b are isomor- 
phisms. We also have /*(T[*i?i!i?2]) = unless i = 0. Then, we can construct a resolution T* of T such that 
satisfies fliT-') = unless j — 0. (See |40], for example.) Then, we can construct the desired functor We 
obtain f\ in a similar way. I 

Pull back As in [50], the pull back is defined to be the adjoint of the push- forward. 

Proposition 13.4 f\ has the right adjoint /', and has the left adjoint /*. Thus, we obtain the following 
functors: 

f*:D^WIM{Y) — >D^WIM{X) (*=!,*) 

They are compatible with the corresponding functors of holonomic T>-modules with respect to the forgetful functor. 
We have similar functors in the integrable and the real case. I 

Proof We have only to follow the argument in [5^ . We have only to construct adjoint functors in the case (i) 
/ is a closed immersion, (ii) / is a projection X x Y — > Y . We give only an indication for the construction. 

Let / : X — > y be a closed immersion. The open immersion Y — X — > Y is denoted by j. Let T* be 
a complex in MTM(y). Let Hi {i = 1, . . . , N) be sufficiently general ample hypersurfaces of Y such that (i) 
T' — > T* [*Hi] are injective, (n) PliXi ^i — X. For any subset / = (ii, . . . , i„i) C {1, . . . , N}, let C/ be the 
subspace of /\™ generated by A • • • A e^^ , where Ci € C''^ denotes an element whose j-ih entry is 1 {j — i) 
or {j 7^ i). For I = IqU {i}, the canonical morphism T^[*H{Io)] — > T^[*H{I)] and the multiplication of 
induces TP [*i?(/o)]®C/„ TP[*H{I)](g)Ci. For m > 0, we put C™(rP, ■= ®\ii=^TP[*H{I)](g)Ci, and 
we obtain the double complex C*(T*, *H). The total complex is denoted by Tot C*(T*, *H). It is easy to observe 
that the support of the cohomology of Tot C*(T*, *H) is contained in X. According to Proposition 113.21 we 
obtain fT' := TotC*(r*, *J?) in D'' MTM{X). Thus, we obtain a functor /' : D'' MTM(r) — > MTM{X). 
Note that the underlying 2?y-complex is naturally quasi-isomorphic to f'A4', where /' is the left adjoint of 
/t • ^hoi("'^) — ^ ^hoi(^)- easy to check that /■ is the right adjoint of f\. 

Let Cy denote the dual of C/. For / = /q U {i}, we have a natural morphism T[IH{I)] «) — > T[!i?(/o)] «) 
Cy^. For m > 0, we set C-™(r*, IH) 0|/|=„ rP[!i?(/)] and we obtain the double complex C*(r*, IH). 

As in the previous case, the support of the cohomology of Tot C*(T*, !J?) is contained in X. We set f*{T') :— 
TotC*(T*, \H) e D''MTM(X). It is easy to check that /* is the left adjoint of /* = /i. The constructions are 
compatible with the integrable structure and the real structure. 

Lemma 13.5 We put d := dy — dx- We have natural isomorphisms f*UY{p,q) — l^x{p — d,q)[d] and 
fUY{p,q)^Ux{p,q'd)[-d] 

Proof We have L'^f'UY{p,q) — unless i = d, and f*LlY{p,q) = unless i = — d. Then, by using the 
computation in Subsection 14.31 we obtain the desired isomorphisms. I 

Let us consider the case that / is the projection oi X = Y x Z ioY . We put dz := dimZ. We set 
f*T ■.= T^Uz{dzM-dz], f T = TMU{Q,dz)[dz]. 

Let us show that /* is the left adjoint of We have only to construct natural transformations a : id — > f^,f* 
and /?:/*/* — > id such that 

Pof*a: f*T' f*fJ*T' f*T\ f.Poa: fM' f*f*fM' ^ fM' (105) 

are the identities. We have the following natural morphisms: 

(tr,a^) :Z^pt(0,0) ^ azMz{dz,0)[-dz], (ai\tr) : az<Uz{0, dz)[dz] ^ Upt{0,0) 

Here tr : az\Oz[dz]^'^^ — > Cca is given by the trace, and a~^^ : Oca — ^ a,z*Oz[—dz] is given by the pull 
back. In particular, we obtain a natural transform a : id — > f*f* ■ Note that the morphisms are compatible 
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with natural integrable structures and real structures. For the construction of /3, the following diagram is used: 

Z xY — '—f Z x Z xY — ^ Z xY 

'A "A 
ZxY Y 

Here, i is induced by the diagonal Z — 5- Z x Z , qj are induced by the projection Z x Z — > Z onto the 
j-th component, and pj are the projections. We have the following morphisms of complexes of mixed twistor 
D-modules: 

/*/*r* = p*2Pi*T' ~ q2*q*iT' <Z2* {^*^*qlT') ~ i*qlT' (106) 

According to Lemma [13.51 we have a natural isomorphism i*Uzxz{dz , 0)[~dz] — Uz{0, 0). It induces i*q\T' — 
T* in MTM(2'x y). We define /3 as the composite of (jl06l) with the isomorphism. Note that this construction 
is compatible with that in the case of D-modules. Then, we obtain that the transformations in (|105|) are the 
identities, because the transforms for the underlying £)-modules are the identity. The construction is compatible 
with real structures and integrable structures. I 

Tensor and inner homomorphism Let X be an algebraic variety. Let 5x '■ X — > X x X he the diagonal 
morphism. We obtain the functors ® and RHom on MTM(X) in the standard ways: 

Ti®T2.^5\ (Ti K T2) , RUomiTi ,T2):=Sx {DxTi M T2) 

They are compatible with the corresponding functors on D\^^^{X). They can be enriched with real and integrable 
structures. 



14 Appendix: D-triples and their functoriality 

14.1 D-triples and their push- forward 
14.1.1 _D-triple and Z?-complex-triple 

Let us introduce the notions of £)-triple and _D-complex-triple, which is a variant of 7?.-triple in [45 . Let X be 
a complex manifold. We set ■= I^x ®c Dj^, which is naturally a sheaf of algebras. Let Mi {i = 1, 2) be 

Dx-modules. A hermitian pairing of Mi and M2 is a ^-homomorphism C : Mi (E)c M2 — > Sbx- Such a 
tuple (Mi,M2,C) is called a Dx-triple. A morphism of Dx-tnp\es {M[,M^,C') — !• (Mi,M 2,C) is a pair of 
morphisms ipi : Mi — > M[ and (^2 : M2 — > A/2 such that C"((y£'i(mi), = C{rni,ip2{m'2)). Let T>-Tvi{X) 
denote the category of _Dx-triples. It is abelian. A _Dx-triple (Afi,M2,C) is called coherent (good, holonomic, 
etc.), if the underlying Dx-niodules are coherent (good, holonomic, etc.). 

D-complex-triple Let M* {i — 1,2) be bounded complexes of I?-modules. A hermitian pairing of M* is a 
morphism of Dx ® Dj^complexes C : M* (E) M2 — > Namely, a tuple of morphisms : M^^ (E) — > 

2) fax such that 

CP{dx-P-\yn + i-l)P+'Cp+iix-P-\dyP) = 
Such {M*,M2,C) is called a _D-complex-triple. A morphism of D-complex-triples 

(M*,M*,Cm) (NIN^^Cn) 

is a pair of morphisms of 2?-complexes (pi : N' — > M' and Lp2 ■ M* — > N' such that CM{(pi{x),y) — 
C7v(a;, 932(2/)). Let C(2?)-Tri(Ar) denote the category of D^-complex-triples. It is abelian. A morphism in 
C(I?)-Tri(Ar) is called a quasi-isomorphism, if the underlying morphisms of Z?-complexes are quasi isomorphisms. 

Let 1 = (A/;, M*, C) e C(V)-Tii{X). Let H^{M*) be the j-th cohomology of the complexes M*. We have 
the induced Djf -triple {H~^ (M^), (M^), (C)) denoted by H^{1). We also have the induced Djf -complex- 
triple {H-^{M^)[j],W{M^)[-j],HHC)), denoted by H^l). 
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Let (M*, M'jCm) and {N*,N*,Cn) be D-complex-triples. Let ifi : M* — > N* be quasi-isomorphisms. 
We say that Cm and Cat are the same under the quasi-isomorphisms, if Cm(wi,'tT2) = CM{}Pi{'mi)i'-P2{'m2))- 
In this case, we have the foUowing natural quasi-isomorphisms of D-complex-triples: 

{M'^,M^,Cm) > {Ml,N^,C') i {N^,N^,Cn) 

Here, C" (7711,712) = CAr(<^i(mi), 712). 

Complex of D-triples A complex of Djf-triple consists of Dx-triples {p E Z) and morphisms 6^ : 
J-P — y 7-P+1 such that 6P+^ oSp = 0. We have the descriptions = {M^^, Mf, CP) and Sp = {S{, S^), where 
5^ : Mj"P"^ — > M~P and 6^ : — > Aff+\ They give complexes Af*, and satisfy 

CP+\x-P-\SPyP) = Cf((5Pa;-f-\/) (107) 

Let C(l?-Tri(X)) denote the category of bounded complexes of Djf -triples. For T* £ C(2?-Tri(X)), its j-th 
cohomology is denoted by (T'). 

Equivalence We put e(p) :— (— 1)p(p~i)/2 for integers p. For T* G C(X'-Tri(X)) with the above description, 

we define an object ^i{T') := {M^,M^,C) in C{V)-Tii{X), where := e{p)CP. Thus, we obtain a functor 
*i : C(X>-Tri(X)) — > C(2?)-Tri(X). It is easy to check that *i is an equivalence. 

For T* G C(P-Tri(X)), the shift T[q]' is given in the ordinary way. Namely, T[q]P = T^+'^ and the differen- 
tials SP : T[q]P — > r[g]P+i are given by (-1)'?(5p+9. Correspondingly, for T = {M^,M^,C) G C(X>)-Tri(X), we 
define 1[q] = (Mi[-g]*, M2[g]*, C[g]) G C(X')-Tri(X), where C[q]P : Afi[-g]-P (g) AfaM^ — > Dbx is given by 

e{p) tip + q) CP+« : M'^-'^ (g) 1^2'^'' — ^ Sb^. 
We have e(p)e(p + q) = e{q) (-I)P'?. 

iP-double-complex-triple and total complex A Z?A'-double-complex-triple is a tuple (Af*'*, Af* '*, C*) : 

• Af*'* [i — 1,2) are double complexes of Z?x-modules, i.e., they are Z^-graded D-modules {Mf |p G Z} 
with morphisms dj : Mf — > Mf^^' {i — 1,2, j — 1,2) such that dj o dj =0 and [dj,dm] — 0. Here, 
<5i (1,0) and 62 = (0,1). 

• C : M'"' (g) Af* * — ^ 2)bx be a morphism of Dx <E) ZJ^double-complexes, i.e., a tuple of Dx <E) -D— 
morphisms CP : M^^ ® A/f — ^ Sbx such that 

CP{dix-P-^\yP) + {~l)P^+^CP+^'{x-P-^\diyP) = 

CP{d2X-P-^\yP) + {^l)P^-+^CP+^Hx-P-^\d2yP) = 

Let C'^-'(2?)-Tri(A") denote the category of Z?x-double-complex-triples. 

Let {Ml'' ,Ml'' ,C) be an object in C(2)(I?)-Tri(X). We define the total complex object Tot(Ar*'*, A//* '*, C) 
in C(I?)-Tri(Ar) in the standard way. The underlying /^-complexes are the total complexes Tot(Af*'*), i.e., 
Tot(A^*'*)P = 0p^+p^^p Mf, with the differential dxP = d^xP + {-l)P^d2xP. The pairings are given by 

CP= {~1)P'P'CP. 

P1+P2=P 

Let us show that they give a Z?x-coniplex-triple. We have only to check (I107p . We have 

C{dx-P~^\yP) + {-l)P^+P^+^C{x-P-^\dyP) 

= {-l)P'P'CP{dix-P-^\yP) + {-1)p^+P'+^{-1Yp^+^^P'CP+^' {x-P-^\diyP) 

= {-l)P^P'{CPidix^P'^\yP) + i~l)P'+^CP+^'{x~P~^\diyP)) =0 (108) 
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We also have 

CP{dx-P-^^ , yP) + (-i)Pi+M+ic^P+<52 (a.-p-<52 ^ ^^p) 

= (_l)PlP2CP(d2x-P~^^yP) + {-iyP'+P^+\-l)P'^P'+^'>CP+^-'{x-P-^-',d2yP) 

= i-iyP'P' {CP{d2x-P-^\,yP) + {-l)P'+^CP+^^x-P-^\d2yP)) = (109) 
We can easily deduce (|107p from (jlOSp and (I109p . Thus, we obtain a natural functor 

Tot : C(2)(X')-Tri(X) — > C(X')-Tri(X). 

14.1.2 Construction of the push-forward 

Let T = {Ml, M2,C) be a I?x-triple. Let / : X — !• y be a morphism of complex manifolds such that 
the restriction of / to the support of T is proper. As in the case of 7?.-triples [45], we shall construct /j°^T = 

(/tAfi, /tA/2, 'C) in C(X')-Tri(y) and correspondingly f^T in C(X>-Tri(r)) i.e., (f^T) = .f\°'^T. We remark 
that this is a specialization of the push- forward for 7?.-triples given in [?S] . 

Closed immersion If / is a closed immersion, we have /fM^ ~ ujx f ^^iDy ^ i^y"'^) <8)_Dx ^i- Let rjx and 
■qy denote local generators of ojx and uty, respectively. We put dx ■= dimX and dy := dimF. We set 

ff^^ [(vx/vy) ■ mi,{r]x/vY) ■ m2j ^^-3-/* (»7^77jf ' C'(toi, ma)) f ^— ^ j e{dx) e{dy) (110) 

Namely, for a test form ip = cj) ■ riyrjy, we define 

(/t°^((^/x/?7y) •TOi,(?/x/ryy) -ms), y') := (c{mi,rn2), f*(l)Vxr]x) (^'^~/=f^ e{dx) e{dy) (111) 



In this case, we have /|C = f'^^^C. 

Let / : X — > Y and g : Y — > Z be closed immersions. We have natural isomorphisms {gof)^Mi ~ (/-f il/i) 
{i ~ 1,2). The following lemma is easy to see. 

Lemma 14.1 We have {go f)^^\c) — gf'\f^'^'^C) under the isomorphisms. I 
Remark 14.2 If Y = A", X = {z^+i = • • • z„ = 0}, rjx = dzi ■ ■ ■ dzi and rjy ~ dzi ■ ■ ■ dzn, we have 

n 

Vx Vx ^ VYVy / Y\. ^-^^ ^ '^(dx) e{dy) 

i=i+l 



Hence, for a test form ip on Y , we have 

" / 1 

f^^^C{{r]x/r]y)nii, {r]x/r]y)m2),p^ = (^C{rni,rn,2), f*(p/ dz^dz^^ 

i=i+l 



dx~dY 



I 



Projection Let us consider the case f : X ~ Z x Y — > Y is the projection. Set dz — dimZ. We have 
/tM, = Rf< (M (g) £*z [dz]). We set 

ff^C{T]'^^-Pmi, 7jdz+Pm2) -.^ J rj'^^-P Arj'^^+PC{mi,m2) (^-^^) e{dz) {-ly^^ 
We have the following: 

/tC(7/'*^-f mi, T]'i^+Pm2) J Ti'^^-P Mf^+PC{mi,m2) (^^-^=^ e{p + dz) 
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Some compatibility For our later purpose, we give some lemmas on compatibility of the push-forward for 
closed immersion and projection (Lemma 114.31 and Lemma [14. 4p . Let £ < k. We put Y := A". Let X and Z be 
the submanifold of Y given as X := {zf+i — ■ ■ ■ — Zn = 0} and Z :— {zk+i — ■ ■ ■ — Zn = 0}. Let / : X — > Y 
be the natural inclusion. Let g : Y — > Z be the projection forgetting the last components. The composite 
g o f : X — > Z is the natural inclusion. 

For p = 1, . . . , n, we set ?7p := dzi ■ ■ ■ dzp. For pi <P2, we set rjp^^p^ := rjp^/rip-^ . Let (Mi, M2, C) G V-Tii^X). 
We put dy/z dy — dz- We have 



5t(/tM0 ^ g* [n'y/z[dY/z] ® /fM, 
We have the quasi-isomorphism (7|(/|Mi) ~ (<? o f)^Mi induced by rjk^n ® {mi/ve.n) ' — > nT-i/ve.k- 
Lemma 14.3 We have g\°\fl"^C) = (50 f)f^C under the quasi-isomorphism. 
Proof We have the following: 



e[n — 

71— k 



{n-k) j r^k,nVk,nff^c{mi/'qi^n, m2/r)t^n^g*ip 
{n - k) {^/j°'C(rni/?7^,„,m2/?7£^„), %,n^fe,„ffV) 



1 

e-k 



= (-^] ein k) e{e) e{n)Ur],Cim,,m2), f* f 3*VVk^Vk,n \\ ^^^^ 

V27rV-l/ \ ^ VnTIn 

We also have the following: 

[{g ° f)\"^C!{mi/rii^k, m2/rit,k), ^) 

t-k 

' {ikrikY^ig^ f)*{mViC{mx,m2)), if) xe{i)e{k) (113) 



Let ip — rjkrj^. (j). Then, we have 



(g o /)* ( ^ {g O = (-l)Mn-fe) /* ( 9*(^kVk^)_^k,nVk,n\ 

Because {n-k){n-k-l)/2-n{n-l)/2~k{k-l)/2 + k{n~k) ee modulo 2, we obtain igof)f^C = g\°^f^°^C. 
Thus, we obtain Lemma [14.31 I 

We consider another compatibility. Let Z be a complex manifold. Let us consider the following diagram: 

Z X A'= > Z X A'=+^ 

^k 92 ^ ^k+i 

Here, gi are the natural inclusions, and fi are the projections. Let (Mi, M2, C) S 'D-Tri{Z x A*^) such that the 
support of Mi are proper with respect to /i. We have natural isomorphisms 921 (/if -^^i) — f 2^91^ Mi- 

Lemma 14.4 We have g'^^ o f^\c) = f^^"^ o g^\c) under the isomorphisms. 
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Proof We put n = dim Z. We have the fohowing: 

aififific)) {(vk/vk+i) ■ r^^mi, (%/%+,) e+^m2^ 

1 \ 

im+iVk+ir'92*{vkrlk C-''r^''C{mum2))e{n){-irPe{k + e)e{k) (114) 
Let rjz be a C°°-local generator of luz- We set r/^ 77^ ■ Jym- We also have the following: 



.27r^/=T 



/2 



= (^^-^) r-''r^'('7U£^W.)"V(^UL.C(mi,m2))e(n)(-l)~"P6(n + fc + ^)<n+ (115) 

We have the following equality modulo 2: 

[k + £){k + e - l)/2 - k{k ^ l)/2 - {n + k + £){n + k + £- l)/2 - (m + fc)(TO + fc - l)/2 ee H + (n + fc)^ = n£ 
We have the following: 



(116) 

We have the following: 

C^^'T^^ [iv'k+eV'k+e)~^ 9i*{v'kV'k ' C(mi,m2))), • Vk+iVk+i) 

We have the description ^"-p^"*"^ — Arjzfj^. Then, we have 

-n+p 



v'k+iVk+e 

Then, (I117P is rewritten as follows: 

;C(mi,m2), 5t(/2>*^(-l)"<'+'^)%%) = (C(mi,m2), gi*(/2>* A(-l)"^)ryzr7^7yfc%) 



= (-l)"^(c(mi,m2), r-^r+'(52 o hT^Vkflk) (US) 
Thus, we obtain Lemma [14.41 I 

Construction of the push-forward in the general case In the general case, we factor / into the closed 
immersion fi : X — > X x Y and the projection /2 : X x Y — > Y. Thus, we obtain a D-complex-triple 
/21'' (/{|''(Afi, M2, C)) on Y. We obtain the following lemma from Lemma [14.31 and Lemma [14.41 



Lemma 14.5 /// is a closed immersion or a projection, (Mi,M2,C)) is naturally isomorphic to the 



object f'f'\Mi, M2,C) given previously. I 
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Push-forward of D-complex-triple Let (M'jM'jC) G C(2?)-Tri(X) such that the restriction of / to the 
support of Mi are proper. We have the following object in C*^^' (I?)-Tri(y): 



(/t(A/r)-,/t(M-)-,/;")c 



By taking the total complex, we obtain an object in C (I?)-Tri(F) , denoted by f^^^ (M* , M'jC). Correspondingly, 
we have the push-forward for complexes of Z?-triples. 

Composition Let / : X — > Y and g : Y — !• Z be morphisms of complex manifolds. Let {M* , M* ,C) be a 
Dx-complex-triple such that the restriction of / and g o f to the supports of Mj are proper. We have natural 
quasi-isomorphisms (go f)^Mi ~ gj^i^fj^Mj^. The following lemma is implied in |45) . 

Lemma 14.6 We have {g o f)f^ = gf\f\°^C) under the quasi-isomorphisms. 

Proof By using Lemma ri4.3l and Lemma ri4.4[ we can reduce the issue to the case that / : Wx ZxY — > ZxY 
and g : Z X Y — > Y are the projections. We set m := dimX — dimK and n := dimY — dim Z. We have the 
following: 

{g o /)J°^C(e"-'r7'"-''mi,e+''r/™+Pm2) 

/ 1 \ m+n „ 

= f J ^"-'?7y™-P^»+'?,y™+PC(mi,m2) e(m + n) (119) 

We also have the following: 

/ -, \ m+n ^ 

= J f'-«7;"-Pf'+'^7y"+PC(mi,m2)e(m)e(n)(-l)-™P-"«+P''+("+«)("-P) (120) 

We have the following equality modulo 2: 

m{m — l)/2 + n(n — l)/2 + mp + nq + pq + {n + q){m — p) = (m + n){m + ?i — l)/2 + (to + n){j) + q) 
Thus, we obtain Lemma 114.61 I 

Correspondence of left and right triples (Appendix) The correspondence between hermitian pairings 
for left and right D-modules are given as follows. Let C be a hermitian pairing Mi x M2 — > The 
corresponding pairing of right Z?-modules {lox ® Mi) ®c {ujx ® M2) — > Db'^''^^ is given as follows: 



C"'(7?i (8)TOi, r]2®m2) := 771772 C*!™!; "^2) e(rfx) 



1 



,27r\/-l. 

For a closed immersion / : X — > Y, we should have f*C^{r]x ®mi, rjx (8 TO2) = [ff^ Cy (rjx ®mi, rjx ® TO2) 
It implies the formula in the closed immersion, as follows. 



C(toi,TO2), f*(l)7jxVx) <^{d'x) 



27rV^ 



f*C''{r]x ®mi,r]x 777,2), = {{f\^^^ Cf {r]x 'Srni,r]x «)TO2), <j)j 

- {{Cc){{vx/VY)mi,{r^x/VY)m2), rcj^VYVy) ^dy) (^;^) " (121) 
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14.1.3 Hermitian adjoint of I?-complex-triple 

Let r* e C(X'-Tri(X)). We define an object £)h<=™(r*) in C(r»-Tri(X)) as follows. The p-th member 
r>'^°""(r*)f is {T-Py. The differential D^''"'\T')p — ^ uhorm^^.^p+i ^^^^^ D(<5_p_i). Then, 
gives a contravariant auto equivalence of C(I?-Tri(X)). 

By the equivalence ^I^i, we obtain a contravariant auto equivalence £)(o)'i°"" C(2?)-Tri(X): 

_p (0) hcrm ^ , C) = (M* , Ml* , C* ) 

Here, (C*)p (-I)p(Cp)*. 

Lemma 14.7 Let f : X — > Y be a morphism of complexes. Let ^ £ C{'D)-Tri{X) such that the restriction 
of f to the support of 1 is proper. We have ff'^ o hcrm^^-^ ^ jr,(o)horm ^ jjo)^^:) in C{V)-Tri{Y). As a 
consequence, for T' G C{V-Tri{X)), we have f^ o D''"™(r*) = i)''™ o f^{T') m C{V-Tri{Y)). 

Proof We use the notation in the construction of push- forward in Subsection 114.1 .21 Let us consider the case 
that / is a closed immersion. We have the following: 

f^°\c*){{vx/VY)m2, ivx/VY)mi) = {rjYVYy^ f*{vxrjx C* {m2,mi)) f ^^y-j j e{dx) eidy) 



1 



dx —dY 



^ (vyVy) ^f*{rixrixC{'mi,m2)) y ^^^^ j e{dx) eidy) 

{riYVY)-H*{VxVxC{m,,m2)) (^-^^^^ ^ "(-l)'^--'^-e(dx) e(dy) 



(vyVy) ^f*{vxVxC{mi,m2))[-^—j=j e{dx)e{dY) 



^ \ dx-dy 



= if^Cr{{rjx/w)rni,{vx/VY)m2) (122) 
Let us consider the case that f : Z x Y — > Y. We have the following: 

(/t°^C*)(?7"+Pm2, r;"-Pmi) = J^— -L=^ J rj"'+Pr]"'-PC* {m2,mi) e{m) 



(-l)™y" 77™-P^'"+P(-l)"'-PC(mi,TO2) e(TO) (~1)™(™~P) 



^ (-If (/tC)*(r/™+?'TO2,??"-fmi). (123) 
Thus, we are done. I 

14.1.4 Comparison with the naive push- forward 

Trace morphism Let us observe that we have a natural morphism, called the trace morphism: 

tr : f,(^{DY^x ®c ^y^x) ^K^j, ^^x) ©by (124) 

Indeed, we have the following: 

(uJx «) /"^(Dy (g) Wy^) (8)c /"^(fy «> 'SiD^-'^i<x — > 

r^iDy-y ® Uy-y) ® ] ® ^^[dx] ^ O ^ ^ f^DyV ® Wyy) Sb^[2dx] (125) 

Here, we use the pairing fi^^ [dx] 'E) ft^[dx] — > S)b^[2(ix] given as follows. We have the natural identification 
n*x[dx] <8 ^[dx] ^ {^x ® f^y) [2dx] which is given by the muhiplication of {-1)p''^ e{dx) on Q'^''"' ® . 
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(See the appendix of this subsection.) We have the natural inclusion (^2^ (K) ^2y)[2rf;ic] — > X>b^[2djf]. The 
composition gives the desired pairing. Then, we obtain 

The morphism A is induced by the integration /,Db^+'*^'''^+''^ — ^ ^fjP+dY,q+dY multiplied with {2nV^Y''^'^'' ■ 
For B, we use the identification as in the case of p25p . 

Naive push- forward of the pairing Let C : Mi x M2 — > 2)bx- We have the following induced pairing: 

{Dy^x <E)'^^ Ml) (S)c {Dy^x (S)^^ M2) > (^Dy^x<E)cDy^x) '^D^j^^bx 

Hence, we obtain the following pairing 

/tMi®/tM2 > f<(^{DY^x ® Dy^x) ^'6^_m'x[2dx]) — ^ Sby 

It is denoted by /j^''C. We have the following comparison. 
Lemma 14.8 We have fl^\C) = f^"\c). 

Proof Let us consider the case that / is a closed immersion. We have the following: 

f\^\C){{TlxlriY)mi, {'nx/VY)m2) = {iiyt^yT^ f*{^xVx C{mi,m2)) y ^^^^ j e{dx)e{dY) 

Here, e(dx) and e((iy) appear by the identifications r2^[d;is:](X)r2^[(ij(:] ~ {p.'x®U,^ [2dx\ and fiy [(iy](8)f2^[rfy] ~ 
(p.Y ® f^^) [2(iy]. By definition, we have the following: 

ff\C){{i^xhY)Tni, {vx/VY)m2) = {vyVy)-' f*{vxr]x C{mi,m2)) ■ (^^^) <dx) eidy) (127) 

Hence, we are done in this case. 

Let us consider the case f : X = Z x Y — > Y. We have the identification 



f^M ~ /t(M ® E'z[dz]) - f^[M ® El[dz] ®f-ioY r^^WY] ® Dy 
Let m = dim Z and 11 = dimK. Wc have 

)c(ry^i ® (mi • r'^m), Vy^ ® {^2 ■ r+^r?y)) 

= ivYVYr'J c(mi,m2)r"^r;yr^(-i)^'" (2^7=1) ^'^^^^'^^^ 

^(vyVy)-'! C(mi,m2)r-^r^^i'^y(-l)"^™+''^+^'" (^^^) (^^S) 
We also have the following: 

/f>C(mir~^ m2^™+P) = J C(mi,m2)r"''r"'''(-1)"^ (2^^) "^""^ ^^^^^ 
It is easy to check that (|128p and (|129[) are equal. Hence, we have /j^^C = /|Ce(rfj)c) e(o?y). I 
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14.1.5 Appendix: A rule for signature 

Let Ai (i — 1,. . . ,L) be Cx-complexes. For n G Z^, we set A[n] :— Ai[ni] (g) • • • (g) ^^[71^]. For an integer 
M, we put Z^{M) := {n S Z-^ | ^ = A/}. Wc shall construct isomorphisms ^n,m '■ A[m] — > A[n] for 
n,m & Z^{M), such that <I>„,m o ^m.k = ^n,k for n,m,k e Z^{M). 

For j = 1, . . . , L — 1, let Cj denote the element of Z^, such that i-th components are 1 {i — j), —1 {i = j + 1), 
or otherwise. We define : A[n] — > A[n + ej] by 

(ai «> • • • (g ol) = (-1)5^.<J '^'=s("')ai (g • • • g) OL 
Here deg(ai) denotes the degree of in j4i[ni]. We also define ^'-e^ : A[n] — > A[n — Bj] by 

*-e, (ai (g • • • (g Ol) = (-l)^-^^- ''''SM + ^I (g • • • (g Oi 

We have o = ^-e^ ° = id. For an integer £, we define '^iej : A[n] — > A[n + iej] by *£ej = ^'i^- 

{i > 0) or *£ej = 'flej < 0). We have ^i^^ o -^^e, = *(fc+£)e, • We have the formula 

*£e, (ai (g • • • ® ol) = (-l)^-^^- "'s^°*^e(^)ai (g • • • (g 

We can check the commutativity ^f^e^ ° "^ke^ = ^fee,„ ° '^ee, by a direct computation. Then, for n,m E Z^, 
we set 

L 

In particular, we use the identification Ai[n] (g v42[m] ~ Ai[rt + m] (g by 
Here, deg(ai) means the degree of ai in 

14.2 Localization, twist and specialization of non-degenerate D-triple 

14.2.1 Category of non-degenerate I?-triples 

For a Dx-module Af, we have an object CxM := RHoruDx i^^i S&Jf) in the derived category of Z?— complexes. 
If M is holonomic, we have the natural identification CxM ~ THPCxM = T-Lom-Dx [M j'Dh x) , and it is holonomic. 
(See [llj and [47]. See also [41].) 

A Dx-triple (Afi, M2, C) is called holonomic, if Mi are holonomic. It is called non-degenerate, if moreover the 
induced morphism (pc.1.2 ■ M2 — > Cx{Mi) is an isomorphism. The condition is equivalent to that the induced 
morphism ipc,2.i ■ Mi — > C;^(M2) is an isomorphism. Let I?-Tri"''(X) C P-Tri(X) denote the full subcategory 
of non-degenerate Z^x-triples {Mi, M2,C). It is easy to check that X'-Tri"''(X) is an abelian subcategory of 
V-Tn{X). 

14.2.2 Localization 

Let 5 be a holomorphic function on a complex manifold. Let T — {Mi, M2,C) € I?-Tri(X) be holonomic. 
As in the case of 7?.-triples, we have the uniquely induced pairings C[lg] : Mi[*g] x M2[lg] — > S)bx and 
C[*g] : Mi[lg] x Jh\^ — > £»bx- (See Subsection ESI ) Thus, we have T[lg] = {Mi[*g], M2[lg],C[\g]) and 
r[*.g] = (Mi[!5],M2M,CH). 

Lemma 14.9 IfT is non-degenerate, T[^-g] andT[*g] are also non-degenerate. 

Proof Let iV be a holonomic Dx-module such that N{*g) ~ C-^(M2[*.g])(*g). We have an isomorphism 
Cx{N){*g) ~ M2{*g)- Hence, we have a unique morphism M2[!(j'] — > Cx{N). It induces N — > Cj^(M2[!5]). 
By this universal property, we obtain that C-j^{M2^-g\) — C-j^{M2^-g\)[*g]- Therefore, we obtain that the induced 
morphism Mi[*(7] — > C-Y{M2^-g\) is an isomorphism. Namely, T^.g] is non-degenerate. Similarly, we obtain 
that T[*g\ is non-degenerate. I 
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Lemma 14.10 // g^^{0) = 5^\0) =: H, we have T[*gi] = T[*g2]- 

Proof We have M[*gi] — M[*g2] for any holonomic D-module M. Hence, we have Af[!(7i] = Af [152] for any 
holonomic Z3-module. Hence, we have the coincidence of the underlying Dx-modules of T[*gi] {i = 1,2). Then, 
it is easy to deduce the coincidence of the pairings on X from the coincidence on X \ H. I 

Let H he a, hypersurface of X. By Lemma |14.10[ we obtain hermitian pairings: 

C[^H] : Mi[\H] X M2[*H] — > Dbjf, C[!i?] : A/i[*iJ] x Af2[!i7] — > Sbx- 

Thus, we obtain T[*H] = {Mi[\H\,M2[*H],C[*H]) and T\^.H] = (Afi[*i7], A/2[!i?], C[!i7]) for holonomic T G 
I?-Tri(X). If T is non-degenerate, T[*i?] are also non-degenerate. It is easy to see the following. 

Lemma 14.11 We have D^^'^iTi^H]) = (Z)''°™r)[!i?] and D^''''^{T[IH]) = (D'''=™r)[*iJ]. I 
14.2.3 Tensor with smooth triple 

A Z3jf-module is called smooth, if it is coherent as an Ox-niodule, which implies that it is a locally free Ox- 
module. A Z?x-triple is called smooth, if the underlying Djf-modules are smooth. The values of the hermitian 
pairing is contained in the sheaf of C°°-functions on X. Let 77 = (A4i,i, A^i,2, Ci) € I?-Tri(X) {i = 1,2). If 
T2 is smooth, we naturally have an object 7i (8 72 ^ M2,i,M2,i ^ M2,2, Ci (g) C2) in T>-Tri{X). We 

clearly have i:)^™(ri ® Ta) = -D''°™(ri) ® -D'''=™(r2). 

Lemma 14.12 IfTi are non-degenerate, Ti ® T2 is also non-degenerate. 

Proof We have only to consider the case that T2 — (O, O, Co). Then, the claim is clear. I 

Let us consider a more general case. Let 77 be a hypersurface of X. A Z3jf (*-ff)-inodule is called smooth, if 
it is a locally free Oj5c(*7J)-module. A smooth £'x(*^^)-triple is a tuple of smooth Z?x(*-ff)-niodules Vi with a 
pairing Cy : ® V2 — > ^«)modff^ called non-degenerate, if {Vi,V2, Cv)\x\h is non-degenerate. 

Let Tv = {Vi,V2,Cv) be a non-degenerate smooth_Z^(*£r)-triple. Let T = {Mi,M2,C) € V-Tii'"^ {X) . 
We have the induced pairing C®Cv ■ {Mi ®Vi)® {M2 ®V2) — > Sb^""^^, where Sb^°'^^ denotes the sheaf of 
distributions on X with moderate growth along H. We obtain the hermitian pairings, as in Subsection 114.2.21 

(C®Cv)[*H] : (Ml ® Vi)^.H] ® {M2 ® V2)[*H] ^ Sbx 

{C®Cv)[\H] : {Ml ® Vi)[*H] ® {M2 ® V2)[\H] — > mx 
Thus, we obtain hermitian pairings: 

{T®Tv)[*H] ■= {Mi®Vi[\H],M2®V2[*H],C ®Cv[*H]) 

{T®Tv)[\H] := {Mi(E)Vi[*H],M2(E)V2[lH],C(E)Cv[lH]) 
We clearly have D'"'"'' {{T ^Tv)[lH]) = D'''"^{T) <E) D'"'"^{Tv)[*H] and D'"'"'' {{T <E)Tv)[*H]) = D'^™(r)® 

Lemma 14.13 (T <E) Tv)[*^H] (* = *,!) are also non-degenerate. 

Proof Let us consider the case ★ = By the previous lemma, the restriction of the induced morphism 
Ml (g) Vi[\H] — !■ %(Af2 <8) V2[*H]) to Js: \ 7J is an isomorphism. Hence, Mi (g) Vi[lH] — > %(Af2 «) V2['^H]) is 
an isomorphism. The other case can be shown similarly. I 
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14.2.4 Beilinson's functor for iJ-triples 

Let us consider a meromorphic flat bundle I"'*' := 0£j<i<6 {*z) on (€2,0) with a connection zdzS^ = s^+^. 
We have the non-degenerate hermitian pairing j-^+i.-a+i g^j^^ jo.ft ^j^j^ values in modo gjyen as follows: 

Here, Xi+j<o is 1 if « + j < 0, or otherwise. For a holomorphic function g on X, we set I^'*" g*!"'*". For a 
£»x-module M, we have a £)x(*5)-module H^'^'M := M i;;^^ We set Ug^^M := {U'^''' M)[kg] for * = *,!. 

Let r = (Mi,M2,C) e P-Tri(X). We obtain objects W^fT = (Hg^^+^'-^+^Mi, H^j^'Mz, n^.'^C) and 
n^iV= (n-''+^'-"+^Mi,n^i*M2,n^;''C) in D-Tri(X). As in the case of 7e-triples, we set 

n:;!(r):= ^ Cok(n^f (r) ^n«f (T)) ih^ Ker(n/'^(r) ^n-^''^(r)) 

If T is non- degenerate, n^;*(r) = *, !) and n^l^iT) are also non-degenerate. 

In particular, we define := n°;^(r) and S^"^(r) := n^;'f+^(r). As in the case of 7?.-triples, we define 

(pg^^ (T) as the cohomology of the naturally obtained complex: 

r[\g]-^E<f\T)(BT^T[*g] 
As in the case of 7?.-triples, we can recover T as the cohomology of the following complex: 

^(i)(r) s(°)(r) ® 0(°)(r) v^°^(r) 

If T is non-degenerate, ip^'^^T), 5'^°^(T) and (f)'^'^\T) are also non-degenerate. It is easy to see the following. 
Lemma 14.14 We have D^^'^'^olt^^^, = jj-^b+i,-a+i^^herm_ j^paHicular, we have D^''"^oE^g''^ = E'f^oD^""^ 
and D^^"^ o = o D'^'^™. We also have D'^'^™ o = o i?'^''™. I 

14.3 De Rham functor 
14.3.1 Cx-complex-triple 

Let Ix be a C^-complex. A (Cx,-fx)'Complex-triple is a tuple {J^*,J^*,C), where J^* are C^- complexes, and 

C : (S) — > Ix is a morphism of Cjsf-complcxcs, i.e., dC{x^ (E) y^) — C{dx^ (E) y^) + (— l)*C(a;* (g) dy^). 

Let Ix* be a Cx-double-complex. A (Cjc, /^*)-double-complex-triple is a tuple (J^*'*, J^*'*) C*), where J^*'* 
are C^-double complexes, and C : J^*'' (g) — > Ix* be a morphism of double complexes, i.e., 

diCixP,y'i) = C{dix^,y'i) + {-lY^C{x^ ^d^y^^) 

d,CixP,y'') = C{d2xP,y'') + (-lf^C(a;P, rfay") 
Let Jx be the total complex of Ix*- For a (Cx, -?^x*)"'ioubl^"'^o™Pl^^"triple {J^*'* , J^*'* , C) , we have the 
associated (Cx, >/x)"*^'^™pl6'^"t'"ipl^; given as follows. The imdcrlying Cx-complexcs arc the total complexes 
of J"*'*. We set C{xP,y'i) := (-If 2«iC(a;P, y^). We can check that they give a (Cx, /jf)-triple by a direct 
computation, as follows: 

dCixP.y") = diC{xP,yi) + (-lf+«id2C(a;P, y") = (-lp«idC(a;P, y"?) + y"?) 
= (-l)P^9i (c{dixP,yi) + (-l)P'C{xP,diy'')') + (^1)p^+i^+p-i^ (c{d2xP,yi) + {-1)p-C{xP ,d2y'')) 

= (-l)P2«iC(rfia;P,y'J) + (-l)Pi+P^+(9i+^'P=C(a;P,di?;«) 
+ {-i)(p^+^)i^C{{-l)P'd2xP,yi) + (-lfi+P=+f==9iC(xP, {-iy^d2y'') 
= C{dixP,y'i) + C{{-lf^d2xP,y'i) + {-If^+P- (d{xP,d,yi) + (-If (7(,tP, (-l)«id2y'^)) 

= C{dxP, y") + {-lf'+P'd{xP, dy") = (130) 
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14.3.2 The de Rham functor for Dx-complex-triple 



We put uj*°P := 2)b^[2dx]. For a Z^x-triple (Mi, M2, C), we define the pairing DR(C) : DR(Afi)(»DR(M2) 



as follows. 

DR(C) (77'*^ +P mi , 7y'ix+9TO2) 7?''"' + V C(mi , ma ) e(dx ) (- 1 )^''-^ 

(See Subsection ll4.1.5n Thus, we obtain {Cx ,^*x')-C0Ta^\eyi-i^Yp\e. 

Let (Af*, Af* , C) be a Z?x-coniplex-triple. By the de Rham functor, we have the induced (Cx, w^^)-double- 
complex-triplc (DR(Mi*), DR(M*), DR(C)) . Thus, we obtain (Cx, cj^^)-complex-triple 

DR(Mi*, M2*, C) := Tot(DR(Mi*), DR(Af2*), DR(C)) . 
We have the following compatibility with the Hermitian adjoint. 



Lemma 14.15 Let (Afi, M2, C) he a Dx-triple. We have (-1)''^DR(C) o ex = DR(C*), where ex denotes the 
exchange map A' (g) B' — > B' (g) A' given by a (g b 1 — !• dcgib)f^ ^ 

Proof We have the following equalities: 



DR(C*)(r;''^+Pm2, ry^^+^mi) = 77''^+^+'' C'* ("12, mi) e{dx) (-If'^^ 

= ^'*-^+«77'^^+PC(mi,m2)e(dx) (_1)(p+'*^)(9+'*^)+?«*^ 
= DR(C)(r/''^+«mi, ?7'^^+Pm2) {^l)idx+pdx+(p+dx){g+dx) 

= DR(C) (r/9+'ix mi , 77?+'^^ ma) (-1)''^+p9 (131) 
Thus, we are done. I 
14.3.3 The de Rham functor and the push-forvifard 

Let / : X — > y be a morphism of complex manifolds. We have the trace morphism tr : f\OJ*x^ — > i^y^, which 
is given by the natural integral f\Dhx['^dx] — > £>by[2dy] multiplied with (277^/^)''^"''^. Let (J"i, J'2,C) be 
a c-soft (Cx, '^x'^)-complex-triple. The following naturally induced pairing is denoted by /*C: 

/..Fi ® /, J-2 > hu'^" UJ*^'' 

Thus, we obtain a (Cy , Wy'')-complex triple {f\J-i, f\T2, f*C). 

Proposition 14.16 Let T = (A/i,Af2,C') G V-Tri^X) such that the restriction of f to the support of ^ is 



proper. We have a natural quasi- isomorphism DRy ( Afi* , , C) ~ /, o DR^ (Afi* , Af2* , C) ■ 



Proof We have the standard quasi-isomorphisms of the underlying complexes. We have only to compare the 
pairings. We have only to consider the issue for a Dx-triple (Afi, A'f2, C). Let us argue the case that / is a 
closed immersion. Let rjx be a local generator of cuy/i^x- The quasi-isomorphism DRx(Af) — > DRy(/| Af) 
is given by ^ (g) m 1 — >■ rjx ■ ^ g) [m/rjN). Let t — dy — dx- Then, we have the following: 



27rV^ 



= (C(mi,m2), ,*^pf^Y-l)d^(d^+^)n+(P+nd^+P^+(dx-d^)(dx-d^+i)/2 (^^-^=^ 

= ^DR(C)(^^' TO^^^^T^)^ ^^(_l)'i^('ix+l)/2+P'ix+rfi'(<iy + l)/2+(p+£)rfi'+p£+(dy-dx)(dy-<ix-l)/2 ^^^2) 
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We have the following modulo 2: 

dx{dx - l)/2 + dx +pdx + dyidy - l)/2 + dy + {p + l)dy +pi+ {dy - dx){dy -dx- l)/2 = 
Hence, we are done in this case. 

Let us consider the case f : X ^ Z x Y — > Y. Let dimZ = m and dimF = n. We have the following: 

y ^^m-p^r-m+p— s^j-^^^— ^-j j-_ -jm(m-l)/2+ri(n+l)/2+r(m+p)-pm+nJ-+p(n-r) ^ ^ 

We also have the following: 



(133) 



^m-p^r^„,+p^,^(^j^^_^)(__-^)(m+„)(m+„+l)/2+(m+„)(r+m-p) (^34) 

It is easy to check that ([^5)1 and are equal. Hence, we have DR(F|C) = DR(C). I 

14.4 Dual of D-triples 

14.4.1 Dual for non-degenerate D-triples 

We set dx ■— dimX. For a Dx-module M, we have an object DxM := RHomo i D x ® ^x^)[dx\ in the 
derived category D^{Dx)- If M is holonomic, we have a natural identification DxM ~ H'^DxM, and it is 
holonomic. Because 



DR-YCxiM) ~ -Homx,^ (ikf, Sb^^*) [dx], DRx -DxM ~ RHom-Ux {M, Ox)[d 



x\ 

we have a natural isomorphism i^m '■ DR^Cx(Af) ~ DRx DxM in £)^(Cx), induced by the canonical isomor- 
phism Sb*^* ~ Ox in D^{Dx). 

Let (Mi,M2,C) e X'-Tri"'*(X). We have the induced isomorphism ipc,i,2 ■ M2 ~ Cx(Mi). Hence, we have 
an isomorphism ° DR</5c,i,2 ■ DR-x(-^2) — DRx-Dx(-Mi). Similarly, we have an induced isomorphism 
z/jy^ o DR((/3c' 2,1) : DRx(Mi) ~ DK-Y Dj^{M 2) ■ We will prove the following proposition in Subsection 114.51 

Theorem 14.17 There uniquely exists a non- degenerate hermitian pairing DC : DxMi x Dj^M2 — > Sbx 
such that the following diagram is commutative. 

DRxr>xAfi®DR^D^M2 ^^^^ J"'' 

=1 (135) 

DR5^(M2) ® DRx(Mi) °"'^^^°°'> 

Here, the left vertical isomorphism is induced by °DRx('^'c.i,2) o-nd Vjj^ o E)Rx(<y5c,2.i), and ex denotes the 
isomorphism A' ® B' ~ B' ® A' given by x (g) y 1 — > (-l)d<=g(^) dcg(t/)y ^ 

The correspondence T — {Mi, M2,C) 1 — > DT '■= (DMi, DM2, DC) gives a contravariant functor on 
2?-Tn"''(X). We have D{DC) = C under the natural identifications D{DM,) = M,. 

Note that we have only to show the existence of a hermitian pairing DC such that the diagram (|135p is 
commutative. The other claims immediately follow. 
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Example 14.18 Let us consider the case that Mi (i = 1,2) are smooth D-modules, i.e., the case in which Mi 
are locally free Ox-modules. Let Li (i = 1,2) be the corresponding local systems. Then, DRx(Afi) ~ Li[dx\. 
The non-degenerate hermitian pairing C : Mi x M2 — > corresponds to a non- degenerate hermitian pairing 

Cq: Li<g)L2 — >Cx. We have the dual : L^ ^L^ — >Cx. The dual DC corresponds to {-l)'^''C^ . I 

Remark 14.19 The dual on D''{Cx) is also denoted by D, i.e., D{F) RUomcx {T,lu*^^) for T £ ^''(Ca')- 
We have a morphism DRx(Mi) — > Z)(DR-^(A/2)) in -D^(Cx) induced by DR(C). It is equal to vj^^ ° fc.2.i- 
We have the induced pairing DR(C) o ex : DR-5^(-A'/2) x DRx(-Mi) — >■ uj^x^ . It induces 

{-if'^VM, o ipcx2 ■■ DRx(M2) -^DJyRxiMi). 
Note the signature. I 

Appendix Let us recall the dual functor for Z?- modules, very briefly. See [23], [48], [49] and [51] for more 
details. Let X be a complex manifold, and let iJ be a hypersurface. 

Let be a left-Z)A(*/f)-bi-module, i.e., it is equipped with mutually commuting two Z3x(*_ff)-actions pi [i — 
1,2). The left I?x(*_ff)-inodule by pi is denoted by {N,pi). For a _DA:(*//)-niodule L, let 'Ho'm£i^^^^^{L' , N^^'P'^) 
denote the sheaf of Dx(*_f/)"homomorphisms L — >■ {N, pi). It is equipped with the _DA(^^)-action induced by 
P2- Note that, for a Dx(*//)-complex L, we have the naturally defined Dx(*_f/)-liomomorphism 

L' ^nomD,^,„,[nomD,,,,,{L' ,N'>-^P^),Nf^'P-) (136) 

given by X I — > {F \ — > {-1)\'-'\\^\F{x)) . 

We have the natural two Dx{*H)-^ct\OD. on Dx{*h) ® ^x^- The left multiplication is denoted by £. Let r 
denote the action induced by the right multiplication. More generally, for a left Djf (*H)-module N, we have 
two induced left I?x(*H)-inodule structure on N i^i Dx{*h) ® ^'x ■ ^Jne is given by I and the left Z3-action 
on A^, which is denoted by i. The other is induced by the right multiplication, denoted by r. We have the 
automorphism of <i>Ar : TV (g) Dx(*h) ^ i^x^, which exchanges i and r, as in i48 . 

Let G' be a left-Z?A(^^)-injective resolution of Ox{*II)[dx]- Let M be a coherent Dx{*H)-^^odu\e. We 
define 

DM := HomD,,,„, (m, {G' (g> Dx(.h) ® '^x^Y'"^ 



The morphism as in (jl36[) with $g. induces an isomorphism M — > Dx(*h) ° D x(*h){M). 

Let us consider the case H = %. For a perverse sheaf let Dc^{F) :— RT-Lomc^{F ,(jJ*'^^). If M is 
holonomic, we have the naturally defined isomorphism DR^: Dx (M) ~ Dc^ DRx (M) . See [51] for more 
details on this isomorphism. We can deduce that the following diagram is commutative: 

DRx Dx o DxM Dc^ o Dc^ DRx M 

I I 

DRx M > DRx M 

The vertical arrows are induced by i? o Z? ~ id, and the upper horizontal arrow is induced by the exchange of 
the functors DR and D. 

14.4.2 Dual of D-complex-triple 

Let r* e C{V-Tii{X)). Assuming Theorem (HIITl we define an object D{T') in C(P-Tri"'^(A)). Its p-th 
member is given by 

D{T'f = {DMf,DM:^P,{~l)PDC-P). 
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The differential Sp : D{T*Y — > D{T*Y+^ is given by 

Note that the signature is adjusted so that the underlying D-complexes are D{M'). 

By the equivalence ^i, we obtain a contravariant auto equivalence D on C(I?)-Tri"'^(X). We have 

D{Ml,M^,C) = {DM',DM^,DC), 

where {DC)p = D{C-P). 

14.4.3 Compatibility of the push-forward and the dual 

To state the stability for push-forward, we introduce the notion of dual for Z?-coinplex-triples. Let T = 
{Ml,M^,C) £ C(X>)-Tri(X) be su ch tha t each HP{1) E V-Tti^'^{X). We say that T has a dual Dl, if 
there exists a pairing DC : DA'f* X DM^ — >Dbx such that the following is commutative in DJ(Cx): 

TotDRx DxM^ (STotBRj^Dj^Ml 



Tot DRy (M* ) ® Tot DRx (Mi* ) uj'°p 
Here, the left vertical arrow is induced as in the diagram (|135p . 

We have the following stability of the category of non-degenerate pairing with respect to push-forward, and 
the compatibility of dual and push- forward, which we will prove in Subsection 114.51 

Theorem 14.20 Let F : X — > Y be a morphism of complex manifolds. Let T = (Mi,M2,C) S T>-Trf''^{X). 
Assume that the restriction of F to the support of Mi are proper. Then, we have HPF^^'^T S D-Tr'P'^iY), and 
gives a dual of F^^^T in the above sense under the natural quasi- isomorphism of the D-complexes. In 
particular, F^^^ DT is a dual of DH^-' F^'^^T under the natural isomorphism of the D-modules. 

(See Subsection [m] for F^^K) As a consequence, we obtain the following for Z3-triples. 

Theorem 14.21 Let F : X — > Y be a morphism of complex manifolds. Let T = (Mi, M2, C) G V-Tn^'^{X). 
Assume that the restriction of F to the support of T is proper. Then, F^T G V-Tri"'\Y) for any j . Moreover, 

we have F^ DT[~j] — D(^F^''T[j]) , i.e., we have F^'' DC — {—ly DF^C under the natural identifications 

F^DMi ~ DF^^Mi and F^^DK'h ~ -DF/Mz. 

Corollary 14.22 Let F : X — > Y be a morphism of complex manifolds. Let T' G C{V-Trf"^{X)). As- 
sume that the restriction of F to the support of T' is proper. Then, we have (^Fj{T*)^ G 'D-Tr'H^'^{Y) and 

d(^w{f^{T'))H])c^h-^{f^dt')[j]. I 

14.4.4 Compatibility with other functors 



For r = (Ml, A/a, C) G X'-Tri(X), let T* := (M2,Mi,C*), where C*(m2,mr) = C{mi,rn^). Once we know 
Theorem II 4. 171 it is easy to obtain the compatibility with the Hermitian adjoint and the dual. 

Proposition 14.23 //T is a non-degenerate holonomic, we have D{C*) = [DC)* , i.e., D{T*) — [DT)* . I 

Once we know Theorem 114.171 it is easy to obtain the compatibility with the localization in Subsection 
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Proposition 14.24 Let H he a hypersurface of X. For T 'D-Tr{^'^{X) , we have natural isomorphisms 

D{T[IH]) ~ (DT) [*H], D{T[*H]) ~ (DT) [IH]. 

Proof Let us show D{T[IH]) ~ (DT) [*H]. We have only to compare the pairings D{C[IH]) and (DC) [*H] 
under the natural identifications ~ (DMi)[lH] and D(M2[IH]) ~ (DM2)[*H]. It is easy to 

compare their restrictions to X \ H. We obtain the comparison on X by the uniqueness of the extension. I 

Let us consider the compatibility with the tensor product with a non-degenerate smooth ZJ-triple in Subsec- 
tion ll4.2T3l Let TV = (Vi, V2, C) be a smooth Dx-trip\e. If C is non-degenerate, the tuple TV is locally isomor- 
phic to a direct sum of the trivial pairing (0,0, Co), where Co{f,g) = fg. We put V.^^ := Homo x {^i : O x) ■ 
If C is non-degenerate, we have the induced pairing : Vi (Xi V2 — > — > In this case, for 

r = (Vi, F2, C), the dual {V^,V^,C'^) is denoted by T^. Once we know Theorem [iHTl the following lemma 
is obvious. 

Lemma 14.25 Let % £ D-Tr{^'^{X) {i — 1,2). Assume that T2 is smooth. Then, we naturally have 

D{Ti®T2)c^D{Ti)®T^. 

Proof We have the natural isomorphisms of the underlying holonomic _D-modules, which is reviewed in the 
appendix below. For the comparison of the pairings, we have only to consider the case T2 — (0,0,Co), and 
then it is clear. I 

Let us consider a more general case. Let be a hypersurface of X. Let Tv = {Vi,V2,C) be a smooth 
D^jf (*if)-triple. We define the dual Ty as in the case of smooth Dx-triple. Once we know Theorem ll4.17[ the 
following lemma is easy to see. 

Lemma 14.26 LetT ^ V-TrH^'^^X). LetTv be a smooth non-degenerate Dx{*H)-t'i^wle. Then, we have natural 
isomorphisms: 

D{{r^rv)[it]) ~ (r»(r)®ry^)M, D{{r®rv)[*t]) ~ {D{T)®r^)m. 

Proof The underlying D-modules of D{{T Tv)[*t]) and {D{T) (E)Ty)[lt] are naturally isomorphic. (See 
the remark below.) For comparison of the pairings, we have only to compare their restrictions to X \ H, which 
follows from Lemma [14.251 The other case can be checked similarly. I 

Remark 14.27 Let X and H be as above. Let M be a holonomic Dx(*H) -module. Let V be a smooth 
Dx{*H) -module. We have the natural isomorphism D x{*h){M ®Ox{*H) — D x(*h){M) ®Ox(*h) given 
as follows. We have two naturally induced left D-module structure I and r on ®Ox {Dx{*H) ® '^x^): '^^ 
explained in the appendix of Suhsection \Tl.4-. 1\ We have 

*H) ®^x ) )VI-x] 

~ RHomDx {*H) {M, (F^ (g> Dxi.H) ® ^x')'") [dx] (137) 

By $y V , it is isomorphic to 

RnomDx{*H){M, (F^ ® Dxi*H)®t^x'y^')[dx] ^ RnomDx{*H){M, {Dx(.h) ® ^x^Y'') ® V'idx]. 

By ^Ox{*H), it is isomorphic to R'Hom]j^(^^,H){M, {Dx{*h) ® ^x^Y'^) V'^idx]- We obtain the desired iso- 
morphism Dx(*H){M (g) y) ~ Dx(*H){M) (g) We can deduce Dx{M F) ~ (Djf(M) (g) V)[\H] and 
Dx{{M (E)VY.H]) {Dx{M)(E)V). I 

^ Let us observe the compatibility of the dual and Beilinson's functors. We have the perfect pairing P''' x 
j-b+i -a+i — ^ OcA*z) given as follows: 

(/(.),g(.))=Rj(/(.).9(-s)y) 
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It gives an identification of tlie dual of P-^ with I As in Subsection 12.31 we can check 

Then, once we know Theorem 114. 17[ we obtain the compatibility of the dual and Beilinson's functors in Sub- 
section [HXl 

Proposition 14.28 Let T € T>-Trf"^(X). 

. We have D(n;;';(r)) ~ U-;,+^'-^+\DT). 

• In particular, %Ij\^\T), 'E,g°'\'T) and <t'f\'T) are non-degenerate, and we have natural isomorphisms: 
D^(;\T)c,^j(f-+^\DT), DE^;\T)c,e(--\DT), D4>f\T)^<t>f\DT). 

Proof By Lemma [14.261 ng;^(T) are non-degenerate. Hence, we obtain that n^^'jT are non-degenerate. We 
have the following diagram; 

4 4 ' 1 

r>n^f(r) > Dxi'fiT) > £>n^;!(r) 

Hence, we obtain n;^'',+^'"''+^(Dr) ~ DIVl^^,{T). I 
14.4.5 Push-forward and dual of _D-modules (Appendix) 

We recall some details on the compatibility of the push- forward and the dual. (See [53] and [H].) We give some 
isomorphisms directly without using the projection formula, just for our understanding. 

Preliminary Let F be a complex manifold. We have two natural left I?y-actions £ and r on Dy ® Wy^, 
as in the appendix of Subsection 114.4.1] We have a unique C-linear morphism ^ : Dy ® ijjy^ — > Dy (8 
determined by^'or = £o\I> and o £ = r o v]/. 

We set A4y '■= {Dy <^0Jy^){^q^){Dy (^i^y^) , where we use the O-action induced by £ for the tensor product. 
We have the natural left Dy-action £ iSi £: For v e Oy, we have {£ ® £){v){Pi ® P2) = vPi ® P2 + Pi® vP2- 
We also have the left Dy-actions (i = 1,2): For Q e Dy, we have ri(Q)(Fi ® P^) = {r{Q){Pi)) ® P^ and 

r2{Q){Pi ® P2) = Pi® (r(Q)(P2)) 

We have a unique C-linear isomorphism F : Aiy — > Aiy determined by the conditions r2 o F — F o r2 and 

{£® £) o F ^ F on. We have the formula F{mi ® ■012) = {£ ® £){^{mi)){l ® m.2). 

Lemma 14.29 We have ri o F = F o {£ ® £). 

Proof We have only to show the formula for the action of u G Qy . We have 

F{vmi ®m2 + rni® vm2) = {£ ® £) (vmi)) {1 ® TO2) + {£ ® £) {'^ (mi)) {1 ® vm2) 
^{£®£) (^'(mi) • (-1;)) (1 (g) ma) + {£ ® £) (^'(mi)) (1 ® -ymz) 
= {£®£) (*(mi)) {-V ®m2-l® UTO2) + {£ ® £) {^{mi)) (1 ® vm2) 

= {£ ® £) {mi)) or i{v)(l ® m2) = ri{v) o F{mi ® m2). (138) 

Thus, we are done. I 

We set Miy :— {Dy ® ujY^){^®Q^){Dy ® Wy^). For the tensor product, the Oy-action on the first factor 
is induced by r, and that on the second factor is induced by £. We have the natural left actions r ® I, £1 and 
r2' For V S Gy, we have (r ® £){v){mi ® TO2) — {'ri{v)mi) ® m2 + rni ® v m2, £i{v){mi ® TO2) — vmi ® m2 
and r2{v){mi ®m2) = mi ® {r{v){m2)) ■ We have a unique C-linear map G : Aiy — > M.i^y determined by the 
conditions G o r2 = r2 o G and G o {£ ® £) = £1 o G . 
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Corollary 14.30 We have G o n ^ {r (g) £) o G. I 

Remark 14.31 Let G be the morphism in Corollary \14:.'60[ We take "wy(8)£^ " by using r2. Then, G induces 
the identity Dy <8) ujy^ — > Dy fX" i^y^ ■ I 

A morphism Let / : X — > F be a morphism of complex manifolds. We have two natural left f^^{Dy)- 
actions on 

One is induced by that on Dy^x, denoted by ni. The other is induced by that on f~'^{Dy (g) ujy^), denoted 
by K2- We have two natural left /^^(£'y)-actions on 

{Dy^X (^Dx CxMx]) <E)F-^Oy r\Dy (g)UJy^). 

One is induced by those on Dy^x ^'bx ^x[dx] and f^^{Dy ® ojy^) denoted by k\, and the other is induced 
by that on f^^{Dy Wy^), denoted by 

Lemma 14.32 We have a natural <C-linear isomorphism 

F : Dy^x f^Dx {Ox[dx] ^f-^O^ r\Dy®UJy^)) ~ {Dy^x ®Dx Ox[dx]) ®f-^OY r\Dy ® LOy^) 

such that F o m — k[ o F (i — \,2). 

Proof We have Dy^x = <jJx ® f^^{Dy ® i^y^) ^ {Q.'x[dx] ® Dx) ®f-^OY f^^i^Y ^y^)- We have the 
following: 

Dy^X {Ox[dx] ^'f-iOY r\Dy®UJy^)) 

~ {n'x[dx]®Dx ®/-io^ r\Dy®LOy^)^ {Ox[dx] ^j-ioY .r'iDy^u;-')) 

~ Q'x [dx] ®f-ioY r' {My) [dx] (139) 

Let us look at the last term in (jl39p . The first tensor product is taken for the /~^(C'y)-action, induced by the 
Dy-action £ (E) ^-action on A4y. We also have the following: 

{Dy^X Ox[dx]) ®yiOY r\Dy®UJy^) 

^ {{^*x[dx] <E) Dx ®f-Wx r^{Dy ® UJy^)) ®Dx Ox[dx]) «)/-io^ r^{Dy ® LOy^) 



1\[dx]®f-^OY r\Mi,y)[dx] (140) 



Here, the first tensor product is taken for the / ^(C'y)-action induced by the Dy-action ^i-action on A^i.y. 
Then, we obtain Lemma [14.321 from Corollarv ll4.30l I 

Compatibility of the push- forward and the dual Recall that we have the trace morphism /| [Ox [dx]) — > 
Oy[dy], induced by the trace f\Dh'x[2dx] — > £lby[2(iy]. Indeed, 

/t(Ox[dx]) ^/.(SbxfSdx]) ®f-^OY r\Dy ® UJy^) 'Dh'y[2dy] ® Dy ® U^y^ ^ Oy[dy] (141) 

From Lemma 114.321 and (jl4ip , we obtain the following trace morphism 

f,{Dy^X ®Dx {Ox[dx] ®f-^OY r\Dy®OJy^))) ~ ^({Dy^x ®Dx O x[dx])) ®Oy [Dy ® LOy^) 

> Oy [dy] ^Dy^Uy'^^Dy® CJ^^ [rfy] (142) 
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By using this trace morphism (|142p . we obtain 



f,{R'Homf-i^^D^){pY^x Dy^x {Ox[dx] ®f-^o^ J-^Dy ® ^jy^)))) 

RnomD^{f^M, MDy^x iOx[dx] ®f-^o^ f-^Dy^iOy^)))) 

— ^ RHoniDY (ffM, Dy (g> iUy^[dy]) ~ Df^M (143) 

The composite is an isomorphism, if M is good. See 123.' for example. 

Remark 14.33 We obtain the following morphism by taking "uj(E)j^^ " with the Dy -action r2.' 

(^f*{Dy^x ®Dx Ox[dx]) (E) Dy (g) Uy^^ — ^ UJy (g)^^ {Oy[dy] (g) (g) Uy^) = Oy[dy] 



It is the same as the trace morphism f-^Ox[dx] — > Oy[d 



I 



Compatibility of the de Rham functor, the push-forward and the dual Let / : X — > F be a mor- 
phism of complex manifolds. For simplicity, we assume that / is proper. We have the following diagram of the 
functors from the category of holonomic Z?x-modules to derived category of the cohomologically constructible 
complexes on Y: 

BRyof^oD ^ DRyo£)o/| 

.1 (144) 



f^oDo BRx — ^ D o /, o BRx 
Proposition 14.34 The diagram (|144p is commutative. 
Proof Let N = Ox ®f-^OY r^{Dy ® ujy'^)[dx]. We have 

DRy /t-DM = ujy J^RHomD^ (M, N) 
The morphism DRy f^DM — > DRy Df^M — > Df^ DRx M is expressed as follows: 



UJY «>cy Rnomoy (/t Af, /t AT) 
i 



i 



UIY (g>OY ^'^""^DYift^'^DY »<^Y^ldY]) > -R«omCy (DRy Af, DRy, Oj- [dy ] ) 

i 

R-HomcY if, DRx M, DRy [dy]) 

The morphism DRy /t-DM — > f^D BRx M — > Df^ BRx M is expressed as follows: 



"1- f^Hovaox (A/, N) 



-f ojy (gi^y /.«oincx(DRA/, DRAf) 
i 



-> <^Y «>Dy Womcy (/. DRA/,/. DRAT) 
i 



(DR A/, /-^wy DRAf) )• "HoniCy (/. DR Af, wy (gif^.^ /. DR A?) 

i 

"Homcy (/. DR M, DRy Oy [dy]) 



Then, by using Remark 114.331 we obtain the claim of the lemma. 
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Corollary 14.35 LetT (^V-TrH^'^^X). The following diagram of natural isomorphisms is commutative: 

DRyoWf^oDiT) > BRy D o H-^ f^{T) 



Wf.oDoDRxiT) > DH-^f,oDRx{T) 

Here, the cohomology for C-complexes are taken with respect to the middle perversity. 

Proof We have only to check it for the underlying D-complexes and C-complexes, which have already been 
done in Proposition 114.341 I 

14.5 Proof of Theorem 114.171 and Theorem 114.201 

14.5.1 Preliminary 

We recall the following lemma, which will be used implicitly. 

Lemma 14.36 Let A and B be sheaves of 'C- algebras on X . Let Ci be an A-module, and let C2 be an {A®B)- 
injective module. Then, 'Homj\^{Ci, C2) is B-injective. 

Proof Let Ji — > J2 be a monomorphism of S-modules. Let Ji — > Hom_A{£i, £2) be a S-morphism. Note 
that Ji (Xic £1 — > J2 ®c ^1 is injective. Hence, we have a morphism J2®£i — > £2 whose restriction to Ji®£i 
is equal to the given morphism. It means we obtain J2 — > 'Homj-i(p^-)(£i, £2) whose restriction to Ji is equal 
to the given morphism. I 

14.5.2 Push forward and the functor Cx 

Let F : X — > F be a morphism of complex manifolds. Let M be a holonomic Dx-niodule such that the 
restriction of F to SuppM is proper. We have the natural morphism F^jCx{M) — > CfF|(M) given as follows: 

RFRHomD^i^M, Dy^-^®'^_mx^ — > RFRHomF-iDy- (^Dy^x M, Dy^^y^-j^ (g)^^_Dbx 

— > RnomD^(^F^M, RF.{DY^x,Y^x®h^j,^^x)) ~^ RHomD^{F^M,Dby) (145) 

Here, we have used the trace map (|124p in the last map. Recall the compatibility of push-forward and de Rham 
functor DRy oF-f ~ Fi o DR-^ given as follows: 

F.iDy^x M) ~ F{F-\0Jy) (8)]^-i(o^) Dy^x <^D^ M) ~ F^Xux M) 

Hence, we have the induced morphism 

F BR-j^CxM ^ BRyFifCxM — > BRy CyF^M. (146) 
We also have the following isomorphism: 

F BRx DxM ~ DRy F^DxM — > BRy DyF^M. (147) 
(See [53] for the compatibility Dx ° BRx — BRx oDx-) We shall show the following lemma. 
Lemma 14.37 The following diagram in D^{<Cy) is commutative: 

FiBRxDxMi - > F^BR-j^CxMi 



(148) 



BRyDyF^Mi - > BRyCyF^Mi 



The vertical arrows are given by p46p and p47p . In particular, the morphism Fj^Cx^M) — > CyFj^{M) is an 
isomorphism. 
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Proof We consider objects Cj^ := Ox[dx] and :— wy^l^Sb in D^{Dx)- We have expressions 
DRx Dx{M) = R-Homv^ (Af, Cf ) , DR-j^Cx(M) = RHom-o^ (M, Cf ) . 



We have the natural isomorphism -qx ■ ~ in D^{'Dx) which induces the isomorphism DRjf Dx{M) 

e 

commutative in D^{D\ 



DR-yCx(A/). We have the trace morphisms tr : F^C^ — > Cj in D^{Dy), and the following diagram is 



F^C^ FtCf 

(149) 

Lemma 14.38 T/ie morphisms F-^CxiM) — > CyF^{M) and F-^DxiM) — S- DyF^{AI) are given as the com- 
position of the following natural morphisms: 

FRnomD^{M,Cf) F^R'Homp-i(D^){DY^x M, Dy^x 

— ^ RHomD^ {Ff{M), F^{C^)) RUorriD^ (FfiM), Cj) (150) 

Proof Let us consider the claim for C. The claim for D can be argued similarly. Let I' be a Dx <E) F~^{Dy)- 
injective resolution of Dy^x: '^^i— '^bx obtained by the Godement construction. Then, FiT-Lomox (M,!*) 

represents FRHomox [M, Dy^Y '^i>x 

We remark that ojy is represented by ujy :— ily -Dy [c?y], and -Dy are right locally free 

modules. Then, F^^(w^) (>^p-iu_ is a Dj^-injective resolution of F~^u!y (^^p-ijj— Dy^x; "^^bx — 
S)bx- Hence, the isomorphism DKyFj^CxM ~ Fi DRj^CxM is expressed as follows: 

ujy(S)D^ FR-HorrLDx {M, Dy^^ Dbx) ^ FRUornDx {M, F-^ujy^p-^ Dy^x ^^x) 

cri FRnomDx{M,ujY®^_'£>bx) (151) 

The morphism DRy i^|Cx(Af) — > DR^CyF|(M) is the composition of the following: 

ujy FRHoniDx (M, Dy^j^ (g)'^ Dbx) — ^ 

LUyi^D^ FRUomp-iDy {Dy^x M, Dy^^-y^x <^d^,- ^ 
Wy (8)^_ RUomDy {f^{Dy^x ®Dx ^■^)' ^!(^y^x,F^x "^^^ x ®'')) ~^ 

WF^iv ^■^0™^!- (^t^'^> (152) 

Let denote the i-th term in pSOp . Let Bi denote the i-th term in (|152p . For each i — 1,2,3, we have a 
natural morphism Bi — > Ai given as in (|15ip . We also have a natural isomorphism ,64 ~ ^4. We have only to 
show the commutativity of the following diagrams for i = 1,2,3: 

Bi > Bi+i 

(153) 

A^ > A,+ i 

Let us consider the diagram (|153l) with i — 1,2. Let I* and ujy be as above. We take a resolution Dy^^ 
of Dy^x, which is Dx-R&t and c-soft with respect to F. We take a (Z3yy )-injective resolution I' of 
^Y^XY-i-x^D^j^'^^x (see the proof of Lcmma [l4.39[ for example), and a morphism Dy^^ ®Dx ^1 — ^ ^2 j 
which represents the natural isomorphism 

Dy^X {»Dx iDY^X<»D-^b) Dy^^-y^X®Dx,- '^^ X ■ 
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Note that F ^(cj^) ^p-iu—I* is an F ^ (_Dy )-injective resolution oi Dy^x ®Dx i^^^D^'^^x)- Hence, the 
diagram (|153|) with i = 1 is represented by the fohowing diagram, which is commutative: 

ujy®D^FmomDx{M,Il) > Uy®D^Fmomp-^D^){D{.^x®M,I*) 

FmomDx{M,F-^{Lo^) ®F-iD^^l) > Fmomp-iD^{Dy^j^®Dx M, F~^{uj^) ^p-^D^^') 

The diagram (jl53p with i = 2 is expressed by the foUowing diagram, which is commutative: 

Lj^®D^FnomF-^D^){Di^x®M,X:^) > uj^(E)D^nomD^{F^iM),Fa^) 

I I 

FHomF-iD^{D(.^x(E)Dx M,F~\ujy) (g)F-iD^I^) > HomD^ (^F^M, F{F-\uj^) (Eif-^d-^') 

The diagram (I153P with i = 3 is commutative because of the construction of the trace morphism. Thus, the 
proof of Lemma [14.381 is finished. I 

Now, Lemma [14.371 foUows from Lemma [14.381 and the commutativity of (|149p . I 
14.5.3 Pairing on the push-forward 

Let (Mi,M2,C) e 2?-Tri"''(X). Let : X — ^ F be a morphism such that the restriction of F to SuppM^ 
are proper. We have F-!f(pc'.i,2 ■ Fj^M2 — > FjCxAfi, and the morphism h : Fj^CxMi ~ Cyi^-fAfi in Subsection 
114.5.21 We also have (fipWc i 2 ■ ^t^2 — > CyF^Mi. 

Lemma 14.39 We have h o F^^fcia — 'fp'-^^c 1 2' 

Proof We set dL^— :— F^^(_Dy (K) w^^) <Ef-^o— ^j^; '^Oj^ Dj^[dx]- We use the notation -Dy^x ^ similar 
meaning. It naturally gives a resolution of Dy^-x, which is ZJ^^-fiat and c-soft with respect to F. Then, 
tpp(i)^ ^ 2 is represented as the composition of the following morphisms: 

— >HomDY[F,{D{.^x®Dx Mi),Dby) (154) 

We take an _F^^(£'^y)-injective resolution J* of ^ ® a;~L) (g)^_i(>5^_ 2)b^[2dx] which is naturally 

isomorphic to F)y^xy^'x ®d^^ in D^[F^^[Dyy))- We take a £>y y-injective resolution J* of 3by, 

and a morphism F\J' — >■ J' such that the following diagram in D^{Dyy) is commutative: 



F,,[F-^{Dyy®^yy)®f-^Oy^'^^^x) ^ S&i 

M ' 1 

Then, ipp[i)^ 12^^ represented by the composition of the following morphisms: 



nomo^ (^F{d(.^x ®Dx Ml), FJ^^ HomD^ {f^{d{.^x ®Dx Mi), J2*) (155) 
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Hence, we obtain the following factorization of ^a)^ ^ ^. 



h RHoniD^{F^Mi, i^t '^I)^ x j ^ i??^omD^ (Ft Afi, S)by) (156) 

Let us look at the morphism A. It is obtained as the push-forward of the composition A' of the following 
morphisms: 

HomF-i[Dy){D^Y^x Mi,J^) (157) 

We set D^^- F-^{Dy(g>ojZ?-)(g,F-io^n^(8)Dx[dx] and D^.^^^ := F-^{Dy (E)uJy^)(E>f-^o^^x ^ Dx[dx]. 
We have fo^^ "^^x.x = ^"'(^Y,y ^y^^) '^^^-^o^.^ Sb^pdx]. In D\F'^Dy), the 

morphism A' is represented by the composition A" of the following morphisms: 

^ HoTOF-i(i5^)(i?f.^;f ®Dx Ml, J^;) (158) 

We take a Dx ® (-Dy )-injective resolution J* of D£,^_ iJSd^ 55 bx- We have a morphism Dy^x ®Dx 
J* — > J7]*, which represents the natural isomorphism 

Oy^x®Dx (i?f^-®z5y2)b) ~^^-i(i^yy®w;L.)$5j.-io^_S)b^[2dx]. 

The composition of the following morphisms is denoted by _Bi : 

D^-^-®D^M2 nomDx{Mi,D^^-<»mx) -RomDA^h.J') 

Here, the first one is induced by </3c,i,2 : M2 — >■ HoniDx (Mi, J)bx)- The composite of the following morphisms 
is denoted by B2: 

nomDx{Mi,J^) nomF-iD^iDy^x ®Dx Ml, D^.^^ J') — > UomF-iD^^DY^x ®Dx Mi, J') 

The composite B2 o Bi factors through Bq. Hence, we have B2 o Bi — A" in D^[F^^Dy)- It means that the 
morphism A is factorized into 

F^M2 ^''^^■'■^ F^CxA'h FRnomF-i(D^)[DY^x ®'6x Ml, Dy^xy^j^®^^_mx) 

We have A2 o Ai o B^ = b. Thus, the proof of Lemma [14.391 is finished. I 

We have the following commutative diagram as the compatibility of the de Rham functor and the push- 
forward: 

FiDRyAfa — ^^^^ FBR-yCxMi 

(159) 



BRyF^A'h °^^"'"^'^''-'> BRyF^CxMi 



Corollary 14.40 We have Ff (Mi, Afa, C) £ X'-Tn"''(r) 



Proof By Lemma 114. 37[ Lemma 114.391 and the commutative diagram (|159p . we obtain that the induced 
morphism DKipp(i}^, ^ ^ : DR^ FjA/a — > DRy CyFjA/i is an isomorphism. Because F^^^C and F|C are equal 

up to the signature, we obtain the corollary. I 
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14.5.4 Duality and push-forward 

Let T = (Mi,M2,C) e X'-Tri"''(X). Let : X — ^ F be a morphism such that its restriction to SuppM^ are 
proper. Assume that there exists a non-degenerate hermitian pairing DxC : DxMi x D^M2 — > S&x, which 
is a dual of C. We have the induced pairings 

pf^C : F^Mi X F{M2 — > 'Shy 

f\°'^DxC : F^DxMi x F^Dj^M2 Dby 
Recall we have a natural equivalence F^^DMi ~ DF^^Mi, under which we have the induced pairing 

F^°''DxC : DyF^Mi x DyF{M2 — > Tiby. 

Lemma 14.41 The dual DyPf ^C exists, and we have DyF^"''C F^^DxC. 
Proof We shall compare the following morphisms 

DRi^|°'DC : DRy DyF^M^ ® DR^ D^i^^Ma — > (160) 

DRF^'^^C o ex : DR^(F|M2) ® DRy (F|Mi) — > iOy^ (161) 

We have an identification Ti of DRy DyF^Mi (g) DRy Dyf|M2 and DRy (^|M2) ® DRy {FifMi) given by the 
following isomorphisms: 

UF,M, O DR(^^(o,p^^ 2) ■ DRF^t^2 - DRy DyF^Mi 



i^p^jj^ o DR((p^(o,p_2,i) • ^t^^i - DRy DyFtAfs 



We have only to show that (I160p and (|161l) are equal under the identification Ti. 

We have another identification T2 of DRy Dy^^Mi ® DRy Z)yi^|M2 and DRy(F|M2) «) DRy(^|Afi). 
Indeed, we have the isomorphism ^1,2 : DRyi^|M2 ~ DRy DyFjAfi induced by vmi ° DR(iy9c'^i^2), given as 
follows: 

DRy i^lMa ~ Ft DR-5^M2 ~ F| DR^C^A/i ~ F| DRx DxMi ~ DRy DyF^Mi (162) 

Similarly, we have the isomorphism K2,i : DRyFfAfi ~ DRy£)^FfAf2- The identification T2 is induced by 
Ki_2 and K2.1- We can check that (|160p and (|16ip are equal under the identification T2. Hence, we have only to 
show Vpj o DR(/?^(i)^ 1 2 ~ and Vp-ijj^ ° DR(/9^(i)p 2 1 ~ '^"2,1- We have only to show the commutativity 
of the following diagrams: 

FtDRyM2 ^"^°"''^''> F^DR-yCxMi F^DRx DxMi 

-| (163) 

DRy Ft Af 2 ^ — > DRyCyFtA/i — ^ DR^ £)-j^Ft Afi 

The commutativity of the left square follows from Lemma 114.391 and the commutativity of (I159P . The commu- 
tativity of the right square is given in Lemma [14.371 Thus, we obtain Lemma [14.411 I 

14.5.5 Canonical prolongation of good meromorphic flat bundles 

Let Vi be a good meromorphic fiat bundle on {X, D). We obtain a good meromorphic fiat bundle Cx{Vi){*D) 
on {X,D), and a good meromorphic fiat bundle V2 '■— Cx{Vi){*D) on {X,D). 



Lemma 14.42 The natural isomorphism CxiVi)\x\D — V2\x\d *s uniquely extended to isomorphisms 



Cx{Vi)^V2[lDl Cx{Vi[lD])^V2. 



156 



Proof We set M := CxiVi). We have Ai{*D) = V2. Let M.' be any holonomic Z)x-niodule such that 
J\A'{^U) — Vi. We have a unique morphism Lpx : Cx(A^') — > Vi such that ^\\x\d = id- Hence, we have a 
morphisni Lp2 : — >■ A^' such that ^2\x\d — id- It means M. — M.'^.D\ = V2[!-D] by the universal property of 
V2[!£']. We obtain the other isomorphism similarly. I 

Hence, for integers m, we obtain non-degenerate holonomic hermitian pairings 
Here d are non-degenerate hermitian pairings corresponding to the isomorphisms in Lemma 114.421 



Let us consider their dual. By using the description of the Stokes structure, we have = Cx^\){*D). 
Hence, we have 7i(y|^, Fj^, m) for ★ = *,!. We have the canonical isomorphisms Dx^i) — V^[ID] and 

Dxmmc^v,^. 

Lemma 14.43 7i(Vi, V2,m.) have duals, and we have 

D%{Vi,V2,m)^r,{V;',V^,m + dx), D7^XVi,V2,m) = %{V,'' ,m + dx). 

Proof Let tt : X{D) — > X be the real blow up- Let Ci be the local system on X{D) with the Stokes structure 
associated to Vi. Let £^ be the local system on X{D) with the Stokes structure associated to . 

We have the associated constructible sheaves Cf^ and Cf^, from Ci. (See [ID] for the notation-) Simi- 
larly, we have and £^ , from We have natural identifications Dj^^^~^Cf^[dx] — and 

D^,jj. Cf^ldx] — C^^^[dx]. We have naturally defined non-degenerate pairings Cf^[dx] x £f^[dx] — > 



'^x(D) ^'^'^ i^'i^[dx\ X [dx] — > ^x(D)- ^® iiave L\^^[dx] x £2 M^] — ^ ^x{d) ^^'^ J^^^[dx\ x 
£2*^ [dx] — > ^x(D)- 

Let us look at the isomorphisms DRx — > £)DR-^"V^2 and T)K-yV2 — > DT)KxVi\^.D] induced by 
the pairing yi[!-D] x V2 — > Sbx- The morphism DRx X^iil-D] — > Z)DR-j^T^2 is factorized as follows: 

DRx Vi^.D] — > 'Homc^{T)R-^V2,'Shx)['idx] — > DT)K-^V2 

We have the following commutative diagram: 

DR<^ Vi > Home, {p^P F2, r!^<^) [2dx] 



Hence, the isomorphism DRx Vi [!!?] — > D DR-^T^2 is obtained as the push-forward of the unique isomorphism 
£i^[dx] — D j^f^j^-^C2^ [dx] whose restriction to X \ D is the identity. 

The morphism DR-^y2 — > Z3DR-^Vi[!Z)] is represented as the composition of the following morphisms 

DRyl/2 ^ -Home, (DR<^ Vi,£'x) [2dx] Horncx (DR$^ Vi,m'x) [2dx] D DR<^ Vi 

Hence, the isomorphism DR^ V2 — > D DRx Vi [ID] is obtained as the push- forward of the unique isomorphism 

Let us consider the diagram: 



jC2^[dx] — D^f^jj^Cf^[dx] = Ci-^[dx] whose restriction to X \ Z) is the identity. 



^2 ^ top 



DRx(V7) X DRy(y 2 [!£>]) > Lo^x 

"I ^ -] 

DRj^iV2)xDRxm\D]) U^^^ 



(164) 
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The identification Ai and the pairings Ai {i — 2,3) are obtained as the push forward of the identification and 
the pairings on the real blow up. Hence, the diagram (jl64p is commutative. I 

Let g be a holomorphic function on X such that g^^(O) — D. Combined with Beilinson construction, we 
obtain the following non-degenerate hermitian pairings, which are mutually dual: 



We obtain the following non-degenerate hermitian pairings, which are mutually dual: 



X 



We also obtain the following hermitian pairings which are mutually dual: 



i;(;^Ci : V'^'^+^Vi X 4^^V2 mx, {-lf^^lr'+'^C2 ■. ^(-^V/ x 4-'^+'V/ Dbx 
Namely, there exist D^l'''>%{Vi, V2) and DS^'^V^Vi, V2). 
14.5.6 Special case 

Let r = (Mi,M2,C) e 2?-Tri"'^(X). Assume that there exists a good ceh C = {Z,U,ip,Vi) for Mi at P € 
SuppT. Let us show that, on a small neighbourhood Xp of P, there exists a dual pairing DC : DM^Xp x 



Let V2 '■— CziVi){*Dz)- Because M2 — > Cx(Mi) is an isomorphism, the tuple {Z, U, ip, V2) is a good cell of 
M2. We have the objects Tv\ ■= V2!, Cn) G P-Tri"'^(Z) and ry*j= (Fn, Ci*) e X>-Tri"''(Z). We have 
the morphisms ip'^Vw — > M.i — > (/Jf^i*- By applying the functor Cx, we obtain Lp'^V2\ — > M2 — > f^V2*. 
By construction of the pairings, we obtain the morphisms </?f7V! — > T — > ip^Tv*. Let g be a cell function 
for {Z, U, ip, Vi), and we put gz 9 ° f>- Recall that we obtain (ji'g^T G I?-Tri'"^(X) as the cohomology of the 
complex (ptTyi — > (p^e'^JTv © T — > PfTv*- 

By using the assumption of the induction on the dimension of the support, we have the dual D(j)f^T G 
p_Tri"'*(X) of We also have the duals Dip^^^^^^T and Dip^E'fjT. We define a non-degenerate hermitian 

pairing DT as the cohomology of the complex: 

It is easy to check DT gives a dual of T ■ 

Corollary 14.44 Assume the claim of Theorem \lA.n\ holds for non- degenerate pairings such that the dimen- 
sions of the support are less than n. 

Let T G 'D-Tr{^'^{X) with dim SuppT = n. If there exists a good cell at any point of P Cz T, there exists a 
dual ofT- I 

14.5.7 End of the proof 

Let Vi be a meromorphic flat bundle on {X, D), which is not necessarily good. We have a non-degenerate pairing 
T = (yi,Cx{Vi),C) , where C is the naturally defined pairing. By applying CoroUarv 114.441 and resolution of 
turning points ([27], [2H], see also [37] and [55]), we obtain the existence of a dual of T. Similarly, we have a 
dual of {Vi\,Cx{Vi]),C'). Then, by using the argument in Subsection 114.5.61 for cells which are not necessarily 
good, we can finish the proof of Theorem 114.171 Then, we obtain Theorem 114.201 from Corollary 114.401 and 
Lemma flA4T] I 
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14.6 Real structure 

14.6.1 Real structure of non-degenerate D-triple 

We define an auto equivalence 7* := D"^"™ oD = Do D^""^ on C(2?-Tri"''(X)) . Similarly, we define := 
^(o)herm ^ ^(0) ^ ^(0) ^ ^(o)hcrm g (p) _Tri"'^ ( X) . We have o 7(0)* = 7* o ^-1. We obtain the following 
proposition from Lemma 114.71 and Theorem 114.171 

Proposition 14.45 Let f : X — !• Y he a morphism of complex manifold. Let T' G C(P-Tri"'^(X)) such 
that the restriction of f to the support of T* is proper. Then, we have the following natural isomorphism in 
C{V-Trf"^{Y)): 

w {F^ {j*r'))[~j] ^ 7* {h'f^ (r-) hj]) 

Correspondingly, for % G C{'D)-Tri^'^{X), we have the following natural isomorphism in C{T>)-Tri^'^{Y): 

I 

A real structure of T* G C (V-Tri^'^ (X)) is defined to be an isomorphism k : j*T* — T* such that ko^*k = 
id. Similarly, a real structure of T G C(2?)-Tri"''(X) is defined to be an isomorphism k : 7*1 ~ T such 
that K o 7*K = id. A real structure of T* G C(2?-Tri"'^(X)) naturally corresponds to a real structure of 
^i{T') G C(2?)-Tri"'*(A). 

For our later purpose, we give the compatibility with a shift functor. For T — (Mf , C) G C(I?)-Tri(X), 
we put 

Se{1) := iM^[-e],Am,C[e]), 

where C[e]P{x-P-'^ ,yP+^') = (-l)'^Pe(^) C''+p{x-p-'^ ,yP+'^) for x-P-'^ G M^p^'^ = Mi[-i]~P and yP+'^ G Mf+^ = 
M2[£]P. (See Subsection 1 1 4 . 1 . 5l for our convention on the signature related with the tensor and shift.) 

Lemma 14.46 We have ku : S-i o £)hoim ^ £jhoim ^ . o D ~ £) o 5^ . As a consequence, we 

have K-i^i : S-i 07* ~ 7* o 5^. They satisfy Ka.e+m = Ka,f o Ka,m- 

Proof We have r>'™'5£(2:) = (M*[^], M*[-£], (C[^])*) and 5_f o = (M*[^], M^^f], (C*)[-£]). Let 
us compare the pairings (C[^])* and (C* )[—£], under the natural identifications of the D-complexes. We have 

{C[£]r{x-P, yP) =CmyP,x-P){-lY+P = C{yP,x-P) (-lfP+^) e{l) {-if+P 

We also have the following: 

[C*)[-^l]{x-P,yP) = C*{x-'P,yP) e{^l) = C{yP, x-p) (_1)P(_1)^(p+'') e{-l) 

Hence, we obtain (C[£])* and (C*)[-^]. 

We have DSi{1) = (r>(Mf[-£]), D(M2*[£]), r>(C[^])) and 5_f£)(T) (l3(Mf)[£], r>(M2*)h^], D(C)h£]). 
We have natural identifications D{Ml[-t])-P = D{MI[~P(p) = Z)(A/f"^) and D(M;)[£]-p = D{M*)-p+^ = 
D{MP~^). We also have D{M:^[e\)P = D{M:^[e\-P) = D{M~p+'^) and D{M^)[-e]P = D{M^)p-'^ = D{M~p+'^). 
Under the natural identifications, we have D{C[l])P = {-lY{D{C)[-l]Y . Indeed, we have the following 
equalities: 

D{C[l])P = D{{C[l])-P) = (-1)^(^-i)/2d(C-p+0 (165) 

(r»(c)h£])^ - (-i)^(^+i)/2(i:»c)p-^ = (-i)^(^+i)/2r,(c-p+0 (i66) 

The isomorphism K2.i is given by the following morphisms: 

I3(Mf)[^]-P (^'^^'"'^'^^ D{Ml[-l])-P, £>(M2*)H]P ^"^^'""^^^ r>(M2*[^])f 

(See [To]. Our convention is slightly different from that in [26].) It is easy to check that they give the desired 
isomorphism. I 

Corollary 14.47 A real structure of % ^ C{T>)-Tri{X) naturally induces a real structure of Si{1). I 
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14.6.2 Descriptions of real perverse sheaves 

Preliminary Let X be a -dimensional complex manifold. We set a'^C := Cjsfpdx] with a naturally 
defined real structure. To simplify the notation, we use the same symbol to denote the Cjc-injective resolution. 
For a cohomologically Cx-constructible complex J^, we set D{F) := RHomcx , ci'x^) ■ We have a natural 
identification D{T) ~ DT. 

Let F : X — > F be a proper morphism. We use the trace morphism F^{a!-^<C) — > a-y'C, induced by the 
identification a'x'C-x — via the quasi isomorphism given by s i — > s. The trace morphism 

is compatible with the real structures of a^^ C and a^C. We have the Verdier duality F>,D{T) ~ DF^T for a 
cohomologically constructible C^-complex T in £)^(Ci'), and the following natural diagram is commutative: 

F^DT DF,T 



Let Ti {i = 1,2) be cohomologically C-constructible complexes on X with a morphism C : J^i (S) — > a'xC 
It is equivalent to a morphism : J^i — > DJ^2- We have the induced pairings: 

C : J"i (g) J"2 — > o-xC, C o ex : J"2 <Xi .Fi — > a'xC 

We have 'if-Q = \E'c under the natural isomorphism DT2 — DJ^2- We have *coex = D'^c under the natural 
isomorphism T2 — D0 DTi- 

If C is non-degenerate, i.e., is a quasi-isomorphism, then we have the induced non-degenerate pairing 
B'C : DT2 ® DTi — > a-^C in D^{<Cx) given as follows: 

DT2 ® DTx — >Tx®T2 — > a^C 

By construction, we have ^d'c = ^c^- 

Some equivalences For a field let Per(ii'x) be the category of ii'x-perverse sheaves. Let Per(Cjf ,1R) be 
the category of Cjsf -perverse sheaves T with real structure p, i.e., p : T ^ T such that p o p = id. A morphism 
— > {J^2, P2) is a morphism ip : T\ — > T2 in Per(Cx) such that <p o pi = p^o ip. We have a natural 
equivalence Per(Mx) — Per(Cx, K) given by T-r \ — > Jtr (g) C with p{x ® a) = x ®a.. 

Let C\{X) be the category of Cx-perverse sheaves J" with a pairing C : DT ® T — >■ a^Cx such that 
D' C = C. A morphism : (T\, C\) — !► (J-2, C2) in Ci(X) is defined to be a morphism T\ — > T2 in Per(Cx) 
such that (72(2;, ^(2/)) = Ci(D(p{x),y) . For a projective morphism F : X — > Y, we have the naturally defined 
pairing F^C : DF^^F®F^.T UyC, and F^{J^, C) := {F^{J^),F^C) is an object in Ci{Y). 

We have the natural functor Ti^x ■ Per(Cx,R) Ci(X) given as follows. Let {T,p) e Per(Cx,K). We 
have the induced non-degenerate pairing Cp : DT ® T — > a^fC^: 

DF®T DT(S)T a'-^Cx 

The morphism k is naturally given one. It is easy to check D'Cp = Cp. We define ri^x{J^,p) ■= {J^,Cp). It is 
compatible with proper push-forward, i.e., for a proper morphism F : X — > Y, we have o Ti^x — ^i,y ° -F*. 

Lemma 14.48 The functor T\^x '■ Per(Cx,Kx) — > C\{X) is an equivalence. 

Proof The condition C = D'C is equivalent to = ^c^- Hence, the functor is essentially surjective. I 

Let C-Tri"''(X) C C(C)-Tri(X) denote the full subcategory of objects {Ti,J'2,C) such that (i) Ti are 
perverse, (ii) C are non-degenerate. We define contravariant auto equivalences i)^**"^™ and D on 7*. For 
(J"i,C2,C) e C-Tri"''(X), we set 

D^''''^{Ti,T2,C) := (7-2,J-i,C^), D{Ti,T2,C) := {DTi, DT2, D' o ex) 
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We define 7* := D o 0^"=™ = D''"™ o D on C-Tri"''(X). We have 

A real structure of T is an isomorpliism k : 7*T — T sucli tliat k o 7*(k) = id. Let C-Tri"''(X, M) be tlie 
category of sucli (T, k). Morpliisms are defined naturally. 

We have a natural functor T2,x ■ Ci{X) — > C-Tri'"^(X, M) given as follows. Let (J", C) G Ci{X). We obtain 
T := {DT,T,C) with an isomorphism k = (id, id) : 7*T ~ T. They give an object in C-Tri"''(X, R) denoted 
by ^2,xiJ^, C). It is compatible with proper push- forward. The following lemma is obvious. 

Lemma 14.49 The functor T2,x ■ Ci{X) — > C-Tn"''(X, M) is an equivalence. I 

Example Let us look at an example. Let Fi — C[dx] = 1,2). Let Ci correspond to We consider a 

pairing C : J-i® J-2 — > a'x'^x given by C(ei,e2) — u, where u correspond to l[2c?x] in a'^C — C[2dx]. We 
have DJ", = Ce^', where et^ei 1 — > u. Then, D'C : DT2®'DTi — > a-^<C is given by D'C(e^,e^) = {-lY^'u. 
Note that Fi — > DF2 is given by ei 1 — > 62 , and F2 — > DFi is given by 62 1 — > (— l)'^^'e^. Let n = K2) : 
{DT2,DTi,D'C) — > J"2,C) be given by Ki(ei) = and K2(e^) = (-l)'^^e2. The induced map 

j*K : (D(DJ-i),r»(DJ-2),(r>'(;D^))) ^ {DTi,DJ^2,D^) 

given by (7*K)i(e^) = (-l)''^(e^)^ and (7*^)2(6^) = (e^)^. Note the natural identification (e^)^ = {-l)'^^ei. 
Hence, we have k o 7*^ = id. 

Enhancement Let C(C)-Tri"''(X) C C(C)-Tri(X) be the fuU subcategory of the objects ( ^"2, C) such that 
(i) Ti are cohomologically constructible complexes, (ii) the induced morphism J^i — > DT2 is an isomorphism. 
We have the naturally defined contravariant auto equivalences D and on C(C)-Tri"'^(X). We set 7* := 

D o D^°"^ = D''™ o D. a real structure of an object ^ S C(C)-Tri"'^(A:) is an isomorphism k : 7*5- ~ such 
that K o 7*K = id. 

Let S = {Fi,F2,C) e C(C)-Tri"''(X). Let W [Fi) {i = 1,2) denote the j-th perverse cohomology 
We have the naturally induced pairing W (C) : H-^{Ti)[j] W {T2)[-j] — > a^C. We set {d) ■= 
{H-i{Fi)[f\,W{J^2)[-j],H^{C)). Thus, we obtain a functor W : C(C)-Tri"''(X) — ^ C(C)-Tri"''(X). We 
have natural isomorphisms ff^ o D ~ £) o H^, W o D'^"'"' ~ D''"™ o and W o 7* ~ 7* o H K 

If 5' is equipped with a real structure, H-' {^) are equipped with induced real structures. It is equivalent to 
a real perverse sheaf. 

We consider the compatibility with the shift functor. We set St{^) = {Fi[—l],F2[P\, where 

(See Subsection 1 1 4 . 1 . 5l for our convention on the signature related with the shift and the tensor product.) 

Lemma 14.50 We have vi^i : S-g o jj^crm ^ £jhorm ^ ^^^^ . o £) ~ Z? o 5^. As a consequence, we 

have V3^i : S-e o 7* ~ 7* o They satisfy Va^g+m = o Va^m- 

Proof We have £)^'=™5^(S^) = (^-2^, -T^iR], C[£] o ex) and 5_fZ)^™(S^) = (J-zM, C^[-^]). The 
isomorphism vi^i is given by the natural identifications of the underlying C^-complexes. Let us compare the 
pairings. We have 

C[l]oe^{x\f) = C[^](y^a;0(-l)^^+'^^^+^'^ = C{yi,x^) (-1)^(J+^) e(£) (_i)(«+»)(«+J") 

We also have 

'C^[-i]{x\y')^'C^{x\f){-lY^'+^'^ e(^l) ^ C[yi ,x'){-iy'+'-^'+^^ e{-t) 
Hence, we have C[P\ o ex — C o ex[— 
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We have the foUowing: 

S-eD{^) = {{DJ^i)[£],{D:F2)[-£],{D'Coex)[-£]), DSe{S) = D(J-2[^]), r>'(C[£]) o ex) 

We shall construct a quasi isomorphism D{J'i)[£] ~ Z)(J^i [—£]), following [10 . We have the natural pairing 
Cnat ■ DFi ® Fi — > ax'C. We have the induced pairing C„at[— ^] : D{Fx)[P\ ® Fi[—£] — > w-^'C. It induces 
D{Fi)[e\ — > D{Fi[~£]). Explicitly, it is given as the multiphcation of {-iy^e{i) on {D{Fi)[l]Y . In the 
same way, we have the natural isomorphism D{iF2)[—t] — D{F2[P\)- Let us show that they give the desired 
isomorphism 1^2. £• We have [D'C o ex)[— £] = {D'C[£]) o ex. Indeed, we have the following: 

D'C o e4-£]{x\y') = e{-£){-lY'-'+^^ D'C o ex{x\y') = e{-£) D'C{y\x') 
D'C[£]oeyi{x\y^) = {-l)^^+'^^^+^^D'C[£]{y^ ,x') = {-l)^^+'^^'^+^K{£) {-lY'-^+^^ D' {y^ , x') 

Let : J^i — > D(T2) be the morphism induced by C. It induces '^c[-(\ ■ — > D(T2)[-£] — 
D{J-2[£])- It is equal to ^'c^- Similarly, we have 4'coox : -^2 — > D{Fi). Note that 5'coox[^] = *Coox[-f] = 
^c[£]ocx- Hence, we obtain D' {C[£]) — {D'C)[£], and we obtain the claim of the lemma. I 

Corollary 14.51 A real structure of ^ E C{C)-Tri{X) naturally induces a real structure o/iS^(S'). I 



14.6.3 Compatibility v^rith the de Rham functor 

Proposition 14.52 Let T G V-Trr'^{X). We have natural isomorphisms D o DRx(T) ~ DRx oZ)(r) and 

Proof We obtain the isomorphism r>hcrm ^ D^^ij) ~ DRo£)h"'"(r) from Lemma [TUll Note that the 
conjugates for the natural real structures of J)b^[2(ix] and aJ^C have the difference of the signature (— 1)'*'^. 
We obtain the isomorphism Do DR(T) — DRo£)(T) from the definition. Note the signature in Reniark ll4.19l 
The signature (—1)'''^ also appears from the difference from the identifications D x(J^^x{M2)) — Dx DRx(-M2) 
for 2)b^[2dx] and a^Cx. I 

Corollary 14.53 We have 7* DR(T) — DR7*T. In particular, the de Rham functor gives a functor 

V-Tri"^{X,^) — > <C-Tri"^{X,W). 

I 



Enhancement We consider the de Rham functor DR : C{V)-Tm{X) — > C(C)-Tri(X). 
Lemma 14.54 We have Si o DR = DRo5f . 

Proof We give only some remarks. The identity Tot(DR(M*[^]))^ = ®k+]=p DR(M/'+^)J = Tot(DR(M*)[€])^ 
gives an isomorphism of complexes TotDR(Af*)[^] ~ TotDR(M*[£]). We can compare the pairings by a direct 
computation. I 

Lemma 14.55 Let M' be a complex of holonomie D-modules. The following diagram of the natural quasi- 
isomorphisms is commutative: 

S^i>DT)R{M) > r>5£DR(Af) 



^RS-iDM > DKDSt{M) 

Proof We take an Z?x-injective resolution /x ofa;x[2dx]- Then, DM* is expressed by Tot "Homuj^ (M*, /x (8) 
Dx (Xiwx). and DRDM* is expressed by C* := Tot Horn d ^ {M' , I x)- The isomorphism DR5_£DM* ~ 
T)RDoSiM* is expressed by the multiplication of e(£) {~1)p^ on Cf . DRD(i\/*) — > DV)R[M') is represented 
by the natural morphism: 

C* — > Homc^ (TotDR(Mi*), TotDR(/x)) — > Hojnc^ (Tot DR(A/i*), Jx) =■ C' 

Here, Jx is an injective resolution of TotDR(/x). The isomorphism S-e o D o DR(A/*) ~ D o 5^ DR(Af*) is 
represented by the multiplication of e{£) (—1)'' on Cf. Hence, we obtain the desired commutativity. I 
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Proposition 14.56 We have natural isomorphisms DRD''™ ~ 1?''°™ DR and DRD ~ DDR. As a conse- 
quence, we have DR07* ~ 7* o DR. 

Proof We have the natural isomorphism of the underlying complexes. We have only to compare the pairings. 
Then, we have only to show it for Sg{T) {i € Z) where T £ 2?-Tri(X). Then, we can reduce the issue to 
Proposition 114.521 by using Lemma [14.461 Lemma [14.501 and Lemma [14.551 I 



We also obtain the commutativity of the following diagrams of the natural isomorphisms: 



S^eDDR > DSeDR 5_.r>''°™DR > D'^^^^.DR 



DRS-eD > DRDSi DR5_£D''°™^ > DRD^'°'"'Se 

S-a*DR > 7*5£DR 



DRS-n* > DR7*5f 

By Proposition 114.341 the following is commutative: 

DRy oF| o 7* > DRy 07* o 



o 7* o DRx > 7* o o DRx 

Functoriality of the real structure Let I?-Tri(X, M) be the category of non-degenerate D-triples with real 
structures. We have the following functoriality. 

Proposition 14.57 

• 'D-Tri{X,M.) is equipped with the functors D and 

• For a hypersurface H C X , we have the exact functors [*H] and [\H] on I?-Tn(X, R), which are compatible 
with the corresponding functors on'D-Tri{X). 

• For a holomorphic function g on X, we have Beilinson's functors n°'J, on 'D-Tri{X,M.), compatible with 
those on 'D-Tri(X). 



For a proper morphism f : X — > Y, we have the cohomological functor -ff-'/i : 'D-Tri(X,M.) — > 
'D-Tri{Y,W) compatible with : 'D-Tri(X) — >■ V-Tri(Y). It is compatible with the push-forward 

of the underlying real perverse sheaves. I 

Remark 14.58 Let {T,n) G 'D-Tri{X,M.). Note that the underlying D-modules Mi are equipped with M-pre- 
Betti structures, i.e., ^.-structure on DR(Mi). It seems to give a W-Betti structure of Mi in the sense of [401. 
The details will be given elsewhere. I 

14.6.4 Basic example 

We consider the D-lirpleUz = {Oz,Oz,Co), where Co{f,g) = f-g. We have 7*Z^z = {DOz,DOz,DCo). Let 
p : DOz — Oz be the isomorphism determined by the following condition. We have the natural identification 
of H^"^^ (DROz) and the sheaf of flat sections of Oz- We have the natural isomorphism: 

H-'^^{l)RDOz) ^ Hom(iJ-''^(DRC'z), ^"''^(DRe'z)) 

Then, 1/ induces H^'^^ {DRDOz) — H^''-^ (TlROz) given by id 1 — > 1. We remark that the composition of 

Oz ^ D{DOz) ^ DOz ^ Oz 

is (—1)'^^. In other words, {—lY^v can be identified with Dv. See also the appendix below. The following 
proposition is clear. 
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Proposition 14.59 Let a be a complex number such that \a\ = 1. Then, {av, {—ly^^av ^) : ^*lAz — Uz gives 
a real structure. I 

Let us consider more specific real structures of tire shifts oiUz- 

Natural real structures oiUz[dz] and Uz[—dz] We have the natural identification {p'ROz[—dz\) with 
the sheaf of flat sections Oz- We have the natural identification 

H°{D{Oz[dz])) ^ Homo, {Oz[dz],Oz[dz]) ^ Rom {BR Oz[dz],T>ROz[dz]) 

We have the unique isomorphism fi : D{Oz[dz]) ^ Oz[-dz] which induces H°D{Oz[dz]) ^ H°{T)ROz[-dz]) 
given by id i — > 1. We have the induced morphism £)/i : D{Oz[—dz\) — Oz[dz]- Note the following commuta- 
tive diagram: 

D{Oz[dz]) Oz[-dz\ 



(167) 



D{Oz)[-dz] ±^ Oz[~dz] 



Here, the left vertical arrow is given by the exchange of the dual and the shift. (It is given by the multiplication 
of e{dx) on the degree part.) We also have the following commutative diagram: 



D{Oz[~dz]) Oz[dz] 



D{Oz)[dz] Oz[dz] 



(168) 



Here, the left vertical arrow is given by the exchange of the dual and the shift. The commutativity follows from 
the commutativity of ()167p . 

Proposition 14.60 The pair (//, (£)//)^^) is a real structure ofUz[dz] obtained as the shift of the real structure 
[e{—dz) I', i{dz) 1^^^) ofUz. The pair [D^, is a real structure ofUz[—dz] obtained as the shift of the real 
structure [e{dz)i^,e{~dz) 1^^^) ofUz- I 

Trace morphism For simplicity, we assume that Z is proper. Let us look at the push-forward azJJz — 
{az*Oz, az*Oz,az*Co) as the D-triples. Let us observe that we have natural morphisms a^^ {Uz[dz\) — > l^pt 
and Upt — > a%^{Uz[-dz]). We have 

az*Co(?7''--Pmi, ^A+^) (^^7=x) ^ / V"+^C'o(mi, ms) e(p + rfz) 
In particular, a'^^^Uz = {a'zt^Oz, a^zl^z, Ci), where 

Ci(l,f''-)= (^^-^y'l^''^^-!)"'^ (^^^)'V ^''^^C'o(l,tr(f'^-)) 
We also have a-//Uz - [azl'^z, azt^Oz, C2), where 



Hence, we have the morphisms 

iaz\tv):a%,{Uz[dz]) ^Upt, {tv, a^') : Upt ^ a9,,{Uz[-dz]) (169) 
The natural real structure of Upt is given by (id, id). 
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Proposition 14.61 The morphisms in (|169p are compatible with the real structures. 
Proof Let us consider the dual of tr : ai^Oz — > C We consider $i induced as follows: 



{a%{Oz[dz])Y ^ 



[D{Oz[dz])) 



a\ 



Here, A is induced by the natural multiplication C x 
and the push-forward. We have the identification: 



C 

I, and B is given by the compatibility of the dual 



a%{DOz[dz]) ^ a^'z.nomD^iOzidzlOzidz] 



(170) 



We have $i(l) = id under the identification (|170p . Indeed, the identity is mapped to the trace by the following 
morphisms: 

az°RnomDAOz[dz],Oz[dz]) a^zRHomc, {DROz[dz],T}ROz[dz]) 

[RHomc{az, T)R{Oz)[dz], az. DR(Oz)[dz])]" Rnomc{a'i,% DR(Oz), C) (171) 
Hence, the following diagram is commutative: 

^ a%D{Oz[dz]' "^^"^ 



a%{Oz[dz]y 



^ a%Oz[-dz] 



(172) 



id 



c 



Let us consider the dual of a^^ : C — > a"z^{^z[—dz]) ■ Let $2 be determined by the commutativity of the left 
square in the following diagram: 



a%^{Oz[-dz]y 



a%,{D{Oz[-dz])) a%{Oz[dz]) 



(173) 



A' 



Here, A' is induced by the natural pairing C x C — !• C, and B' is induced by the exchange of the push-forward 
and the dual. Let us observe that the right square in (|173p is also commutative. For that purpose, we have 
only to show (a^f fJ- ° By = {az^Dfio B'Y under the natural identification (a^^Ozidz])^^ ^ a^^Oz[dz]. By 
a simple diagram chasing, it can be reduced to the following: 

• /i o (D/i)^^ is the natural isomorphism DDOz[dz] — Oz[dz]- 

• The natural isomorphisms az-\ — az'\D o D and az-\ D o Daz-\ are compatible with the identification 
az-\D o ~ £) o a^i o £) ~ £) o Daz^- 

Then, we obtain the claim of Proposition 114. 6f] I 

The real structure of the underlying perverse sheaves Let us look at the induced real structure of 
C-complex-triples. We have 

'fiUzidz] = [Ozi-dz], Oz[dz], {-ly^^'^^+'^/^Co) 
The double complex DR^iUz[dz] is given as follows: DR(e'z[-c?z]) ^ C[0], r>R{Oz[dz]) ^ C[2dz] and 

dz 



DR((-l)'^^('*^+i)/2Co) (a /3 e) = al3{-lf^^'^^+^'>/^ 



1 



2TTy 
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Then, we have 

TotDR(*iWz[dz]) ^ {C[0],C[2dz],Ci) 

where Ci(a, /3{2Try/—l)'^'^e) — a/3. We remark that (—1)''^ appears when we take the total complex. The 
real structure ^*Tot'DR{'^iUz[dz]) ^ Tot'DR{'^iUz[dz]) is given by (id, id). It induces the real structure 
R{2'Ky/^y^ e C C[2dz]. 

We have ^^lUzi-dz] = {Oz[dz], Oz[-dz], (-l)'^^('^2-^)/2Co). The double complex DR^iUzidz] is given 
as follows: I)R{Oz[dz]) ^ C[2dz], BR{Oz[-dz]) =i C[0] and 

VSttv— 1/ \2n-\/—lJ 

Then, we obtain 

TotBR{-^ iUz[-dz]) ^ (C[2dz], C[0], C2), C2{a{2TTV^f^ e, /?) = afi. 

The real structure 7* TotDR(*iZYz[-(iz]) ~ Tot DR(*iWz[-dz]) is given by (id, id). It gives the real structure 

K - 1 C C[0]. 

Let us directly compute the real structures of the underlying perverse sheaves of Uz associated to 
Ki = {e{-dz)i^,e{dz)i^~^), K2 = {e{dz)iy,€{-dz)iy~^) , 

although we can describe them as the shift. Note that under C[2(i2] ~ Sb^pd^] with the twisted trace 
morphisms, the real structure of C[2dz] is given by {2n^/^)'^'^M.\2dz] C C[2dz]. It gives the identification 



H-'^^ Rom{C[dz],C[2dz]) ^ H-d-"" 'Rom{C[dz],C[2dz]). 

Let / e H-'^^ Rom{C[dz],C[^dz]) be the identity. It sends {2TTV-lf^[dz] to {2TrV^f'^[2dz]. 
The pairing and the first component of Ki maps / to 



/ e H-<i^ Rom{C[dz],C[2dz]). 



Hence, the real structure of H ''■^ B.om(^C[dz],'C[2dz]) is K/, and the real structure of C[dz] is given by 
{2^^^/^Y ^M-ldz] C C[dz]. The pairing of the first component of K2 maps to / to (—1)**^/. Hence, the real 
structure of H''^^ Rom{C[dz],C[2dz]) is R{2Try/^f^f, and the real structure of C[dz] is given by R[dz] C 
C[dz]. 

Appendix We use the identification HOz — Oz given as follows: 

Dx(3e'x^ UoniD^ (Dx ^ Q'x, {Dx ^ tOx'idx])''") 

P<»t^(q<»oj^ (-1)1^1 l"IC(Q w, P O r)) 

Here, C{Q (g) w, P r) = l{Q)r{P){uj A r) (-l)'"^!. Note that the induced morphism Ox — > Uomox {Dx O 
i^x^, Dx ^x^) sends 1 to the identity. By taking tensor product uix'Sidxj obtain 

LJx^e'x^ UoruDx {Dx e'x,Ox[dx]) UorriDx {Ox,Ox[dx]) 

Let be a local generator of cox- Then, 77 77"^ is sent to (— l)''^. Hence, the induced isomorphism C[djc] — > 
nom{C[dx],C['2dx]) maps l[dx] to (-1)''^/. 
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